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Two New Types of Bounded Waves of
CH-y Equation

Guo Boling( ¢4 %) Liu Zhengrong{ %] JE5)

Abstract
In this paper, the bifurcation method of dynamical systems and numerical approach of differential equations
are employed to study CH-7 equation. Two new types of bounded waves are found. One of them is called the
compacton. The other is called the generalized kink wave. Their planar graphs are simulated and their implicit
expressions are given. The identity of theoretical derivation and numerical simulation is displayed.

Keywords CH-7 equation; compactons; generalized kink waves

1 Introduction

Recently, Dullin, Gottwald and Holm!"?) considered the following integrable shallow
water equation:

m, + cou, ¥ um, + 2mu, = — Yu,p, (1.1)
which is called the CH-7 equation. Here m = u — a®u,, is a momentum variable, a,c¢q and ¥
are constants and «7=0. In Ref. [1], Dullin et al. identified how the dispersion coefficients for
the linearized water waves appear as parameters in the isospectral problem for this inverse
scattering transform integrable equation. They also determined how the linear dispersion
parameters a, ¢g, and 7 in (1.1) affect the isospectral content of its soliton solutions and the
shape of its traveling waves. In Ref. [2] Dullin et al. showed the asymptotically equivalence of
Eq. (1.1) and other shallow water wave equations.

Guo and Liut¥ rewrote (1. 1) as

ur + coup + Bur, — @ Qupy + utpy + 2u,u,,) + Yo = 0, (1.2)

and obtained some peaked wave solutions. The limiting property of the periodic cusp waves was
also discussed.

Zhang!* found a transformation which simplifies Eq. (1.2) to CH equation and obtained
general explicit expressions of peaked waves.

Tang and Yang!®! added an integral constant to the traveling wave equation of (1.2) and
extended the peaked wave solutions of (1.1).

When e?=1, ¢g=2k and ¥=0, many authors have given the studies on Eq. (1.2), for

% Science in China Ser. A Mathematics,2005,48(12):1618 — 1630.
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instance, see Refs.[6—9].

In this paper, we study the bounded waves of (1.1) by using the bifurcation method of
dynamical systems and numerical approach of differential equations. Two new types of the
bounded waves of (1.1) are found. One of them is called the compacton which has been found

10J, The compactons mean the solitons with the

in RH equation by Rosenau and Hyman!
compact support, or the strict localization of solitary waves. The other is called the general kink
wave. To our knowledge, the generalized kink wave is our new discovery. Nobody has ever
found them in other models. Since it is defined on the semifinal bounded domain and possesses
some properties of the kink wave, we call it the generalized kink wave.

It is well-known that a kink wave solution means a traveling wave solution f(&) defined
on (—o0, ) and erpm f(&)=A, e_l_ir_nmf(E)=B, where £=x —¢t, A, B and ¢ are
constants and A7 B. In this paper, we find that Eq. (1.1) has some bounded traveling wave
solutions ¢; (§) (i =1,2,3,4) defined on the semifinal bounded interval. Their implicit
expressions will be given in the following Theorem 2.2. Their planar graphs will be simulated
in Fig. 5.

This paper is organized as follows. In Section 2, we will state our main results which are
the implicit expressions of the compactons and the generalized kink wave solutions of Eq.
(1.1). The preliminaries are in Section 3. Sections 4 and 5 present the proofs of the main
results. In Section 6, the numerical simulation is given to verify the theoretical results. A short

conclusion is given in Section 7.

2 Main Results

To state conveniently, we make the following preparations. For given parameters a %0,

co and ¥, suppose ¢ and g are arbitrary constants, and let

§=x—ct, (2.1)
¢t =- (co+3)’/a2)/2, (2.2)
g=c¢+t y/a?, (2.3)
g =—(c+ _y/az)(c +2¢o + 37/a%) 72, (2.4)
g2 = (cog+ v/a®)(co — 4c — 37/a%) /8, (2.5)
S09_r: [(C“‘Co)i (c—co)z—6g]/3, (2.6)
| 2
s Al gl I B Bl e

i

a

{C_CO_§00+\/(_C+60+§00)2—4[2g+g00(ﬂc+co+(p0)” /2, (2.8)

d = }c—co—(po—'\/(—c+c0+¢0)2—4[2g+¢0(—c+c0+900)]} /2, 2.9

where ¢ is a constant and its range will be given later.
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Our main results, the existence and implicit expressions of compactons and generalized
kink waves, will be stated in the following two theorems.

Theorem 2.1 If let K(%) be the complete elliptic integral of the first kind, [ (-, +) be
the Legendre’s incomplete elliptic integral of the third kind, snu =sn(u, k) be the sine
amplitude « (Jacobian elliptic function), sn™'u =sn"!(u, %) be the inverse function of
snut't), then Eq. (1.1) has compacton u = ¢(&) which is of the following implicit form:

Case 1 If the constants ¢, g and ¢ satisfy the conditions ¢ >¢*, g;<g<gj;and ¢ <
o< @i, or for any ¢, g< g and % < @y < g, then ¢ (&) is concave and possesses the

implicit expression

(a — @a)(q — @) (a = ¢9)(q — @)
H(sn_lJ? AL S ,a%)—sn_l( S JTAL S ¢ k1)=€1(5(1)~]5|),

g — @o)(a — ¢) (g — ¢o)a—¢)’
l&l < &, (2.10)
where
g =1 (2.11)
a = 9o
(g = @o)(a —d)
2 =
T g ) 212)
v (a—g)(qg-d)
€y = 2|al(a_q) s (2.13)
and
02 -
& = H( 1,1616)1 K(kl). (2.14)

Case 2 If the constants ¢, g and ¢ satisfy the conditions c<c¢*, g1<g<gzand 2 <
o< %, or for any ¢, g<g; and ¢< py< ¢% , then ¢ (&) is convex and has an implicit

representation

(o —d)(p — -d)(p—
H(sn‘\/?o e q),a%)—sn_l( (g e —a) k2> = er( € -1¢]),

po—q)(p—d) (g0 — g)p—-d)’
lel < &, (2.15)
where
2 Yo~ q
a2_g00_d9 (216)
(o — q)¥a —d)
2 _
“T e am-ar 217
ICEnICRT))
27 2q-dlal (2.18)
and
as,ky) —
o - 1 (e3,k2) K (k) 2.19)

€2
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Theorem 2.2 FEq. (1.1) has the generalized kink wave solutions ¢; (£)(7=1,2,3,4)
which are of the following implicit forms:

Case3 Ifc>c¢” and g <<g<g;or forany ¢, g<g;, then ¢;(&) and ¢,(&) satisly
respectively

< m — @ + q4¢1)(31/r)'1—(p1— g — ¢

«/mfgolf\/q~g01 SV m =@ +vVq— ¢

51
) :ﬁ]es/lalvEE(_oo,[[)

(2.20)

and
(«/ m— ¢yt q*?z)(é\m/"l-soz_ 2
Sivm—@rtVqg— ¢

) [:BZG*E/lﬂi’EG(_ [2’00)’
m—o1—+v'q— @
(2.21)

where

ﬁ:(¢m#¢?+x/q—¢?)(61vm—so‘?—«/q*@?
Vm = ¢ =g - o2 \6 m =gl + g — o

_ 0
o = | & 90[,, (2.23)

m — gD_
m={ccr2v e a? -6zl /3 (2.24)

¢} and ¢ are two arbitrary constants and belong to the interval (¢",¢) and
l; == lallng, i =1,2. (2.25)
Cased If c<c" and g1<<g<g,or for any ¢, g<g; then ¢3(&) and ¢,( &) satisfy

Bl
) Ci=1.2, (2.22)

respectively
<v P3—n — W @3*Q)(32v/¢3n ++/ 93 ¢q
Vos—n+ves—q/\6Ves-n V¢

): - }8365/‘a| , £ € (— 13’00)

(2.26)

and
(v Py~ N 504_(1)(32*\/ @y —n T o4 q
Veoi—n+/o,—q 027 @4 =1 = @4 — q

)2 = ﬁqe*s/lﬂl y Ee (—‘00714)1

(2.27)

where

B_:(x/@?-n—x/sﬂ?—q)(ﬁz«/so(}n+«/sz>§'—q
J ;
Vel —n+v e —q/ 0 gl -~V g g

0
+— q

5= |21, (2.29)
GDJr—' n

n = [C — o =2/ (¢ = cg)? “6;{} /3, (2.30)

8,
)‘, i =34, (2.28)



2005 5

@3 and ¢ are two arbitrary constants which belong to the interval (g, ¢% ) and
[j = lallnﬁ?js]‘ :374- (2-31)

We give the following three examples to display the planar graphs of the above compactons

and generalized kink waves.

Example 2.1 (corresponding to Case 1 of Theorem 2.1) If take « =2, ¢ =2 and
¥ =3, then from (2.2) it follows that ¢ * = —2.125. Choosing ¢ =2>¢*, then from (2.3),
(2.4) and (2.5) we have ¢ =2.75, g,~ —11.3438 and g~ —2.83594. On the interval
(g1, 82) taking g = — 6, from (2.6) and (2.7) we get ¢% = ~2, ¢} =1.140 58 and
¢% =2. Letting po=1€ (¢, @), from (2.8) and (2.11) ~(2.14) we obtain

a=~2.8541, d ~—3.8541, af==0.9439,
k120.9587, e, = 8.4034, and g0~ 2.1298. (2.32)
Using Maple to (2.10), the graph of (&) is displayed as (a) of Fig. 1.

(-2.1298,2.75)

-3.2t
(-2.0191. -3.25) -3.25T7 (2.0191,-3.25)

(b)

Fig.1 The graphs of compacton ¢(§) when e =2, ¢g=2 and y=3
{a) (corresponding to (2.10) and Example 1) ¢ =2, g= -6 and o=1,
{b) (corresponding to (2.15) and Example 2} ¢ = —4, g=4 and ep=—2

Example 2.2 (corresponding to Case 2 of Theorem 2.1) As Example 2.1, taking o =
2, cp=2 and y=3, it follows that ¢* = =2.125. Let ¢ = —4<¢", then ¢= —3.25, g,=
—3.65625 and g,~5.41406. On the interval (g, g;) take g =4, then ¢% ~ ~3.1547,
@222 -3.0567 and ¢% =~ —0.8453. Choosing 9= —2€ (¢*, ¢%), we have

a=0,d=-4,a =0.625, k}~0.7692, e; ~ 0.8498, and £ ~ 2.0191.

(2.33)

Using Maple to (2.15), we obtain the graph of ¢(&) as (b) of Fig. 1.

Example 2.3 (corresponding to Case 3 of Theorem 2.2) Take the same data as Example
2.1, thatis, a =2, ¢9g=2, y=3, ¢ =~2.125, c=2, ¢=2.75, g~ —11.3438, gy~
—2.83594, g = — 6, ¢ = — 2. Clearly, ¢ and g satisfy the conditions of case 3 of
Theorem 2.2. Let 9= ¢3=1€ (¢, ¢). From (2.22) ~(2.25) we get

Bi1 = B2=~=0.7556, 6, ~0.8898, m =4, and {, = [, = 0.5605. (2.34)

Applying Maple to (2.20) and (2.21) we obtain the graphs of ¢ (&) and @,(&) as Fig.2.
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275}

\Y

|
_1 ]

3
0.5605 -0.5605
-1

Fig.2 The graphs of the generalized kink waves solutions ¢, (&) and ¢, (&) when a =2, ¢, =2, ¥=3,
c=2, g= -6, and ¢} = ¢ =1 (see Example 2.3)

(a) corresponding to (2.20), (b) corresponding 1o (2.21)
3 Preliminary

Letting ¢ be a constant and substituting u = ¢( &) with £=x — ¢t into (1.1), we get
(C() _ C)SD/ + 3W/ - HZ(WUI + ZSD/SD” _ C¢’,’) + }’(P”’ _ 0- <3.1)
Integrating (3.1) once we have

. 3 2 2 7\2
<p(a2<p—azc—)’):g‘(c*09)¢+—2ﬁ———f——a(2), (3.2)
which is called the travelling wave equation.
Letting y= ¢  we obtain the travelling wave system
d dy 28 = 2(c — co)p + 3¢% — a?y?
=y, = = > 5 . (3.3)
dé¢ dé 2(a*p — a*c — V)
Obviously, (3.3) possesses the following propertiest!?! ;
(1) H(p,y)=3y (Pp—a?c—7)—¢* +(c—co)p?—2gp=h (3.4)

is a first integral, where & is a constant.
(2) ¢ =q is a singular line.
(3) When ¢#¢" and g<(c —¢()*/6, (¢%,0) and (¢%, 0) are two singular points,
and
g1 < go < (¢ = ¢p)?/6. (3.5)
(4) When ¢>¢* and g,<g<g;, (¢%,0) is a saddle point. (¢%, 0) is a center point
surrounded by a family of closed orbits. The boundary of the closed orbits passes the point
(g3, 0) (see (a) of Fig.3). If ¢ satisfies 0% < gy< g%, then it follows that
d< e’< @< o< < g < a. (3.6)
(5) When ¢>¢* and g = g1, (¢%, 0) is a saddle point and (¢%, 0) is a degenerate
center point. If 9€ (%, ¢1), then it follows that
d < ¢'< oo < @i = QDQr: q < a (see (b) of Fig.3). (3.7)
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a e ¢7¢/\
¢U

©

Fig.3 Some orbits and the locations of a, d, q, ¢%, ¢%, ¢} and ¢, for System (3.3) when g<g,
(a) c>c” and g, <g<gy, (b) c>c" andg=gy, (c)anyc and g<g,
(d) c<c” and g <g<g;, (e) c<c" andg=g,
(6) For any ¢ and g<g,, both (goO, ,0) and (@Y , 0) are saddle points and qpo_ <g< goqr
(see (c) of Fig.3). If o€ (%, q) or o€ (g, ¢°% ), then it follows that
d< < g< g< ¢%<a (3.8)
or
d< ¢'< g< ¢y < ¢4 < a. (3.9)
(7) When c<c¢" and g, <g<g;, (¢%,0) is a saddle point. (%, 0) is a center point
surrounded by a family of closed orbits. The boundary of the closed orbit passes the point
(@, 0). H ¢ satisfies ¢ < u< ¢% , then it follows that
d< g< ¢l< o< gy < %< a (see (d) of Fig.3). (3.10)
(8) When ¢c<c" and g=g;, (¢%, 0) is a saddle point, and (9% ,0) is a degenerate
center point. If ¢ satisfies ¢* < 9<% , then it follows that
d<q=¢"= ¢ < ¢y < ¢} < a (see (e) of Fig.3). (3.11)

4 Proof of Theorem 2.1

Proof Let {, denote the orbit of (3.3) passing the point (¢g,0), where @q belongs to
one of the following cases: (1) @€ (¢%, 1) when ¢ >c* and g <<g<gy; (il ) oo &
(¢ ,¢%) when ¢<¢* and g, <<g < gp; (i) o€ (9%, %) and py7# g when g< g;.
Assume that ¢ = ¢ (£) and y = y( &) are the parameter representations of lg,- Then from

Fig.3 we see that ¢(§) satisfies <@ (£)<q or ¢< ¢ (&)<¢q. Under the conditions of
Case 1 of Theorem 2.1, on ¢ — y plane the orbit lg, has the representation
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(a—qo)(sn v —d)
*Ta l -9
Under the conditions of Case 2 of Theorem 2.1, the representation of / ¢, 18

\/(a - <p)(goo qo)(go d)
|a|

, where ¢y < ¢ < g. (4.1)

, where ¢ < ¢ << ¢y, (4.2)

g isin (2.3), a and d are in (2.8) and (2.9).
Let ¢(0) = ¢y and suppose

llmgo(s) = q for Case 1, (4.3)
e
llmgo(E) = q for Case 2, (4.4)
e~

where £)>0 and £3>0. Note that Ly, is symmetric on ¢ axis. Thus it follows that
lim ¢(§) = ¢ and lim ¢(&) = q. (4.5)
-& —

Substituting {4.1) and (4.2) into the first equation of System (3.3) and integrating

them along / gy WE have

(DFor Case 1,

! g s g 1

-~ -~ '
Jso\/(a_s)(s“goo)(s—d) Js ‘a|dS’Wheres/O (4.6)
and
- qg—s ¢ 1

L\/(a—s)(s—gpo)(s_d) Jf? |a‘d.\,where$<0. (4.7)
@For Case 2,

’ L4 ¢

J \/(a—s)(soo—s)(s—d) J_gg o[5> where £ <0 (4.8)

and
q s — g £
> .

J (a_s)(%-?)(f—d) ‘[E |aldT, where § 2> 0. (4.9)
From the above four formulae we obtain
®For Case 1,

0
! q—s & - | el
S = T, > )
L\/(a~s)(s—go0)(5~d)d‘ ol wherea > q > o=@y > d
(4.10)

@For Case 2,

el

P s—gq B 9 - 1é&l
L\/(a_s)(goo_s)(s_d)ds——,wherea>(p0 wg>q>d.

(4.11)
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In (4.3) and (4.4) respectively, let

[ la = g)(g = ¢)

G NG ) .12
and
(900 - d)(90 - q)
='sn"! ) 4.1
“2T N (go - @) - d) (4.13)
Then (4.10) and (4.11) correspondingly become
J"l sn®udu *\/(0_900)((1_61)(5(1)*‘&) (4.14)
o 1— ofsn’u 2(a - ¢q)lalaf |
and
J“z snfudu MN/(Q_Q)(900_C])(E(2)—'5') (4.15
o 1- adsn’u 2(q - d)l ala? 15
where af and a3 are in (2.11) and (2.16).
Note that
J“l snudu ]—[(ul,a%) M (4.1
0 1-alsn’u a? -16)
and
u, 2 H(u 7(1'2) —u
J- sntudu B (4.17)

0o 1 — agsn“u a5
From (4.14) ~ (4.17), we obtain the implicit expressions of ¢ (&) as (2.10) and

(2.15).
On the other hand, letting ¢(0) = @ in (4.10) and (4.11), we get

o q qg—s S .
&"“Lﬁqa—wuw¢wu—dﬂ (4-18)

B P4 s—q s .
& = 'aqu \/?a—S)(<po—S)(S~d)d ' (4.19)

From (4.18) and (4.19) we get the expressions of £} and &9 as (2.14) and (2.19). This

and

completes the proof.

5 Proof of Theorem 2.2

Proof From Fig. 3, it is seen that there are four orbits entering the singular point

+ +
(%, 0) or (¢%, 0) when they are the saddle points. We are interested in 1¢0 and [ , (see

4

Fig.3) on which ¢(&) is bounded. Note that on ¢ — y plane they have



