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Non-Kirchhoff-Love Theoty For Elastic Circular
Plate With Fixed Boundary Subjected To
Uniform Loading

W. Z. Chien*

Shanghai Institute of Applied Mathematics and Mechanics
Shanghai University, shanghai, P. R. of China

ABSTRACT

The first order approximation theory for circular plate with fixed boundary subjected to uniform
loading on the upper surface is given on the bases of general Non-Kirchhoff-Love theory for elastic
plates with arbitrary shapes established in the previous papers(*-2). It consists of a complete set of 6
equilibrium equations and 11 related boundary conditions derived from the generalized variational
principle for three dimensional elastic circular plate under the above boundary and loading condi-
tions[®] and the assumption that e, and e,, can be approximated by polynomials.

I. INTRODUCTION

The axial symmetrical problems of circular plates can be treated as three dimensional
axisymmetrical problems of elasticity. In the following we consider a circular plate with con-
stant thickness. A circular-cylinder coordinates (r, 8, z) is set up on the middle surface as
shown in Fig. 1.

upper surface z = -h/2
lower surface z = +h/2
;r )
e [~
P(r.z) U(r,z)
iddle surface z = 0
z  W(r,z)

L ’
z

Fig. 1: Circular-cylinder coordinates (r, 8, z) on a circular plate and the displacements U (r, z),
W (r, z) at point P(r, z) for axisymmazatric problems.
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The stress components are oy, g, Tps Tgr=0rs; Tra=0gr; Or9=04y,, aNd the strain
COIMPONENLS ATE €y, €5, €55 Cpr==E€r;5 Crg=Cpr, €,9==€,,. For circular axisymmetric problems,
we have

Oor=0re=0;, 00=0,6=0, €pr=0r=0, €p,==€,,=0 (1)
There are two displacement components: radial displacement U (r, z) and axial displacement
W (1, z). These stress, strain and displacement components satisfy the following relations:
(i) Strain-displacement relations:

oU U oW 1/2U oW
€= = < 22 +'§r—>> €o:=Crg=0 (2)

Cp= — , €,7= ———, &p, =—
9,,30 r’z az’fz 2

(ii) Stress-strain relations:

Ee.=g,—v(0g,40,), Ee,,=(1+v)os,,
Eey=0g4—v{(gs+0,), Ee,o=(1+7v)0,,=0, (3)
Ee,=0"—7/(0'9+0'r), Eear=(1+y)a'af=00
(iii) Strain-stress relations:
E E
Or= 1—:/3 {er+71<ea+e;)}, Ors= 1+1V1 Coy
E, E
O'o‘_—]_ji—{eo'i"’l(er‘l‘e,)}, Ogs= 1—{-11!1 €, =0 (4)
E, E
0',='1—_‘1V—§{e,+1’1(er+eo)}, O'or=—ﬁ_’lreor=0

in which E and » are respsctively Young’s modulus and Poisson’s ratio, and E; and », are
reduced Young’s modulus and Poisson’s ratio for plane strain problems. They satisfy the
relations:

E v E E,

Elz_ﬁ_’ Vl= 1—» 3 1+1}= 1+V1 (5)
(iv) Stress equilibrium equations:
1 @ 1 2 do, . 1 2 _
T o (ras) -——',-Gri-—é'z—(mr)—oy 2 + 5 (Fow)=0 6)
The body forces are neglected.
(v) External forces acting on upper (z = — %h) and lower (z = +—;— h) surfaces:
o,=—q, or,=0 (on upper surface z= ——121, q>0 for compression) (7)

0,=0, o,,=0(on lower surface z = _151_, free from loading)

(vi) Boundary conditions on the edge surfaces:
Uz, z) = 0, W@, z)=0 (8)
The generalized variational principles for three dimensional elastic bodies under the
constrains of prescribed displacement boundary and prescribed external force boundary have
been studied by the author in [3]. The related functionals may be found by the method of
undetermined Lagrange multipliers. For axial symmetric three dimensional bodies, the strain

e 2 o



energy density may be written as

E,
e=—
2 1—v}
It is evident that

{(e,+e,+e,)’+ 2(1—vy) (el —ere, —e,e,—e,e.)} (9)

58=o‘r8€’+o‘,5£’,+0’,88,+20’,.—8€,, (10)
The functional of the generalized variational principle for the three dimensional elastic circular
plate of thickness h and radius a under the constraints of strain-displacement relations (2),

strain-stress relations (3), fixed boundary conditions (8) and prescribed surface loading (7)
may be written as

I= j-aj‘ e2mr drdz +I qw = 2mr dr— ora(Ug.+4 Wo.r')'_.dz (11)
(¢D]

[¢5]

in which J ...) dz represents the integration across the thickness of plate, i.e.,
(¢)]

j G _jh_' R (12)

and W_, represents the displacement of upper surface, i.e., W,._,=W(r, -h/2), and a is the ra-
dius of the plate.

The equations and boundary conditions of the present problem are derived from the
stationary conditions I1=0:

o =L d&2mr drdz +ja qéW _y2mr dr—j(h) 2wa(Udo,+ 00U+ o, 0W
) 0

+Wooe,) e, dz=0 (13)
in which 8¢ may be simplified by means of (10) and (2)
2 P 2 "
ds=0r2 8V +o, o +0, 2 ZoW+on (5 80+ o 8V ) (14)

Through partial integranons, (13) may be reduced to the following expression

311 = Hm{[i 2 o) ——ob o w00+ 5 S (raw

+ 992 oz ]aw}zm drdz-{—[ (Udcs + Wda.)s..2ma dz

(h)

j Lo Wi — (05 + W ,y] 2mr dr+J (08U
0

—oy’0U ) 2mr dr ' )
Since the variations 8U, 8W, dU,_ s, dW,_,, 8U.yy, 83Uy, Wy, Wy, (BG¢)ras
(30¢s) r.e are all independent to each other, the stationary conditions of variation 3[I1=0
give the equations of equilibrium (6), the loading conditions (7) and the fixed boundary
conditions (8). Thus, expression (11) is proved to be the functional of this problem.

. APPROXIMATE THEORY OF CIRCULAR PLATE WITH NON-KIRCHHOFF-LOVE
ASSUMPTIONS (i.e., e,,, &;, 0,%0)

¥t has been shown in the previous papers that for Non-Kirchhoff-Love theory of plate,

« 3 o



e, and e,, may be expressed as polynomial series of z, and the coefficients of each term in the
series may be taken as undetermined functions of r. For the first order approximation, we
may express €, and e,, as

e,=Ay-+ Az, e,,=(}h—2%) (S;4S,2+5,2%) (16)
in which A,, A,, S, and S, are undetermined functions of r. In this problem, the shearing
stress g,, vanishes on both surfaces z = + #/2. It should be noted that a disk of radius r cut

from the plate is in equilibrium under the loading 7r3g on its surface and the resultant force
2nrQ of the shearing stress around its boundary. Hence, we have

E, J‘ E, < ) 1
= reldz= ey, dz= h3 h5S, J=—— 17
Q Lma e B s R e 27 (7
Eliminating Sy from (16) and (17) gives
= (Ll [ Lpa_ a> ___ar
e,=Ay+A,z, e,,—(4 h*—z )[ S,z <20h 22 IS, 1G-v) D, (18)

Through integrations of e, and e,, against z, we obtain the polynomial expressions for W(r, z)
and U(r, z):

W, 2=W() -+ A0+—;:-Alz’,

= ______d” _l__dAo 3 __l___dAl (l a_ 1 2) 2
U@, 2)=u(r) rz rZ 6 rz"-l— h z? |28,
—_—— 4 272 __—q_r___ _1_ 2 __ _1_ 2) .
(lﬁh — h3z2 7 ) zS, 2D, (1 p1)< h 3z z (19)

in which w(r) and u(r) are integration constants to be determined. Thus, we have now the
expressions of U(r,z) and W(r,z) in terms of 6 unknown functions u(r), w(r), 4,(r), 4,(r), Si(r)
and S;(r) to be determined.

The strain components e, and e,, are given in terms of these functions in (18), other
strain components are expressed as

QU du d*w 14d%4, A d’A1 1, 1 2) A
“=or "dr dr’ T 2 ar 717528 (Zh 2% )F ar
_E_L;__l_a 4) dS?_ q (l 2__1_ 2)
5<16h 2hz“-}-z z— 5P.(1=7) 4h 32 z
U _u 1adw 11dd, , 1d4, 1,, 1,),51
T S Aair i Sy v +(7;” —-32 )75
2/1 1 S q 1 1
—_ L ht . S h2a? 4 J_____(_ha —— 2)
5\16 2 ° +z)zr 2D, (1—-v)\ 4 3 J*
e’,=e.r=0 (20)
The stress components in (4) can be rewritten as
E du u [dw dw
O'r:_"_L"{ + 17 r dra + 1 l' >Z+V1A0+V1Alz
1/d24, v, dAo> d4, 1 d4, )
‘—?( FE _< arn T Ty z

(1+1’1)q ____!-_3) (__2 }_n)n(fl_‘g_l_ S_l)
2D(1—-v1)(4h Nl il WGl G G e



_:—)'__1_4_i 253 l ) <dS2 V_l )}
5<mh Lia g )z (S,
E

u du (1 dw
: {T‘H’ _—(r ar Ty dz) z +v1dot+v,4,2

T ar
3+ & )z— s G )
——‘o—%-)—)( g e (37 G )
A o) ()
”gifﬁ, ‘i;i 2ty (_,,2_ 7 —i—%«so
- %vl <—h"'— —2—»h222+z4> z 71 :Ii_r (rS,) — ﬁ(&h’ — %z’ )z}

III. DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

Substituting (19) and (21) into (15), the stationary conditions of variation 8 =0 give
6 differential equations and 11 related boundary conditions for the determination of the six
unknown functions w(r), u(r), 4,(r), 4,(r), Si(r) and S,(r). The six equations are as follows

d1d dthdld dA, 7hd1d

dr rdr( W+ v “dr 24 dr Talar 480 dr rdr(sl)—o
(22a)-
1,,1d _d1d 1 .1 d dd,
[”TZF("H'A“}"—"TZT i R T I L
_l1d d1d dy_ 7,14
320h rarTar rartar 480h r dr rSv
9 )61 d d1d __Pa_ _ ;
8960" rar @ 1 ar "0 ~34p, 0 (22b)
d1d dA, d1d_ddy 8 .
d7737(ru)+p1 dr 392 dr rar’ Tar E(l-—vl)h Sy
d 1l d
4704" ar 7 ar T =0 (22¢)-
_‘ir.g__l_ii.rﬂ_ d dAl_l_._hd _d_ldrdAl
a arrad F aTa 40 adr rar v & —ar
d d1id gr ‘
+ ‘TE T @ (rSa) ~ D, (233)
(L drd a1 s
40h[ F"avad T E T E a




1 014 d1d dd, 1,14
+1344 rar’dr rdr’ ar 175h r r(rSZ)
| e1d, d1 SPEENTIANESS N
+ 12600 r dr'drrd (rS2) Lyl ar Tar T 40 1—v, D,
(23b)
d1d_ dw  d4, di1d dd, , 2 ,.d1d
arrar @ " a +12h Fraa T 165h dr r dr (rS)
_4a- ag, =2 23c
15(1 vy) h3S, 2D, (23¢)
‘The eleven boundary conditions on r=a are as follows
dA
u@=0, A@=0, —Ft=0, S@=0 (=0
(24a, b, c, d)
d1l d dA, 241 d dA,
FTE G T E T
d ]‘ d 2 —
1120 dr ~F @Sy +~h (A=) 8,=0 (r=a) (24e)
d4, qa _
&~ D,(1—7) (r=a) (25a,b)
_ dw qah? e 1 N
‘ S, (a) =0, —d‘;———m, wia) = R—Al (r=a) (25c, d)
d 1l d dw d 1 d dA, 1 .4 1d
ar rar ar +E adrar ' Ta "1 dr rdr(sz)
= qr : =t ‘
) (r=a) (25¢)
d1d_adw dA, 5 dld dA, 1 ,,d1d
, 3773?’ a g ‘+168 dr rdr dr _315}1‘{—’-72;05,)
2 qar ‘ _
+5 h (1-»)S, = 5D, ‘. - (r=a) (25f)

‘Equations (22a,b,c) and (23a,b,c) can be solved under the boundary conditions (24a,b,c,d ,€)
.and (25a,b,c,d,e,f). The numerical results will be published elsewhere.
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