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Lesson 1

e e it i

Towards a Mathematical Science of Computation

J. McCarthy, Stanford University

1 Introduction

In this paper I shall discuss the prospects for a mathematical science of computation. In a
mathematical science, It is possible to deduce from the basic assumptions, the important
properties of the entities treated by the science. Thus, from Newton’s law of gravitation and his
laws of motion, one can deduce that the planetary orbits obey Kepler’s laws.

What are the entities with which the science of computation deals?

What kinds of facts about these entities would we like to derive?

What are the basic assumptions from which we should start?

What important results have already been obtained?

How can the mathematical science help in the solution of practical problems?

I would like to propose some partial answers to these questions. These partial answers
suggest some problems for future work. First, 1 shall give some very sketchy general answers to
the questions. Then, I shall present some recent results on three specific questions. Finally, I shall
try to draw some conclusions about practical applications and problems for future work.

2 What are the Entities with Which Computer Science Deals?

These are problems, procedures, data spaces, programs representing procedures in particular
programming languages, and computers.

A problem is defined by the criterion which determines whether a proposed solution is
accepted. One can understand a problem completely without having any method of solution.
Procedures are usually built up from elementary procedures. What these elementary procedures
may be, and how more complex procedures are constructed from them, is one of the first topics in
computer science. This subject is not hard to understand since there is a precise notion of a
computable function to guide us, and computability relative to a given collection of initial

functions is easy to define.



Procedures operate on members of certain data spaces and produce members of other data
spaces, using in general still other data spaces as intermediates. A number of operations are
known for constructing new data spaces from simpler ones, but there is as yet no general theory of
representable data spaces comparable to the theory of computable functions.

Programs are symbolic expressions representing procedures. The same procedure may be
represented by different programs in different’ programming languages. We shall discuss the
problem of defining a programming language semantically by stating what procedures the
programs represent. As for the syntax of programming languages, the rules which allow us to
determine whether an expression belongs to the language have been formalized, but the parts of
the syntax which relate closely to the semantics have not been so well studied. The problem of
translating procedures from one programming language to another has been much studied, and we
shall try to give a definition of the correctness of the translation.

Computers are finite automata. From our point of view, a computer is defined by the effect
of executing a program with given input on the state of its memory and on its outputs. Computer
science must study the various ways elements of data spaces are represented in the memory of the
computer and how procedures are represented by computer programs. From this point of view,
most of the current work on automata theory is beside the point.

3 What Kinds of Facts about Problems, Procedures, Data Spaces, Programs,
and Computers Would We Like to Derive?

Primarily, we would like to be able to prove that given procedures solve given problems.
However, proving this may involve proving a whole host of other kinds of statement such as:

1. Two procedures are equivalent, i.e. compute the same function.

2. A number of computable functions satisfy a certain relationship, such as an algebraic
identity or a formula of the functional calculus.

* 3. A certain procedure terminates for certain initial data, or for all initial data.

4. A certain translation procedure correctly translates procedures between one programming
language and another. '

5. One procedure is more efficient than another equivalent procedure in the sense of taking
fewer steps or requiring less memory.

6. A certain transformation of programs preserves the function expressed but increases the
efficiency. '

7. A certain class of probiems is unsolvable by any procedure, or requires procedures of a
certain type for its solution.

4 What are the Axioms and Rules of Inference of A Mathematical Science of
Computation?

Ideally we would like a mathematical theory in which eévery true statement about procedures
would have a proof, and preferably a proof that is easy to find, not too long, and easy to check. In
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1931, Gddel proved a result, one of whose immediate consequences is that there is no complete
mathematical theory of computation. Given any mathematical theory of computation there are
true statements expressible in it which do not have proofs.!!! Nevertheless, we can hope for a
theory which is adequate for practical purposes, like proving that compilers work; the unprovable
statements tend to be of a rather sweeping character, such as that the system itself is consistent.

It is almost possible to take over one of the systems of elementary number theory such as that
given in Mostowski’s book Sentences Undecidable in Formalized Arithmetic, since the content of
a theory of computation is quite similar. Unfortunately, this and similar systems were designed to
make it easy to prove meta-theorems about the system, rather than to prove theorems in the
system. As a result, the integers are given such a special role that the proofs of quite easy
statements about simple procedures would be extremely long.

Therefore it is necessary to construct a new, though similar, theory in which neither the
integers nor any other domain(e.g. strings of symbols) are given a special role. Some partial
results in this direction are described in this paper. Namely, an integer-free formalism for
describing computations has been developed and shown to be adequate in the cases where it can
be compared with other formalisms. Some methods of proof have been developed, but there is
still a gap when it comes to methods of proving that a procedure terminates. The theory also
requires extension in order to treat the properties of data spaces.

5 What Important Results have been Obfained Relevant to a Mathematical
Science of Computation?

In 1936, the notion of a computable function was clarified by Turing, and he showed the
existence of universal computers that, with an appropriate program, could compute anything
computed by any other computer.”) All our stored program computers, when provided with
unlimited auxiliary storage, are universal in Turing’s sense. In some subconscious sense even the
sales departments of computer manufacturers are aware of this, and they do not advertise magic
instructions that cannot be simulated on competitors machines, but only that their machines are
faster, cheaper, have more memory, or are easier to program.

The second major result was the existence of classes of unsolvable problems. This keeps all
but the most ignorant of us out of certain Quixotic enterprises such as trying to invent a debugging
procedure that can infallibly tell if a program being examined will get into a Joop.” Later in this
paper we shall discuss the relevance of the results of mathematical logic on creative sets to the
problem of whether it is possible for a machine to be as intelligent as a human. In my opinion it is
very important to build a firmer bridge between logic and recursive function theory on the one
side, and the practice of computation on the other.

Much of the work on the theory of finite automata has been motivated by the hope of
applying it to computation. I think this hope is mostly in vain because the fact of finiteness is used
to show that the automaton will eventually repeat a state. However, anyone who waits for an IBM
7090 to repeat a state, solely because it is a finite automaton is in for a very long wait.
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6 How Can a Mathematical Science of Computation Help in the Solution of
Practical Problems?

Naturally, the most important applications of a science cannot be foreseen when it is just
beginning. However, the following applications can be foreseen.

1. At present, programming languages are constructed in a very unsystematic way. A
number of proposed features are invented, and then we argue about whether each feature is worth
its cost. A better understanding of the structure of computations and of data spaces will make it
easier to see what features are really desirable,

2. It should be possible almost to eliminate debugging. Debugging is the testing of a
program on cases one hopes are typical, until it seems to work. This hope is frequently vain.
Instead of debugging a program, one should prove that it meets its specifications, and this proof
should be checked by a computer program. For this to be possible, formal systems are required in
which it is easy to write proofs. There is a good prospect of doing this, because we can require the
computer to do much more work in checking each step than a human is willing to do. Therefore,
the steps can be bigger than with present formal systems.
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[1] 1In 1931, Godel proved a result, one of whose immediate consequences is that there is
no complete mathematical theory of computation. Given any mathematical theory of computation
there are true statements expressible in it which do not have proofs.
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{2] In 1936, the notion of a computable function was clarified by Turing, and he showed
the existence of universal computers that, with an appropriate program, could compute anything
computed by any other computer. ” ‘

FE 1936 £, EREE T A ERBMES, FHIEH TEATENNEFE, EdES
FIFRRF, TT DUBUE T Hofh o B LRE S A A o 3.

[31 The second major result was the existence of classes of unsolvable problems. This
keeps all but the most ignorant of us out of certain Quixotic enterprises such as trying to invent a
debugging procedure that can infallibly tell if a program being examined will get into a loop.

BIAFELERRFE—RATENAE. INMERMEGRITKELHAN, RTHL
BEMENZ S, AL F S EXR T, FaiiE RS 4ax TiRA % —14
BRERESMAFIERKE4E T, the most ignorant of us, FEAIHFBRILMAIA.

451 Questions and Answers

(1) According to the text, the entities that Computer Science deals with may not
include( ).
A. problems
B. procedures
C. programming languages
D. computers
(2) According to the text, what is one of the first topics in computer science? ( )
A. What these elementary procedures may be?
B. How more complex procedures are constructed from elementary procedures?
C. How to understand a problem completely?
D. What elementary procedures may be, and how more complex procedures are constructed
from them?
(3) Which of the following statements describes the relationship between procedures and
programming languages. ( )
A. The same procedure may be represented by different programs in different programming
languages.
B. The problem of translating procedures from one programming language to another is
easy.
C. The problem of defining a programming language semantically can be solved by stating
what procedures the programs represent.
D. Computer science must study how procedures are represented by computer programs.
(4) Which of the following statements is wrong for describing the relationship of
procedure to data space and programming languages? ( )
A. Procedures operate on members of certain data spaces and produce members of other
data spaces.
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B. Programs are symbolic expressions representing procedures.

C. The same procedure may be represented by different programs in different programming
languages.

D. Programming languages are constructed from different procedure.

(5) According to the text, which of the following statements is wrong about

computer?( )

A. Computers are finite automata.

B. A computer is defined by the effect of executing a program with given input on the state
of its memory and on its outputs.

C. Much of the work on the theory of finite automata is fruitful when it is applied to
computation.

D. Most of the current work on automata theory is beside the point of computer science.

(6) According to the text of section 4, which of the following statement is wrong?( )

A. We would like a mathematical theory in which every true statement about procedures
would have an easy short proof.

B. There is no complete mathematical theory of computation.

C. We hope for a theory which is adequate for practical purposes, like proving that
compilers work.

D. An integer-free formalism for describing computations has been developed and can be

used to prove a procedure terminates.

(7) What important results have been obtained relevant to a mathematical science of

computation?( )

A.
B.
C.
D.

The notion of a computable function was clarified by Turing.
Much of the work on the theory of finite automata has been done.
Existence of classes of unsolvable problems.

A machine to be as intelligent as a human.

(8) What kind of work does the author suggest not to solve by mathematics science of

computation?( )

A.
B.
C.
D.

Confirming each feature of a programming language is worth its cost.
Proving a program meets its specifications, instead of debugging it.

Checking each step of program by human.
Better understanding of the structure of computations and of data spaces.

Problems

1.
2.

What is the object of computer science?
How can mathematics help computer science?



Lesson 2

Extreme Scale Computing

Irving Wladawsky-Berger

Supercomputing has been a major part of my education and career, from the late 1960s when
I was doing atomic and molecular calculations as a physics doctorate student at the University of
Chicago, to the early 1990s when I was general manager of IBM’s SP family of parallel
supercomputers.

The performance advances of supercomputers in these past decades have been remarkable.
The machines I used as a student in the 1960s probably had a peak performance of a few million
calculations per second or megaflops. Gigaflops (billions) peak speeds were achieved in 1985,
teraflops (trillions) in 1997, and petaflops (a 1 followed by fifteen zeros) in 2008.

The supercomputing community is now aiming for exascale computing, 1,000,000,000,000,000,000
calculations per second. The pursuit of exascale-class systems was a hot topic at the recent
SC09 supercomputing conference.

In the quest for the fastest machines, supercomputers have always been at the leading edge of
advances in IT, identifying the key‘ barriers to overcome and experimenting with technologies and
architectures that generally then appear in more commercial products a few years later.

Through the 1970s and 1980s, the fastest supercomputers were based on vector architectures
and used highly sophisticated technologies and liquid cooling methods to remove the large
amounts of heat they generated.

By the late 1980s, these complex and expensive technologies ran out of gas. As the
microprocessors used in personal computers and technical workstations were becoming
increasingly powerful, you could now build supercomputers using these CMOS micros and
parallel architectures at a much lower price than the previous generations of vector machines. A
similar transition to microprocessor components and parallel architectures took place in the
mainframes used in commercial applications.

Massively parallel architectures, using tens to hundreds of thousands of processors from the
PC and Unix markets have dominated supercomputing over the past twenty years. They got us
into the terascale and petascale ranges. But, they will not get us to exascale. Another massive
technology and architectural transition now looms for supercomputing and the IT industry in
general.m



Anticipating the major challenges involved in the transition to exascale, the Department Of
Energy (DOE) and DARPA launched a series of activities around three years ago to start planning
for such systems.

This DARPA ExaScale Computing Study provides a very good overview of the key
technology challenges. The study identified four major challenges where current trends are
insufficient, and disruptive technology breakthroughs are needed to make exascale computing a
reality.

The Energy and Power Challenge is pervasive, affecting every part of the system. Today’s
leading edge petascale systems consume between 2-3 Megawatts (MW) per petaflop. It is
generally agreed that an exaflop system must consume around 20 MWs, otherwise their operating
costs would be prohibitively expensive. The 1000-fold increase in performance from petascale to
exascale must thus be achieved at no more than a 10-fold increase in power consumption.

Such stretch targets were actually achieved in the transition from terascale in the late 1990s
to petascale now. But no one believes it can be done again with today’s technologies, hence the
assumption that a technology and architectural transition as profound as the one two decades ago
is now required.

The Memory and Storage Challenge is a major consequence of the power challenge. The
currently available main memories (DRAM) and disk drives (HDD) that have dominated
computing in the last decade consume way too much power. New technologies are needed.

The Concurrency and Locality Challenge is another consequence of the power challenge.
Over the past twenty years we have been able to achieve performance increases through a
combination of faster processes and higher levels of parallelism. But, we are no longer able to
increase the performance of a single processing element by turning up the clock rate due to power
and cooling issues. We now have to rely solely on increased concurrency.

The top terascale systems of ten years ago had roughly 10,000 processing elements.
Today’s petscale system is up in the low 100,000s. But, because, the only way to now increase
performance toward an exascale system is massive parallelism, an exaflop supercomputer might
have 100s of millions of processing elements or cores. Such massive parallelism will require
major innovations in the architecture, software and applications for exascale systems. This
DARPA Exascale Software Study provides a good overview of the software breakthroughs
required.

Finally, we have the Resiliency Challenge, that is, the ability of a system with such huge
number of components to continue operations in the presence of faults. An exascale system
must be truly autonomic in nature, constantly aware of its status, and optimizing and adapting
itself to rapidly changing conditions, including failures of its individual components. The
exascale resiliency. challenges are discussed in this DARPA report on System Resiliency at
Extreme Scales.

There are vast business implications to such a massive technology and architectural
transition. For one, the ecosystem of the past twenty years, where PCs have provided the
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