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Preface

A map, always denoted by M, may be regarded as an embed-
ding of an 1-complex(ie., graph)into a compact closed 2-manifold
(ie., surface) in a view of topology. By means of algebras shown
in [37], it may be defined as a basic permutation J (ie., z and ax
are on different orbits) on a disjoint union Xa.g Of quadricells with

Axiom 1 and Axiom 2 bellow.

Let M=(x,5,J), Xa,pI%)XKJ: » X be a finite set, Kx={z, ax,
Bz afx}, where K is Klein group of four elements denoted by 1,
asBsaf

Axiom 1 oj=] 0.

Axiom 2 The group ¥, which is generated by g={a,8,J} is

transitive on Xa,f.

Further, if a map M=(x3(X), J) satisfies the following Axiom
3, then it is said to be nonorientable; otherwise, orientable.

Axiom 3 The group ¥, which is generated by L={qB, J} is
transitive on X a,B(X).
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A is a compact 2-manifold. An(A) orientable(nonorientable)
surface of genus g is homeomorphic to the sphere with g handle
(crosscaps) and is denoted by S, (N,). A map M on(or embedded
on) S;(or N,) is a graph drawn on the surface so that each vertex
is a point on the surface, each edge (x, y}, x7#y, is a simple
open curve whose endpoints are x and y, each loop incident to a
vertex x is a simple closed curve containing x, no edge contains a
vertex to which it is not incident, and each connected region of
the complement of the graph in the surface is homeomorphic to a
disc and is called a face. A map is rooted, if an edge, a direction
along the edge, and a side of the edge are all distinguished. If the
root is the oriented edge from u to v, then u is the root-vertex
while the face on the oriented side of the edge is defined as the
root-face. The theory of chromatic sums of maps, and its special
case A=0o0,1.e., the enumerative theory of maps were, respective-
ly, found by W, T. Tutte in 1970’s and 1960’s, One of his aim of
finding the chromatic sums is to attack the colouring average
problem which is harder than the four colour problem. A series of
Tutte’s census papers[ 70-74 ] in 1960’ s has laid a ground work
on the enumerative theory of rooted planar maps. Since then, the
theory has been simplified and developed by W. G. Brown [ 10-
127,Liu[37-507,R. C. Mullin[52] and Tutte himself. E. A. Bend-
er, E. R, Canfield, N. C. Wormald, R. W. Robinson, L. B. Rich-
mond and Z. C. Gao et al. set up many equations for rooted non-

planar maps.
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In most cases(nonplanar maps) , they failed to find the whole
solutions of the equations they presented. What they got were
partial solutions or an asymptotic evaluation and limited to the
general maps with nearly no restrictions containing only one pa-
rameter. However, the book[37] by Liu presented a new way to
investigate maps on surfaces especially those with smaller genera
in orientable and nonorientable cases based on the sphere. Since
finding the number of nonplanar maps is very difficult, people
such as E. A. Bender et al [ 3-5] developed an asymtotic evaluation

to obtain the statistic behaviors of the maps given.

On chromatic sum, the first paper which was published in
1973 by W. T. Tutte [62] is for rooted planar triangulations.
Since 1973, Tutte has published a series of paper[ 62-66 ] on chro-
matic sums for rooted planar triangulations to tackle the coloring
average problem. And then, Y. P. Liu[38,39,41,45] has a num-
bers of papers for rooted outerplanar maps, rooted cubic planar
maps, and general planar maps. All results of chromatic sums
having been published are on the plane. Based on the initial works
of Tutte and Y. P. Liu et al. , the authour has studied chromatic
sums of some maps on the sphere, projective plane, torus and and
Klein bottle, and their special case A=o0, i.e., the enumerative

problem of maps.

This book is supported by the National Natural Science
Foundation of China(No. 10771225 ), supported by the project of
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science research plan of The State Ethnic Affairs Commissi-on of
PRC(No. 07ZY04) and supported by the project of “211” of Min-
zu University of China(No. 021211030312).
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Chapter 1 General Maps

§ 1. 1 Chromatic Sums of General Maps
on the Sphere and the Projective Plane

§ 1. 1. 1 Introduction

Let C be a circuit(or curve) on a surface ). If 2 —C has a
connected region homeomorphic to a disc, then C is called trivial
(or contractible as some scholars defined it) ; otherwise, it is es-

sential (or noncontractible).

Let 4 and P be, respectively, the set of all rooted general
maps on the sphere and the projective plane. Their chromatic sum
functions are, respectively,

f:f(-x’ Ve Zy by ws A)
= 2 P(M; A)xm(l\d) yn(M’) zl(M) £ wd(M)
MEn ’
fP:fp(I, Vs Zy Lyws A)

:M§PP (M; /\).Z‘m(M) yn(M') zl(M) ts(M) wd(M)
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where m(M), n(M), [(M), s(M) and d(M) be, respective-ly,
the valency of the root-vertex of M, the valency of the root-face of
M, the number of edges of M, the number of nonroot-vertices of
M and the number of nonroot-faces of M. P(M;A)) is the chro-

matic polynomial of M.

Now two well-known formula on chromatic polynomials of
maps should be mentioned for the further use. The first one is
PM; D)=P(M—e3;))—P(M» e5) (I.L1.D
For any map M, where e is an edge of M, M—e and M ¢ e stand
for the maps obtained by deleting and contracting e from M, re-
spectively. The second is

P(M,; A)P(M;54)
AQG—D...Q—i+D

provided that M, NM;=K;, the complete graph of order i=1.

PWM, UM, ;0=

(1.1.2)

In this section, for any map M, e, (M) stand for the root-
edge of M,

§ 1. 1. 2 Maps on the Sphere

In this section, we will set up equations satisfied by the chro-
matic sum functions of general maps on the sphere. An edge is
called double edge(a double edge on the plane is also called isth-
mus by some authors)if each side of it is on the boundary of the

same face.

The set g« may be divided into four parts as
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#2#1+y2+/13+#4 (1. 1 3)
where g consists of only the vertex map,

w={MIMEu—p, e,(M) isa loop};

w={MIME p—p1, e.(M)is a double edge};

w={M|MEpy—m—p—ps}.

Let £:(:=1,2,3,4) be the chromatic sum function of z;. Let
flami=FfAyyszstswsd) s fly=1=f(x,1s2:¢,w3A). For chromatic
sum function f, we denote 6¢f=9f;—;f|1f—l »here p=xz,0r ¢=y.
Then ‘

=2 F2=0; fi=2"tQA—Dzxy’=ztff .= (1.1. 0
It is easy to see that the following Lemmas hold.

Lemmal. 1.1 Let yoy>={M—e,(MD |[ME€ g, }. Then

p<a>Sp

For a map M, let A; (M) be the map obtained by adding a
new edge from the root-vertex to the ith vertex on the root-face
boundary,i=0,1,2,..., n(M) (n(M)is the valency of root —

faceof M). Let u* =MzE:#{Ai (M) |n(M)Z=i>>0}. It is easily seen
that u, =S ™.
Lemma 1. 1. 2 For y,, we have py=p" —p2.
Lemma 1. 1.3 Let gy ={M * ¢.(MD |[ME€ . }. Then
s S

For a map M€ y, let v (M) be the map by map obtained by
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splitting the root-vertex of M into vertices o; and o0, and adding a

new edge R= (0,,0;) as the root-edge of the resultant map.
Let y* ={(MD |MEy}. It is easily seen that wpt.
Lemma 1. 1.4 p* =p—p —p,.

Applying(1. 1. 1), for chromatic sum functions, the contribu-

tion of y4 to f is

fi= > P(M—e, (M) ;1) 27 ynM 10 400 daD

M€y,

_ Z P(M « e, (M) ;1) 27M 4 1 s a0 (] ] 5)

Mey,

The first and the last summations in(1. 1. 5) are denoted by

faa and fip, respectively.

Applying Lemmas 1. 1. 1-1. 1. 2 and(1. 1. 2), we have
n(
fm:Iyzw{ (A%P(M;A)xm(l\d) zl(M) ts(M') wd(M') 24 yz) _A_lff| =1 }
P =
=zyzad, [ —A " zyzwff|,- (1.1.6)

Applying Lemma 1. 1. 3-1. 1. 4 and 1. 1. 2, we have that
m(MD

fis=xzyzt{ (MZJP (M;2) yOD 0D 45O  dD 22 D) =27 ff =1}
" o=
=xyztd.f —A 'zyztff |- (1.1.7)
Applying(1. 1. 3)-(1. 1. 7), we have that

Theorem 1. 1. 1 { satisfies the following functional equation:
f=AT23T Q=D zy=2tff =1 + xyzad,f — A zyzaff | =1 —
xyztd, f A Lyt ff | =1 (1.1.8)
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§ 1. 1. 3 Maps on the Projective Plane

In this section, we will set up the equations satisfied by the
chromatic sum functions of rooted general maps on the projective

plane.

The set P may be divided into two parts as
P=P,+P, (1L1.®
where P, ={M|MEP, e,is a loop};
P,={M|M€P, M&P:};.

The set P; may be divided into two parts as
P,=P; +Ps (1,1,10
where Py;={M|MEP,, e,(M) isa double edge} ;
P, = {M|ME Py, e,(M) is not a double edge }.

The P, set may be divided into two parts as
Py =P+ Py (1. 1.1
where Py = {M|MEP;, e,(M) isnot on an essential circuit };
Poyy={M|ME Py, e,(M) ison an essential circuit}.

Lemma1l.1.5 Let P<zlz>= {M_er (M) lMe P<212> }. Then
P<z12>C/l-
Proof For any M/ E P<z12> ,MI :M_er (M) ’ where ME sz.

Since e, (M) is a double edge and e, (M) is on an essential circuit,

M’ is a map on the sphere.
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Lemma1l.1.6 Let P<22>:{M_er(M) |M6sz} Then
P CP.

Proof For any M' € Py ,M'=M—e, (M), where ME P,,.
Since e, (M) is not a double edge, we know M’ & P.

Similarly, we have that

Lemmma 1, 1.7 Let Py, ={M e ¢, (M) |MEP,}. Then
P(z) :P.

Let fr(i=1,2) be the chromatic sum function of P;, Then
fe=fe, +fr,s fp,=0 (1.1.12)

Applying(1. 1. 1), for chromatic sun functions, the contribu-
tion of P, to fr is
fe, :Mg PM—e, (M) 5 2) 2™ 37 0y dchD
2

*Mg, P(M. er(M'); A)lm(M)yn(M) 2l(M)ts(I\/I)a)d(IVD (1. 1- 13)
2

The first and the last summations in(1. 1. 13) are denoted by

fp,, and f,, . » respectively.

By(1.1.10) and(1. 1. 11), we obtain that
fPM:fP21M+fP21M+fP22A (1. 1.14

For any M€ Py, , M—e, (M) are two maps, one map is on
the sphere, another map is on the projective plane. We obtain
Sopn =Y 2 ffp lom1 T2y’ 22 f | =1 fP (1.1.15)
here fl.—1=f(1,ys2:ts03A); frlami=fr(Lyyszstswsd).



