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HIRSHE, FVEE AR —EE. BRitish, dim R e REEAEATE AR P AR
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§1. XEIERISTHEF—R MR

RITREBN BRI N E, BRRE . 3FE . HESRESWHET.
H MR, IR M EENETHR. WRtEU, H iR —4 %8 % Hausdorff
23 (6], K g — A — 4B RE T Buclid 1. <97 B4\ 43 B il 1 A — Le A 1Y
AR, DMEKERTT AN A, Tk g AR R A, FTRIR-EIER. B2
Ry AT AZRISCER(1], (2], (3], (4], 8], [6]F A KBTS

B BTSN AN BT M R = ATATR N E R, R R
N ag, HEH a1 “HEMUERCN 0. L RY, R, R2 S AIFR B TE B4, —4E, — %
WA p (p A EBEF)Bettifl. WA

ap—a1+az=R)~R,+ R2. (1)

FR(V)FRH M BEuler-Poincaré X RN, IBHAEN x (M), B M M EulerfH 1.
ic:
To = BRI S?, ]
Tl = }ZCET{

T2 = Tl#Tl, %%Tl—%Tl B@Eiﬁiﬁ]@, (2)

Ty = Ty1#T1, Yg > 2 IEEHET. )

EATERR A A E [ P T AR, 5 00 T i TR A — MR RBRTE®. — ik
H, T, AT o MRIERTE. Bk, B 1R BB R — A,
Fic:

P, = §1E¥ M PR?,
Py = P#P, =Klein i K?,

O WAMMEMEMMEENRER: NES—HE &EE—-1FRED?SDE, RE
My 5 MoIEE D35S DA R R A WS MBI, iC MMy # M. T=H8E LI 3] [4).

@ EDM 82 E#EBAFEL D? 5 D T RELER LR E Hy), REHRS —H#i
R () B S 52 — D? — D WEMANBR/MNILARE. LT M IRER EREM 5528
WEEEM NG T LEEERIEASUEEREEES 45BN M#.52, Hit
R M#3Hy, X B E B MR- TFER, T Ho A5, REPFEEHA, X# 8
AT ARR2ER MR AR
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Py = Py_1#P1, Hg > 20}, (3)

E11

AR AR & ] B i T A A =K.

B 147 B B 4 51 T S 1) R oM T R R (B 42 D7 B 187 R 0 A SR T S 1) U Bl
T F=Mobius 45 B,. B 82 D°, By, S2, Hy, T2, PR?, K24 1IN F #3775 8 (1.2),
He LmEi kLRI AN AT AW ENBS, ARAEEENET LER
h F R —IE .

AL, B T — ST

D; U D} = 53453 = 52, @

D? U By = §%4#*B, = S?4#PR? = PR%. (5)®

FEEL2FH(EC), d), THSEPRRY_EESZE, FEHPHE), T
TR K2 _EEE. M, X0 LEE Ha (I F1 R? 43R S,
T2 7 H, BT SR E R %25 7). — MR ATiE:

EE2 W M UE—ER W EEZRAT M (1[4)p.106).

HEMRLIR 25 PRZA =AM, B

x(8%) =2, x(PR*)=1 (6)
N EEA # BE L AEHE, 5 Xt M, N,
X (M#N) = x (M) +x(N) - (7

RIE N RIERE, Bk

@® P, FILLEBRWA ¢3¢ LB Bk, W& 10.16.
@ i Py = 82, M AIRATHE KR Po# Py = P FREE EHEHE M#52 = M BIFH).
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H, T

(@) (e) 0

4 E
> 4, B R A
A \
o )b ooy | !
4 + b c
<+ B, - AF * B"’
A 4,
PR* = D" UB, K*=PR#PR’
(8) (h)
1.2
EHE3 T, 5 P, WEulerfH-ES HA:
X(Tg)ZQ—QQaX(Py):Q—g- (8)

VERE: #, o, #7545 B AR (T), (8)FIR, FII T I — etk F BT
YR SHMEAEME

M#S5% =M. (9)



4 M3 H R 5%
HR2 4T, A

T, #28% = Ty#s Hy = Ty#T1 = Tyt1, (10)

X (Tg+1) = x (Ty) — 2. (11)
M3 % P, IEEAE (cross cap, HE X FTWE—T)MA (% (5)X)

P,#*By = Py#PR? = Py4, (12)

x(Py+1) = x(Fy) — 1. (13)
R4 4P, RS T4 P M~ i2IE:

Pg#;H2 =Py#2s2 = Pygy2 (9 >1). (14)

N HITERA BL[4), RADRE (7)™ B 4, FHEH®.
ﬁ)ﬁs é'% Tg ﬂmﬁﬁwgfﬁ_ﬁgﬁl P2_q+1 :

2g
T,# + By = T,;#PR? = PR*#T, = PR*}x Y _B;
1

29
= PR*# Y PR®= Py, (15)
1
xX(Pagt1) = x(Ty) — 1.

EH4  (AIE R MERE). B M AR E [ i, WA —rdE ik
¥rg >0, MBEAET T,. & MR ERHAME, OM & b ANEE, M B Euler ¥
EH x, W + b AR g =1 X0 I M FIBET T, sk b MR ATF
TER] 2858 777 45 80 A R 1) ot T (AL [4]).

EIEs TN g WA E I E M _EOEE o N EARHBRE, FEiT8RE
£ M ARSI EESE ; B M LM g + LANEAHBRELER M 2EI A

EH5 & NAATEmAME, NAFE—EER g, # NEE g, BEAR
% g+ I NEAHBH Mobius H#. g FRA N B Mobius %K.

() X (12)RH P, LE /DA g~ Mébius .

EE4  (RAEmMENA). & N AR E R A TE, 3 Mobius $Ch g, M
N YREET P, AN EZ-—YIMobius #iAAZ LABI &, MBS AERTE. &HNAA

@ BIFIH x(M#2N) = x (M) + x (N) — 4 FIE(14)R 71 W Euler$F1E K —g. ¥ BRSAAT AR
VAR, (HERE MRS E N E .




§1. R 42 An— MR TR 5
AR A, EMobius$hg, ON A b NEEX, W N RKTF P, B X4 E
AHHIE BT IR 4.

#1 P, b187F g Mobius .

R P M oI B W B (B 70 b AN E 30) B B wE AT,
M-S AL, i Euler $F0Ex MW/ b, #H E TS, 4, 4/ TR,

Eile HWLEME M ATH g, OME b NMEE, B— MR INA, W

x(M) =2 — 29 — b, BMAA]EmHT,

x(M) =2 — g — b, EMRAF ZE[M]HT. (16)

A2 VTR Buler $RAE A 374, M BN & H).

BB WK E LA FES B Y EATA M EIR S . Euler 474, DA
BRI B30 %l 5

A3 XEEPHRME M, EMWSHER g, M MBS g-1(BHI x,; =
2XM)'

Ra HHE M5 N [ER]E R ERAARTE R, 1
g(M#N) = g(M) + g(N). (17)
& M AVERT N AT ER, W
g(M#N) = 2g(M) + g(N). (18)
EES MWHHEN g WA
Rl =1,R.=2g,R2=1,x =2 2g(p N &) (19)
XF 5 A& A g BIAN T SE [ B TR

R{=1, Rj=g, Ri=1;

x=2—-g. (20)
Rd=1, RL=g-1, RZ=0(p#2),

HFE R T < 2 AR | BB 55K, ATFIRNT
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i B4 Betti ¥ NRERIE L1 Euler 4#4E
Hp RO=1,Rl=1,RZ=0 b=2 g=0 x=0
T? RY=1R.=2,R:=1 b=0 g=1 x=0
B R)=1,R,=1,R2=0 b=1 g=1 x=0
K2 Ry =1 Ry =1,R =00p#2) b=0 g=2 x=0
Ry=1,R}=1,R3=1
PR? Ry =1, Ry =0, Ry = 0(p # 2) b=0 g=1 x=1
R)=1R,=1R:=1
_ ) . g=20
n(> O)4EiE D RO=1R: =0(0<ig<n b=1 =1
(20 'Y D ( <n) ’ (¥t = 2) X
RO=1,R=00<i<n) Epm
n(> 0)4BRS™ PP b=0 2 x=1+(=1"
e Rp=1, (tn = 2) =1

EE9 T,5B, AR, PR K2NIARRE. —f, — k. & RAlE
W n R AERA—REE N n + 1TERIBLY]). BXEM PLg > 1, B
£ R* PR AT E RR T P, (AL[6]).

TEE10 THAEHN g BT E ) P i TR RO AR MRS 3 D (L [1]):

aa”t =1(g = 0, BRTA),
arbiay byt -+ aghgay byt = 1(g > 1). (21)

A& g BN AT RE 167 P T B A L v A

a1a1---6g0g =1, (22)

arbia7byt - -ag__l1 b;}lagag = 1( Mz A EEED),
atbial byt agbgay thy = 1( B A {EELET).

Bl1 PR A ajay = 1, X T2 aybia; byt = 1, X K2 A arbra 'y, = 1,
XATHEL2( d), (), ( h)EHHED.

11 #F M AEREE, ME—4 R 5 (M) A TRsE . (M)/F, H
Hy (M) 7 | M| BIEEASEE, F 2R (| M) BSR TRE. 4RI, 24 m (| M) F3cient
B, m |M|5 Hi (M) [,

B2 m (T?) = Hy(T?)R3HEE, Wi (K2) WAAESSRE, BORFIT Hy (K?).
—Hh, T,(g >)2 MZEACHEERR B AT B

B — T K2 AR, L

h:(z,y) = (z+1,y) (24)

(23)

it R2 PR, A
ki(zy)— (-zy+1) (25)



§1. R Ao A — MR R 7
1C B2 FEPFRINXAR. B h 5 kBT E BB G ARICHRE, BVl E XHIE

hk = kh L. (26)

HRIFAT L3 . SChR b, 26)RFIF R arbiar’hy = 1. BN (26)T
Breh ke th =1, Bent =, BB kR =1

yﬂ
B(—x, y+1) C(—x+1, y+1)
I e e
ol ok >
k _,r::"" x
..... peiad
Be=Ly) w Ay)
1.3

Xt K2 He, m (K)? B TR F i b2 B, R
hkh™ k™1 = hhkk™! = h2.
BT K2 WERFERN G, S K2R THEEER?/G, T
(KN =GrZo Zy. (27)

%TF H,, T2 5 K2 AR T SAEEREHE, T J %75 Jordan #i
2.

12 RIETFHEER? - {0} = Hy b ZJTHATLS RZIELK O,
W J 7R Ho REABFETS; BN, J7E By FRME TR, mH. = 2.

EIR13 R IET? EARRTE, U JAEZARR (T2 TR RG]
H—XE R (m,n) XFR. HIL

mTH2mSHem(SH)2Ze Z (28)
EH14 WIFE K2 EARRERTE, W J0%FER (K2 FHTIEEZ—:
h,h~ 1 k2 k72, kR kTR (ne Z).

THEFR—ETENERE, 5 LEL4D 2 AERFMEL, XNE—IEN
ERHAE—,
N5 (28)A:
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EIE15 T,5 P, MEARRRN
MT)~Z0Z® - ®Z2¢N),m(Py) 2020 - & ZDZs.
g1+

EX1 #E M F#JordanthZk J FRAEIGAM, IR J & M _EE—FF4REF
BEFF,. JRRORBAM, IR J7E M +E—FERFART B,.

B0 #& JE K2 EFTRMERIE R AL, k20 J SR, BN, JREER
B (REHL4). TR T L —$3 Jordan B R AMEL N EELSE; BRZ, #M4EH
HEEE M Jordani R I AT RERXGAM. £ S?, Hy 5T% I, —JordanMiZRFMER
BREE, WRARE. £ K? EE, BERER SR, & JREn(KY)WTE ),
WA T3 PR A R BB

1) %=1 (8 JRRTE)N, K2 - JTARNEEX, H—FETF D2

B < C’ - A
/| P
* 4
A "
/ 2
£ . .
o > A > C > B
(a)
B L A Bu
* — - =
-
A P 4
/
P 4
P -
Fm i > n

1.5



§1. B TR AT — R R 9

2) % j — hE1 B} K2 — J [AIET M, B RA—NEE.

3) % j = k2B K2 — JEPSEEY, HFET B, (Bl1.5()).

4) % j = k=1 pm if K2 — J FET BY (B1.5(b)).

16 W MARTERAMEM WA EN _EEE JEM E—¥A
8, 5 LRI MBS ERR J7E M PR, WY J G LR, /5
Jo B R, X T AR, S5 L EBARAME, B0, U R M PR
B ZR.

SHTHEEME, WA R TR RS EH, W7, XS0 A EE A
ABER AT AR TCRREY.



§2. WMaRF LN RGN —MIER

AWRABAR A B | BEIRY, SEHR), BIASMETT SIS, (9], [10], TEH
AR

WM A—WRE, TMEMBYA. M ER—NMEOES X SR8t X
M — TM, EXNE—Hs c MEX(z) € T,M. XET,M¥ERMIEsHY
M, X(z)RAMEWTEER. 4 X(2) RARMENFR R X WE S B0,
PRz i X W3 B M RZEBUON2, TM 45 Ee, MBI TEIBTM A
ARPE X—REENLERBHEHN. R h—iE SR HE— S THE
WA T — B LR (AR TR AL F B T _E A — I B, KR TM B8 SUAHTE TS 1.
REW, EEAMES AT MRS X, iTA : e aEEZNE)T
LUF—H z R BA FRBR (R — )RR, W X 178 RS thiisd k. Mk
5T X ARIHETRR X R M BRI E B .

EX1 M EFEES X —FZBRPRAR— DOV BBy T - M,
Bxt—YIt e T4

v (t) = X(v(2)), 1

KB TR IR E—AEFXE], X (1) RAALTF M L y(t) X — RIS E T, M
F I X B E.

Fealsh, &z K X BFR, WAEL—Wgty, i) = 2, XBF+'(0) = 0. H
BRI, & R M B HIRIR R 42,

INRIBK RS B H 8 W TR T E IR B —HE, BiE: # () B X WS4,
Wy (—t) ALy (t+ 1) (7 B AR X R4

BT REAS— B RERHARER, RMRELNEES X wRkER
ERRARIRRIR. B 21, 2o, -+, )N nHERIE M, ZEH E—FF4RI% U B iS5
kR, W X AIE U RR—B T

Zfi('z'la T l‘n)% (2)
i=1 ¢
KR, T ERRODLNE B HERA
d.’L‘i

= fon e w) =1, ) 3)



§2. I L3 RGEE—R IR 1

WL, HoPig fi 208 —KAH. TR X 78 M, BT RITEZERE | ME— A
AE RS SEAIE RN T M, b RHEAER R PR RS TS ). 45 5H,
& M 0 BT CRWE R R, T e 05 S A 53 R T AT A 24 s
[BIAE#, (HRHE X ME— TR ERE, ¢ WASITEER (oo, o). It
Ab, B WA & (Row box) BB, BURTEH RPN B e HAE M, FHRRERT.
B A X Se SRR AR AT L7 (3] 3R 3.

XHE, XM, ERBROGLLd, SRS ERE M, BIEE S
W— SRR, M, LH— 13 R4 :

Badk, BATWATLATE M, e L — 080 o(t, ), SRR 8B R
Xt My, BHER®. XBLR— LB ¢ : R x M, — M, R —4z ¢ M, 5—
Yl ty, to € REPA:

©(0, z) =z, @(tz, p(t1, x)) = @(t1 + t2, ), (4)

AR o(t, z) A My, BB B HRG. MEER z, B {o(t, D) her AT E
B B {pt, 2)}ber =z, MR BT K. H o HTRHBLETE, R o, ) RATH
BIARGE. XTF My LRI N RG ot, z), EFE—IETREE—HPRLRLUK
B AR [ UI2R. X 84 10 Y12k LA S a7 s i 2R B M, ER— AT i &
%.

R 2R M, LAY, WS RRIRRIE Ny = M, x R B
iUl e

Z:X(m,u)-l—%:Zfi%-}-%, ()
i=1 ¢
HF X () € T, M. BOFTRSARMHRTRL T2 2 W7
B mm ) =1, ) ©

RTHE EHIN RS, FIARRERER, BRAITRAT LR EEE R RAE—HEK
E X B—NILET SHTER, BE— 1B BRINE T HEH 2 EEMPoincaré &
g

1 FAME M EHMES X EERNETEO, O, -, Ok, BRI
P #IAind Oy, -, ind O FEiE, M

k
> ind O; = x(M). (7)
i=1

O MTFE-BYBHGE—FEE LRWERUEHETAERNRESANE X SERTS
(911, 12.10.
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#iIL1 AR RE T2 K2 B AR RE A SRR

A1 &M AIEHFRKNEME, HFH LN ES X 5 M W3R BEE
MR BAL A ARY], H REARAT R, WEHE X X AR

#it2 EH, 5B, LW BFELH ANAES X, IR X WERIPHH
B St

TR ENEEERE L3 2SR -EA R, S SR i sh h &4
BT abZBUAIE B AR,

L ¥ 18 =5 [6]

B E &85, M L3RS o WHLRHEDN M, FARNBLEE AL
K. A M EFERTR-PKERE-FENRR, U MEHRTIMENRR
FrBRRIZSIa] V BRA o MBLTEZS ), IE RV = M/e. BRATH:

EE2 HiEM B WELES RV REB—-ERE, BATHEE R %
BAHE, WV PE—RHIRER—FE.

{HEME R RS I RS, ©REIIES AT 88 R Hausdor 25 [H],
BRI TR L HmRR k. FIaE2.1(a) P AT GARBETE A S5
TR 351 FR 4, HAUEZ ] R EEFE2.1(b) B ()2 —KFoR, iR a,b,
¢, AR FRE2.1(a)H A, B, C, DIEEFHERNFIZ. LE2.1(b)FH f(z) R R L
FFIX ] (a, +o00) FI— SRR, RATARIE 2 5 f(z) FRA—K. E2.1(c)HEESR
TIAIET L FRH R IR ETF A, (HAHEA o B b BER/NERIR. i nT AR AN
B HEBZSE VS o RSB S A b BE—4BINE A3, B V A2 Hausdorff

23 [H].
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