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Preface

This is now, at last, the second volume of my ”Lectures on Algebraic Geometry”. When
working on this second volume, I always had a saying by Peter Gabriel on my mind:

”Der Weg zur Holle ist mit zweiten Bianden gepflastert!”

(The path to hell is paved with (never written?) second volumes.) Very often I felt like
Sisyphos in Homer’s Oddyssea. Sisyphos tries to push a rock over the ridge and just
before he reaches top the rock rolls down again. Only at this very moment, when I am
writing this preface, I am gaining some confidence that this second volume finally may
come to life.

It is still valid what I said in the preface to the first volume, I plan to write a book on
Cohomology of arithmetic groups. Actually there exists a very preliminary version
of this ”Volume III” on my home page at the Bonn university. The present book is also
meant to provide background for ” VolumellII”.

"Volume III” will be different in nature, we do not give an introduction into a field which
is well established and already treated in other text books. It will rather be a description
of a research area which is still developing, it will contain some new results, and it will
put old results into a new perspective. I will formulate open questions and formulate
problems, which are important on one hand but which are also tractable.

The first group of fundamental results in this book is proved in Chapter 8 when I discuss
the finiteness results for the cohomology of coherent sheaves and the semi-continuity
theorems. Here I use the theorems on sheaf cohomology which are proved in the first
volume. I put a lot of emphasis on the relevance of the semi-continuity theorems for the
construction of moduli spaces.

Moduli spaces are a central theme in this book. We discuss the moduli space of elliptic
curves which are equipped in a nowhere vanishing differential form in Chapter 9. This
moduli space and its generalization to moduli of abelian varieties will play a prominent
role in ” VolumellI”. On the other hand the representability of the modified Picard functor
for curves ( Chap. 10 ) is one of the main (and most difficult) results in this book.

At several places I give informal outlooks into further developments. In the last part of
Chapter 9 I discuss the general version of the Grothendieck-Riemann-Roch theorem. Here
I have to ask the reader to accept some concepts and results, for instance the existence of
the Chow-ring, the theory of Chern classes and finally the Grothendieck-Riemann-Roch
theorem itself.

The final goal of this book is to bring the reader to the foothills of the mountain range of
étale cohomology. I give the definition of étale cohomology groups and ”compute” these
cohomology groups for curves. These first basic results on étale cohomology depend on the
results proved in 10.2 and 10.3. Once we have some acquaintance with étale cohomology
we can look to the giant peaks in the distance, for example the Weil conjectures and the
modularity of elliptic curves. But we also see some peaks that so far nobody climbed, so
for instance the Hodge and the Tate conjectures. We can define the L-functions attached
to the cohomology of smooth projective algebraic varieties or even motives over number
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fields. Then can formulate certain aspects of the Langlands program, these things will be
discussed in ”Volume III”. There are excellent books which guide the reader into étale
cohomology . (See [Del], [Mi], [F-K] [K-W].)

Again I want to thank my former student Dr. J. Schlippe, who went through this
manuscript many times and found many misprint and suggested many improvements.
I also thank J. Putzka who "translated” the original Plain-Tex file into Latex and made
it consistent with the demands of the publisher. But he also made many substantial sug-
gestions concerning the exposition and corrected some errors.

Giinter Harder Bonn, February 2011
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Introduction

This second volume starts where the first volume ends. In the first volume we did a lot
of topology and also some analysis, in the last chapter we introduced compact Riemann
surfaces. These are by definition compact complex manifolds of dimension one. But finally
it turned out that they can be understood as purely algebraic objects; this is discussed in
Vol. I, 5.1.7. In 5.1.14 we attach a locally ringed space to such a surface, and this locally
ringed space is a scheme. This process of algebraization of analytic objects is continued
in Vol. I, 5.3.

Hence we develop the language schemes in the first chapter of the second volume, and
consequently this is Chapter 6 of the series. We discuss the basic abstract notions in the
theory of schemes. Here the exposition has a higher level of abstractness and generality.
In this chapter we also discuss the very abstract notions of descend. These notions play
an important role in the last chapter. The reader may skip this part in first reading.
Chapter 7 is an introduction to commutative algebra and its implications in geometry.
Here we are not very systematic and do not discuss all aspects in full generality. We only
discuss very basic notions, we prove some of the easier theorems, and for the more difficult
theorems we refer to the literature. As a byproduct the reader gets an introduction
to algebraic number theory. We prove some of the fundamental theorems in algebraic
number theory and formulate Dirichlet’s theorem on units, the finiteness of the class
number, and the unramified case of Artin’s reciprocity law.

Chapter 8 is an introduction into projective algebraic geometry. After explaining the basic
notions, we treat the fundamental finiteness theorems for the cohomology of coherent
sheaves. After that we discuss the semi-continuity theorems, which fundamental in the
construction of moduli spaces.

In the first part of Chapter 9 we consider projective curves, these are smooth projective
varieties of dimension one. The first theme is the theorem of Riemann-Roch, here we
emphasize that the theorem of Riemann-Roch, as it is usually stated, and Serre-duality
should be considered as a unity. In my view these two theorems together should be called
the Riemann-Roch theorem for curves. Our approach is different from the usual one, for
our treatment is very close to the approach in the paper of Dedekind-Weber [De-We].
We then proceed and discuss some applications of the Riemann-Roch theorem. One of
these applications concerns moduli problems. We show how the results on semi-continuity
provide a tool to construct moduli spaces (elliptic curves together with a non vanishing
differential, thm. 9.6.2). But after that we make some efforts to discuss the subtleties
behind the notion of moduli spaces if the objects, which we want to classify, have au-
tomorphisms. This leads to the distinction between fine and coarse moduli spaces. The
discussion also makes it clear that we can not hope for a moduli space of elliptic curves
(or of curves of genus g). It is possible to define a more general class of objects, these are
the so called stacks. It has been proved by Deligne and Mumford that the moduli stack
of curves of genus g exists.

Finally we discuss the general Riemann-Roch theorem of Grothendieck. Here we can not
prove everything, we have to accept the existence of the Chow ring, the theory of Chern
classes and the isomorphism between two different definitions of K-groups. We formulate
the general Grothendieck- Riemann-Roch theorem (GRR).
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We also discuss and prove a special of GRR for products of curves over fields. Here we
hope that the reader gets a glimpse of the proof of the general GRR. We use this version
of GRR to prove the Hodge-index theorem for this special case.

In the last section of this Chapter we discuss curves over finite fields. In the beginning
this looks rather innocent, but in my view it is a first culmination point in this book. We
explain the relationship between the Riemann-Roch theorem and the Zeta-function of the
curve. If we take the analogy between number fields and function fields into account, then
the Zeta-function can be defined in terms of the function field. If we we look closer into
this analogy-here we recommend strongly to read Neukirch’s exposition in [Neu], Chapter
VII. Then we see that the Riemann-Roch theorem (in the above sense) is essentially the
Poisson summation formula and that this formula is the the basic reason for the functional
equation of the Zeta-function.

But we go one step further and we give a proof of the analogue of the Riemann hypoth-
esis, which in the realm of algebraic geometry is called the ”Weil conjecture”. Here we
reproduce the arguments of Mattuck-Tate in [Ma-Ta] and of Grothendieck in [Gr-RH]
and we show how the Riemann hypothesis follows from the Hodge index theorem applied
to the product of the curve by itself.

In the last Chapter we discuss the the Picard functor on curves, in other words we
investigate line bundles, or better the totality of line bundles on a given curve C/k. The
first theorem is the the representability of some slightly modified Picard functors. This
is a hard piece of work.

We prove that Picg /k is an abelian variety defined over k, this means it is a connected
projective variety together with the structure of a commutative group scheme. It is called
the Jacobian of the curve.

Starting from there we develop the theory of abelian varieties, and we study the Pi-
card scheme of abelian varieties, we investigate their endomorphism rings and the ¢-adic
representation. This exposition overlaps with the book [Mul], but we start from the Ja-
cobians as prototypes of abelian varieties, whereas Mumford stubbornly avoids to speak
of Jacobians.

Finally we give an outlook to the étale cohomology of schemes. We explain the concepts
and formulate some of the basic theorems. Especially we formulate Deligne’s theorem,
i.e. we give the formulation of the Weil conjectures for smooth projective varieties. We
prove this theorem (in a certain sense) for abelian varieties and for curves.

We conclude by discussing a degenerating family of elliptic curves. The purpose of this
example is twofold. Firstly: Understanding such degenerations is important for the com-
pactification of moduli spaces (stacks) of curves or abelian varieties. We describe in this
special case how the theory of © -functions can be used to analyze elliptic curves in
the neighborhood of their locus of degeneration, and write down explicit equations. This
gives us a tool to compactify the moduli space. For the general case of abelian varieties
we refer to [Fa-Ch].

Secondly we use this example to illustrate the final step in Deligne’s proof of the Weil con-
jecture. This gives me the opportunity to finish this book with an exceptionally beautiful
proof.



—Aspects of Mathematics

Edited by Klas Diederich

Vol.
Vol.

Vol.

Vol.

Vol.

Vol.
Vol.
Vol.

Vol.

Vol.

Vol.

Vol.

E 19:

E 21:

E 27:

E 28:

E 34:
E 35:
E 36:

E 37:

E 38:

E 39:

E 40:

| www.viewegteubner.de

G. Faltings/G. Wiistholz et al.: Rational Points*
R. Racke: Lectures on Nonlinear Evolution Equations

H. Fujimoto: Value Distribution Theory of the Gauss Map
of Minimal Surfaces in R™

D. N. Akhiezer: Lie Group Actions in Complex Analysis

R. Gérard/H. Tahara: Singular Nonlinear Partial
Differential Equations

l. Lieb/). Michael: The Cauchy-Riemann Complex
G. Harder: Lectures on Algebraic Geometry |
C. Hertling/M. Marcolli (Eds.): Frobenius Manifolds*

C. Consani/M. Marcolli (Eds.): Noncommutative Geometry
and Number Theory*

S. Albeverio/M. Marcolli/S. Paycha/]. Plazas (Eds.):
Traces in Number Theorey, Geometry and Quantum Fields

G. Harder: Lectures on Algebraic Geometry I

H. Abbaspour/M. Marcolli/T. Tradler (Eds.):
Deformation Spaces*

*A Publication of the Max-Planck-Institute for Mathematics, Bonn




vii

Contents

Preface

Contents

Introduction

6 Basic Concepts of the Theory of Schemes

6.1 Affine Schemes . . . . . . . . ... e
6.1.1 Localization . . . . . . . . . . . . e
6.1.2 The SpectrumofaRing . . . . . . ... ... ... .. ... ...,
6.1.3 The Zariski Topology on Spec(A) . .. ... ... .........
6.1.4 The Structure Sheaf on Spec(A4) . . ... ... ... ... .....
6.1.5 Quasicoherent Sheaves . . . . . . . ... ... ... .. .. ... ..
6.1.6 Schemes as Locally Ringed Spaces . . . ... ... .........

Closed Subschemes . . . . . . . ... ... ... ...........
Sections . . . . . . . ...
Aremark . . . .. ...

6.2 Schemes . . . . . . . . ...

6.2.1 The Definition of a Scheme . . . . . . . ... ... ... ... ...
Thegluing . . . . . . . . . . e
Closed subschemes again . . . . .. ... ... ............
Annihilators, supports and intersections . . . . .. ... ... ...

6.2.2 Functorial properties . . . . . . . . . . .. ... 0
Affinemorphisms . . . . . .. ... e
Sections again . . . . . . ... e

6.2.3 Construction of Quasi-coherent Sheaves . . . . ... ... .....
Vector bundles . . . . . . . . . ...
Vector Bundles Attached to Locally Free Modules . . . .. .. ..

6.2.4 Vector bundles and GL,-torsors. . . . . . .. ... .. .......

6.2.5 Schemes over a base scheme S. . . . . .. ... ... ........
Some notions of finiteness . . . . . . . . ... ... ...
Fibered products . . . . . . . . i v i v v v s v um v m o s 0w m
BaseChan@e - = = « ¢ s 5 6 s « ¢ 5 8 s 8 s b wpaws s wm s o8

6.2.6 Points, T-valued Points and Geometric Points . . . . . . . ... ..
Closed Points and Geometric Points on varieties . . . . . .. . ..

6.2.7 Flat Morphisms . . . . ... .. .. e e e e e e
The Concept of Flatness . . . . . ... ... ... ... .......
Representability of functors . . . . . .. . ... ... ... . ...,

6.2.8 Theoryofdescend . . .. ... ... . ... .. ... ...
Effectiveness for affine descend data . . . ... ... ... .....

6.2.9 Galois descend

.............................

A geometric interpretation . . . .. ... ... .. ... ......
Descend for general schemes of finite type

vii

xii

—

(]



viii Contents
6.2.10 Formsofschemes . . . . . . .. . .. .. .. ... ... ..., 48
6.2.11 An outlook to more general concepts . . . . .. ... ... ... .. 51

7 Some Commutative Algebra 55

7.1 Finite A-Algebras « s s v s w0 56 ¢ sv s w5 9 6% 85 o0 % m @ 6w 55
7.1.1 Rings With Finiteness Conditions . . . ... ... ......... 58
7.1.2 Dimension theory for finitely generated k-algebras . ... .. ... 59

7.2 Minimal prime ideals and decomposition into irreducibles . . . . . . . 61

Associated primeideals . . . . .. .. ... L. 63
The restriction to the components . . . .. .. ... ........ 63
Decomposition into irreducibles for noetherian schemes . . . . .. 64
Local dimension . . . . . . . . . . . . . it 65
7.2.1 Affine schemes over k and change of scalars . . . . ... ...... 65
WhatiBdim{ZiNZa)?:. « : : v s ensaasmammmsmnssom 70
722 Loeallrreducibility . . : s s v v v v smmmsmms @0 s 5 5 w5 0 71
The connected component of the identity of an affine group scheme
IR £ i p BB AGA b SR TR S R o » B R S S 72
T Low Dimensional Rings . . . . . . . . . ... . ... .. ..., 73
Finite k-Algebras . . . . . . . . . . .. ... 73
One Dimensional Rings and Basic Results from Algebraic Number
THEOEN: o v 5w 9 v 916 @ 8 5 & o B ird dops @E 53 (50 56118 74

7.4 Flat morphisms . . . . . . . . . . . .. ... 80
7.4.1 Finiteness Propertiesof Tor . . . . . . . .. .. ... ........ 80
7.4.2 Construction of flat families . . . . . . .. ... ... ... ..... 82
7.4.3 Dominant morphisms . . . ... ... ... ... .. ..., 84

Birational morphisms . . . . . . ... ...l 88

The Artin-Rees Theorem . . . . . . . . . . .. .. ... ...... 89

7.4.4 Formal Schemes and Infinitesimal Schemes . . . . ... ... ... 90
7.5 Smooth Points . . . . . . . . . . ... 91
The Jacobi Criterion . . . . . . . . . . . .. ... ... 95

7.5.1 Generic Smoothmess . . . . . .. ... ... ... .. ........ 97
The SinpulAT I0CHS = « v s e s o v § o008 Qo8 & 5 5 @& s @ &Y 97

7.5.2 Relative Differentials: . . « s o« o ¢ « s1c v 6 4 5.5 5 5 5 2 5 5 2 = o s 99
763 Examples : s asosmesw s s 6 ste v 6 8 b & n5s 5566 s 102
7.5.4 Normal schemes and smoothness in codimension one . . . . . . . . 109
Regular local rings . . . . . .. ... ... .. ... ... ...... 110

7.5.5 Vector fields, derivations and infinitesimal automorphisms . . . . . 111
AutomorphiSms . . . . . . . . . . e e e e e 114

7.5.6 Groupschemes . . . . .. . . .. .. 114
7.5.7 The groups schemes G, G, and g, . . . . . . . . oL L 116
7.5.8 Actions of group schemes . . . ... .. ... ... ... . ..... 117

8 Projective Schemes 121

8.1 Geometric Constructions . . . . . . . . . .. .. .. ... ... .. 121
8.1.1 The Projective Space P} . . . . ... ... ............. 121

Homogenous coordinates . . . . . . . . . .. .. .. ... .. ... 123
8.1.2 Closed subschemes . . . . . . . . ... ... .. ... 125
8.1.3 Projective Morphisms and Projective Schemes . . ... ... ... 126

Locally Free Sheaveson P™ . . . . . . . . . .. .. ... 129



ix

Op~(d) as Sheaf of Meromorphic Functions . . . . ... ... ...

The Relative Differentials and the Tangent Bundle of Pg . . . ..

8.1.4 Seperated and Proper Morphisms . . . . ... .. ... .......
8.1.5 The Valuative Criteria . . . . . . . . . . . ...
The Valuative Criterion for the Projective Space . . . . . .. ...

8.1.6 The Construction Proj(R) . . . . . . . .« .. ..
A special case of a finiteness result. . . . . . .. ...

8.1.7 Ample and Very Ample Sheaves . . . . .. ... .. ... .....
8.2 Cohomology of Quasicoherent Sheaves . . . . . . ... .. ... .. ..
8.2.1 Cechcohomology . . . . . . . . . ...
8.2.2 The Kiinneth-formulae . . . . . . .. . ... ... ... .......

8.2.3 The cohomology of the sheaves Opn(r) . .. ... ... ......

8.3 Cohomology of Coherent Sheaves . . . . . .. ... ... ........
The Hilbert polynomial . . . . . ... ... .............

8.3.1 The coherence theorem for proper morphisms . . . . . ... .. ..
Digression: Blowing up and contracting . .. ... ... ... ...

8.4 Base Change . . . . . . . . . 0 i i i e e

8.4.1 Flat families and intersection numbers . . . . . . . ... .. .. ..
The Theorem of Bertini . . . . . . . . . . . . .« ...

8.4.2 The hyperplane section and intersection numbers of line bundles
Curves and the Theorem of Riemann-Roch
9.1 Some basicnotions . . . . v v 0w v v s e v s e s e s e s e e e s s
9.2 The local rings at closed points . . . . .. ................

921 Thestructureof Ocp « « « v v v v v v v v s v o v v v v v v o0 v e

922 Basechange. . . . .. . . . . e
9.3 Curves and their function fields . . . . . . ... ... ... ......
9.3.1 Ramification and the different ideal . . ... ... ... ... ...
9.4 Line bundles and Divisors . . . . . . . . . . . . . o i it

9.4.1 DiviSOTS ON CUTVES . . . . « v v v v v v e et e e e e e e e
9.4.2 Properties of thedegree . . . ... ... ... ... ... ..

Line bundles on non smooth curves have a degree . . . . . . . . ..

Base change for divisors and line bundles . . . .. ... ... ...

9.4.3 Vector bundles overacurve . . . . . . . . .. ...
Vector bundleson P! . . . . . .. ... ... ... ...

9.5 The Theorem of Riemann-Roch . . . . . . .. ... ... ........
9.5.1 Differentials and Residues . . . . . .. ... .. ....... ...
952 Thespecialcase C=PY/k . ... ... ... . ...,
9.5.3 Back to the generalcase . .. ... .... ... ..........
9.5.4 Riemann-Roch for vector bundles and for coherent sheaves. . . . .

The structure of K'(C) . . . . . . . . o i i

9.6 Applications of the Riemann-Roch Theorem . . . . .. ... ... ...
9.6.1 Curvesof low genus . . . . . . . . . it ie e
9.6.2 Themodulispace . . . .. .. . . . . ..
9.6.3 Curvesof highergenus . . . . . ... ... ... ...........

The "moduli space” of curvesof genus g . . . . . . ... ... ...

9.7 The Grothendieck-Riemann-Roch Theorem . . . . .. ... ... ...
9.7.1 A special case of the Grothendieck -Riemann-Roch theorem . . . .



X Contents
9.7.2 Some geometric considerations . . . . .. ... .. ... ... ... 241
9.73 The Chow ring . . . - . . . .« o i i i i it e 244

Base extension of the Chow ring . . . . . ... ... ........ 247
9.7.4 'The formulation of the Grothendieck-Riemann-Roch Theorem . . . 249
9.7.5 Some special cases of the Grothendieck-Riemann-Roch-Theorem . 252
9.76 Backtothecasep: X =CxC—C ... ............ 253
9.7.7 Curves over finite fields. . . . . . ... ... ... ... .. ... .. 257
Elementary properties of the {-function. . . . . . . . . ... .. .. 258
The Riemann hypothesis. . . . . . . . ... ... ... ....... 261
10 The Picard functor for curves and their Jacobians 265
Introduction: . . . . . . . . . . . e e e e e 265
10.1 The construction of the Jacobian . . . . . ... ... ... ...... 265
10.1.1 Generalities and heuristics : . . . . . . . ... ... ... ... .. 265
RipIdAcation Of PIC . v s 5 56w o 5 w0 vi s 5 % kowlals o & 5 267
10.1.2 General properties of the functor PZC . . . . . . .. ... ..... 269
The locus of triviality . . - « « s c v v v v v i nwa s s 269
10.1.3 Infinitesimal properties . . . . . . . . ... .. ... .. .. .... 272
Differentiating a line bundle along a vector field. . . . . . ... .. 274
The theorem of thecube. . . . . . . .. ... ... .. ....... 274
10.1.4 The basic principles of the construction of the Picard scheme of a

CUEVE: ¢ o v o 5 8 o 5 9 5@ s 05 s 8 8 68 88 bsbagscsesnss 278
10.1.5 Symmetric POWEIS . . . . . . v v v v it e e e . 279
10.1.6 The actual construction of the Picard scheme of a curve. . . . .. 284
The gIiNg « « v 5o 5 6 w55 5 2 % 5 5% ¥ 56 Dow w9 @S w8 Wb 291
10.1.7 The local representability of PZCZ, J A I 294
10.2 The Picard functoron X andon J . . . . . ... ... ... .. .... 297
Some heuristicremarks . . . ... .. ... Lo 297
10.2.1 Construction of line bundleson X andon J . . . . . ... ... .. 297
The homomorphisms: Gk + « « 5 5 s w5 v 55 5 & & & % 5 4 & 5 & @ 298
10.2.2 The projectivityof X and J . . . . .. .. ... ... ... ..., 301
The morphisms ¢4 are homomorphisms of functors . . . . . . . . 302

10.2.3 Maps from the curve C to X, local representability of PZC x/x , PZC j/x
and the self duality of the Jacobian . . . . . . ... ... ... ... 303
10.2.4 The self duality of the Jacobian . . . . . . . .. .. ... ... .. 310
10.2.5 General abelian varieties . . . . . . . .. ... ... ......... 311
10.3 The ring of endomorphisms End(J) and the ¢-adic modules Ty(J) . . 314
Some heuristics and outlooks . . . . ... ... ... .. ... ... 314
Thestudy of BRd(d) « v v c s s mowwnwoms s 86 i9s 55 o0 315
The degree and the trace . . . . . . . . . .. .. ... ... 318
The Weil Pairing . . . . .. .. ... ... ... ... ...... 326
The Neron-Severi groups NS(J),NS(J x J) and End(J) . . . . . . 328
The ring of correspondences . . . . . . . . . .. .. 331
10.4 Etale Cohomology . . . . o v v v v o e e e e e 334
The cyclotomic character. . . . . . ... ... ... ......... 334
10.4.1 Etale cohomology groups . . . . . . . .« vvviii 335
Galois COROMOIOBY « o o s mm 6 v ¢ 5 5 8 5 ¢ & & @ & 8 & & & & & &8 336

The geometric étale cohomology groups. . . . . . .. ... .. ... 338



10.4.2

Bibliography

Index

Schemes over finite fields . . . ... ...
The globalcase . ... ... .......

The degenerating family of elliptic curves

..............

344
346
350

357

362



.

6 Basic Concepts of the Theory of
Schemes

6.1 Affine Schemes

We consider commutative rings A,B, ... with identity (14,1p,...), homomorphisms ¢ :
A — B are always assumed to send the identity of A into the identity of B. We always

-assume that the identity in a ring is different from zero. A ring A is called integral if it

does not have zero divisors.

For any such ring A we have the group of invertible elements (units):

Definition 6.1.1. The group of invertible elements (units) of a commutative ring
with identity is defined by A* = {a € A| 3 a' € A such that aa’ = 14}. An Element in
A* is called unit.

Definition 6.1.2. A proper ideal a C A is an ideal with 14 &€ a, prime ideals are
always proper.

For any ring and any f € A we use the standard notation (f) for the principal ideal Af.
If we have a homomorphism ¢ : A — B, then we will say that B is an A-algebra .

6.1.1 Localization

If we have a subset S C A, which is closed under multiplication and contains the identity
l4 € S, we can define a quotient ring As and a map ¢s : A — Ag such that the
elements of S become invertible.

To do this we consider pairs (a,s) € A x S and introduce an equivalence relation

(a,s) ~ (a',s") «= 3 s"” € S such that (as’ —a's)-s"”" = 0. (6.1)

We consider the quotient Ag of A x S by this relation, let g : A x S — Ag be the
projection to this quotient. We define a ring structure on Ag by

ms((a,s)) + 7s((a’,s")) = ms((as’ + a’s,ss")) (6.2)
7s5((a,s)) - ws((a’,s")) = ms((ad’,s5")).

We have a homomorphism of rings

¢s: A — As

a — 7s((a,l)).

We will write the elements of Ag simply as

ms((a,8)) = < = as



