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FOE WM& AR

AERMERRAUGEENEIRUAEHEROMNES, ABEEFXEZERS
. #E3bh. Sobolev Z=[a] . BRI 2 77 72 K st 5 oR AR 73 B AR SCEL R 2

0.1 Banach %¥[8]5 Hilbert %¥[d]

WX Rk K ER—MREZNE, K O SEHRER B . (|- : X — [0, +00)
A X ER—AN e, mEWLE

(1) ||z|| = 0 & = = 0(FTT);

(2) |loz|| = |af ||2|,Vz € X,a € K;

3) llz+yll < [l=l + [lyll.
I X 3908 || - || RA—DREEMER; X {z,} Cc X,z € X, R {z, MkiE
Wbk Fe, BIG ||lzn — 2l| = 0(n — c0); B {2z} K Cauchy 5, BIE ||z, — 2wl —
0 (n,m — 00).

EX 0.1.1 FHRRIGLMZ A X £Banach & 1), £ X F8/ Cauchy F|#
RS, ]F 2, TEARIRYELE M2 A FF A Banach % 4.

f:X—-K#Hh X Lt z% 28

(1) flaz + By) = af(z) + Bf(y),Vz,y € X,a, B € K;;

(2) F 2, — 0, M f(z,) — 0.

WX R X LIESEMEZ RS, U X MR—MREEN, & XTEHh

£l = sup{[f(z)| : ||=]| <1},

R, X* M — MRTEL 2], 1 B & Banach Z[6]; X* #4 X Mtz .

FEE 0.1.1 (Hahn-Banach £3) W X RRELHEZME, X, ¥R X HRET
), fo R Xo L& XHIESELHET R, NFE X LRESEEHEZR F HL:

(1) Vz € Xo, fo(z) = f(z);

(2) I foll = [I£]l, = [1foll = sup{|fo(z)| : [|z]| < 1,z € Xo}.

EE 0.1.1 B AHahn-Banach & E 3 K £ 32

#it 0.1.1 ® X RBUEEHZNE, oo e X H 20 #0, WHFE fe X* HE
f(@o) = [lzol| B || f]] = 1.



.2. FOE MWEMIA

HEW®R 0.1.1 RPMELHEE X LRESELHZREFEER, EATUSE X
AP RE v,y € X,z #y, WHFE fe X, F f(z) # f(y).
® X B Banach i, Vz € X, X

Jo(f) = f(z), Vfe X7,

W g, XA X ER—NEggmniz g, Bl J, e X

EX 0.1.2 FF Banach Z[d] X & f &4, BIE V™ € X, fifE ¢ € X HE
> =J, BvfeXx*F

z*(f) = J=(f).

SHFIRVEZE ] X, {z,} € X,z € X, B LA FHABEL:

(1) 3BdcAk (BEHBOKE) ||lon — 2| = 0 (n — 0);

(2) BB Vfe X, f(za) — f(z) (n — o0).

TR X*, {fo} € X*, f € X*, BT =R

(1) &¥s ||fn— fI| = 0 (n — 00);

(2) Bk Va** € X**, 2% (fn) — 2**(f) (n — o0);

(3) 85 * Kok VzeX, falz) = f(z) (n— ).

el Won W s mieRaRIBCH. SHUCEN. 55+ SR

% X £ HR Banach K, FRS55 « WSEH. —&IER, BEN =
sHsl = 55 * WSk

EHE 0.1.2 #® X 2B X Banach ZH, {z,} & X FE R, WHEE {z,}
HKF5 {2z, } K ze X, z,, W,z

#® XY BEAPREEM SN, L(X,Y) BN X 3] Y KESETE 214,
L7 S AR

IT|| = sup{||Tzl| : |||l < 1},

WA LX,)Y) BR—AKETR. Falh, % v 2 Banach ZHEE, L(X,Y)
& BanachZF[H].

TS SR R ER B LA 2 e EE

EI 0.1.3 (%8 £®) # X & Banach ], Y BRTELHEZM, {Th}rea C
LIX,)Y). X8 ze X, F

sup || Thz|| < 400,
AeA

W sup ||| < +o0.
P\

EIE 0.14(¥EFx£%) W X,Y ZFHA Banach [0, T € L(X,Y), & T BL
RS RS, W T € L(Y, X).



0.1 Banach Z[f]5 Hilbert Z3[A] 3.

EE 0.1.5(MEKEE) ¥ X, Y £FA Banach FH, T ~M X 3| v H£&
HETF, mREK

Graph(T) = {(z,y) e X xY :y=Tz,x € X}

X xY HPHEE N TeL(X,Y).

EX 0.1.3 #® M R Banach i) X H—FAF M, B8 M Bisib T4 8, B
BIEFEMTZEN N, WE

(1) MNN ={0}

(2) M+ N = X.

BRI THTFERBEX, e e X, FEE KR ye M,ze Nff

T=y+ =z

TR, EXBEHT Py: X —>M KR Py:z— N3N Pyz=y, Pyve = 2. HY
By EEA LIER Py € L(X, M), Py € L(X,N).

— &5, Banach ] X HHME—FFERIRSFER I T4, A
W TN BIEE R Y7 2 5 F R 4122 ).

HERZE MM HER, Mo ETAEEHRAHEA Banach ¥ _E & L H#ESEL
HHET, v Rk XE— R T2 L.

¥ X MY BFEA Banach 2], X, £ X A—MRAFTZNE (B X, = X),
T:Xo— Y REMHET, 18 Xo=D(T) A T K& XH; BB, Graph(T) = {(z,Tx) :
z € D(T)} BRI R(T) = {Tz: z € D(T)}, #%Z[E ker(T) = {x € X : Tz = 0}.

EX 0.1.4 FET T W&y, MEEK Graph(T) 2 X x Y PHFE.

HE, XEARAARBREEAEL T c L(X,Y), BX D(T) —8BAET X, i
PA D(T) A"— %€ & Banach % [H].

w T RAHET, ©X

Yy ={geY" : FEFEHc> 0, L |g(Tu)| = | (g, Tu)| < c||ul|,Yu € D(T)},
W yy &y WFzn. SEMEER ge Yy, EX D(T) LHLHZRA
flu) = g(T),

W4 f R D(T) LESELMZ R, R$E Hahn-Banach B#, f AR %A X |k
HEEMZE. X D(T) = X, M kEME—K, B f e X FREX T KWILHHE
Fh Trg = §,D(T*) =Yg, T* : D(T*) = X™.



4 FOE & &R

¥ X & Banach Z[6], X* & X B ZEME, M, N £ X, X* PRFEZEE, &
M+ ={feX*: f(z)=0,Vee M}, Nt={zeX:f(z)=0VfeN}

EE 0.1.6 (MM{a%t®) W T RAFETH RT) ZAM, T
(1) R(T™) R,

(2) R(T) = ker(T*)*;

(3) R(T*) = ker(T)*.

EX 0.1.5 WTeLX)Y),RTREY BIETH X PERERE Y F
TN X B X NEETF FrF e

EHE 0.1.7 % TelLX X)) TRER N

(1) ker(I — T') RH BRYER;

(2) R(I — T) R,

(B) ker(I —T)={0} ZAMNHK RI-T) = X;

(4) dim(ker(I — 7)) = dim(ker(I — T*).

TS AT IENESSEABS.

EX 0.1.6 # TeL(X,X),

p(T)={ eC: (M -T)"'e L(X,X)},

o(T) = C\p(T)

SRR T MENES#EE.

WRIEE S, BHUEW, p(T) RIFE, o(T) RIFE. BHHYH \c CHE: &
fEzeXao#0M Te =xe B, RN T Ksieqd, i T FEFEESERN
op(T)C o(T)), B ap(T) A T B L%

FET 0.1.8 (Riesz-Schauder) ¥ T e L(X,X) H T Z2EHT, dim X = oo, M|

(1)0eo(T), BHANA0€o(T) I, A€ op(T);

(2) o(T) BR—ANZRZAIFUE; 1AM, X o(T) BATFIER, H

U(T) - {01)\1»)‘2)" '}1

H X — 00, #0).
B X RYE K ER— RIS, () X x X o K W2
(1) (z,z) > 0,(z,z) =0 HHNZH z = 0;
(2) (ax + By, 2) = a{z,z) + B {y,2) ,Va,y,2 € X,a, 0 € K;

(3) (=, ) = (y,2),



0.1 Banach %[5 Hilbert Z[H] .5

(L) A X ERXE—TAR, R X FEZAR T IABRZER. 28X
||l = v/ (2, z),

) P R ) A R TR Y1 4 1 ).

EX 0.1.7 RABZME X RHilbert & 1], £IRZEN SR N RIEL S
[f] /& Banach 25 d].

AT A, FHEALT® Hilbert ZfA].

Xt F—A Hilbert Z¥[A] X, AI5IANEXKFIMS. o,y € X,zly & (z,y) =0. &
Hilbert Z¥[E] %, # A B2 SPAT Wi e 2 sXER

llz +yl1? + lle — yII* = 2(l|=|1* + [l9]/*), Vz,y € X.
EHE 0.1.9 | M & Hilbert 2 X B—MEZHAMFE 2 X, EX
d(z, M) = inf{||z — y|| : y € M},
WFFLE M HME—TCEK . WL
|lz = || = d(z, M).
Krnid, 2 M 2 X WATZEN, o - y.LM, B
(r—ys,y) =0, Vye M.

AT AHEH FTHF LR e .
EIE 0.1.10 W M &2 X WHFZNE, id

M+ ={ye X :Vre M, Hzly},
MM € X, FFEME— ye M,z € M+ fE
=Y+ z.

fR4E = H# 0.1.10, Hilbert 28 [HH—H T 2 [HEB IR D AT M.

EHE 0.1.11 (Riesz) # X & Hilbert Z2[d], f € X*, MFHEME— 2 € X, L
f(x) = (z,2) B ||f]| = ||2]|

EX 0.1.8 WTeLlX X),RTRA‘e, £iF

(Tz,y) = (z,Ty), Vz,ye X.
EHE 0.1.12 W T RALHEEET, D

o(T) = {do, A1, Ae, -}, X =ker(I — A, T),



-6 - BOE W& &M

XKE AN=0,A\#0(n=12-), WaxXtEN Nz X, H

oo
Ty = Z AnTn,
n=1

XB g, € X,.
BREMZ RN —P AR, BETTSRSHIGR [1]~[3].

0.2 {05 BN

i BB RAR L EE N — BRI, ERARIES AR LR EL R RS
TR AEEAN 8] EESE RS, X BB ZEES R Hausdorff Z3[H].

EX 0.2.1 #® X £ Hausdorff M E[E, 7K X B&5 &4, B X N
MFELHA EHERAMATFERD, BX X AEEFER {Uslacr, FEFER
{Vatren W2

(1) ST Vo, AR Uy fF V) C Uy

(2) A z € X, F77E » BIARER U(2) fE

{a el :U,NnU(x) # @}

R~RAERE.

EI 0.2.1 (Stone) FEZFREZNEMN.

EX 0.2.2 #® X 22— Hausdorff #HIM M, {fataca M X F [0, 1] )
L RBIR, FR {fataca B X KEBLLHE, IR

(1) XA z € X, FFAESHR U(z) W2

{CX : fa]X\U(:v) 7& 0}

A RE;
(2) A e X,

E fa(z) =1,

ae/
Heh EESRFIAF £ (2) £ 0 FITERZE L H0H).
EHE 0.2.2 WX RMIRZEN, {Ustaca & X KI—NRHHRITEE,
WFFTE X BIBRLLE {fataca L
(1) fc‘x|X\Ucx = 0;
(2) Mg z € X,

Z falz) =1,

ac



0.3 "X T¥5 Sobolev Z3[H] 7.

Hop kAP A A RIEER.
W f:R* =R, i

supp f = {z € R™: f(z) # 0},

RfRELHe, B8 supp f B R" PREE. XFE f REFRAWM, 2 f €
C=(R™). X T R H R — AN FFERBATE T I BAL 5 e 2.

EHE 0.2.3 ®UCR*BFE 2 £ U BPMHT—ANFES, NFEETHEA
fi e C®(R"),i=1,2,---, HE

(1) XA i, FAEREN Ve B, i supp f; C V;

(2) XA ¢ € U, FAELBER N(2) fF

(supp fi) N N(z) # @
B« (NERREZAN
B) XN zeU, filz) >0 H

Zf:‘(x) =1,
i=1

Hp R Ua A RIEE.
AR EEBIEIR, 72 R [4].

0.3 J X35 Sobolev Z[H]

HT B EFELIFEERFER P RERF, IUHEETEE X THSR
e MEELY 7, UENRARMS HENERE. HE R R B HEEEK Sobolev
F 20 A =D-HERBIK. T X XZ O BEREL BB ARK, U
Bk TH, B HERRESEE I EOE I RS ECRRE.

w02 CR"BIE ¢: 2 - R BEFEXHEALFT KA RE, CXHKR
144k O (), BHER A XL 6.

Wu: 2 -RAW, BXXEMNMERALE KC 2, A

/ lu(z)| dz < +o0,
K

LI REREN Lioc(2) Bl B 36 Lebesgue T 47.:& # % ).
E)‘( 0.3.1 X‘j‘ u € Lloc(n)y ﬁn%ﬁﬁ v E Lloc('o)s ﬁ/ﬁ

/vcpd:v=(~l)|°‘|/ uD%pdz, Vg € C°(02),
Q Ie}

XHE o= (0,02, yon) B n NMERBHA, ol = a1 + a2+ -+ an, D% =



‘8- BOE & R

la
[ aago a-lttﬁ‘j-ﬁﬁﬂyﬂuﬁgaﬁl‘f'i%ﬁ,iBD“uzv.
0xy*0x5*% - - - Oxn™

B SR R B I AR TR A B E BT XS e LA b e SUF REME— (), BIAE
Lioe (2) 9, I~ X SFHWRALE, WD REME—R.
wWp>1,1d

P (2) = {u: XMEFE R ALK C 2,0 ve LP(K)}.
T 031 ®p>1 BB uell (2) BHSH Dwe P (2) NAESL

loc

HRALERETFF {un)} C C2(2) W
(1) {um} T L} (2) ST w, BIXHEMF RAE K C 2 HaL

/ |ty —ulPdz — 0 (m — 00);
K
(2) {D*um} #E L{, (2) T Do, BIXEMTHF AL K C 0 BoL
/ | D%y, — D®ulPdz — 0 (m — o0).
K

FAEH 0.3.1, AJLLEH—NMH2F ARESE, BIEE u e Lio.(2) B—5He
B Du 775, W) ut = max{u,0},u~ = min{u, 0}, |u| = vt — v~ MFFEHHFER

B FER:

Dut — Du, u>0,
0, u < 0.
0

Du— = s u > 0,
Du, u<0.
Du, > 0,

Dlu| = U )
—Du, u<O0.

EX 032 WkREREEE p>1,12

WE?(2) = {u € LP(2) : u FF4E o BT~ LB D*u e L?(2),|a| < k},
N ETER 1§

lullwes = Z |1 D%ul| e (0,
|| <k

XE o= (0,0,---,0) if, D*u = u. SR, B Whr(2) H Sobolev ZZ[].

EH 0.3.2 Sobolev 28[8] Wk?(2) & Banach Z5[H]; FrhlHs, 24 p=2 i, £
W AAR:

(U, V) yr2 = E (D%u, D*v) ;2

lee| <k



0.3 "X 5#5E Sobolev Z5[H) 9.

& Hilbert Z3[H].

T4 H Sobolev ZE[H] I HR A EH.

EX 0.3.3 % X,Y BFA Banach Z[), MR X c YV, BFEHH ¢ > 0,
W2

llzlly < cllzf|x, VzeX,

BMESEET I: X - Y BEFEHEET, B X85y, i2kh XCy", mR I
ERRHET, R X F#AY, LR “XCY”.

T 2 =R EE, T HHERRAAREL:

EH 0.3.3 (Sobolev-Gagllardo-Nirenberg) # 1 <p < n, it

np
n—p

A p B9 Sobolev 5%, I
WP (R™)C L (R™)

HFERE c= e(p,n) >0, 1 2

llull e < el V|-

#it 0.3.1 ®1<p<n, B4 WLP(R?) C LI(R™),Vq € [p,p*].

#iL 0.3.2 W p=n, W& W»(R") C LI(R"?),Vq € [0, +00).

EHE 0.3.4(Morrey) W p > n, A WLP(R") ¢ L2[R?); #t—FFHEH
c=c(p,n) >0, W2

lu(z) — u(y)| < clz — y|*|[Vul|Le,

XBE a=1- %

T hEH 034 &, WEAD uw e WheRY), BELE—D 0 € CRY), HE
u=1a LR, B2, B uwe WHP(RY), #EME—KELEET.

w02 C R BERFE, ATHR whe(Q) RIRARE, BE 2 KdF onH
—E R

NFzeR, z= (21,22, ,%Tn-1,Zn) = (£,2), RT={(F,2.): 2z, >0},
Q={zeR":|z| <1}, Q+=QNRY, Qo={zr=(F0):[z <1}

EX 0.3.4 B0 REC™RH, MANE— 2o, H z ) R* FH—A
IR U FM—D H:Q — U W2

HeC™@Q), H'eC™U), H@Q+)=UNRQ, H(Q)=UnNax,



o 10 - FOE WL MK

XEm=1,2--,00.
EH 035 &2 E&RPHEARAFELR C' KK, B4
(1) F 1<p<n, W Whr(2)CTLF (2);
(2) F p=mn, Wl WLr(R)CLY(R),Yq € [1,+o0);
(3) #F p>n, W Whr(2)TL>(02).
KTERARAIE W e
EHE 0.3.6 (Rellich-Kondrachov) # 2 & R™ HHFHELRE O KW, B4
(1) F 1<p<n, U] WHP(02) CLI(N),Yq € [1,p*);
(2) #F p=n, W WHP(2) CLY(02),Yq € [1, +o0);
(3) & p>n, W Whr(2) CC(2).
FERFSIMREI B 7 F2 ) Dirichlet 121 51 0] A, T2 — KM Sobolev 2¥[H].
EX 0.3.5 B 1<p i WSP(Q) #om 02 () £ Whr(Q) FRIFE, B

WoP(2) = C(2) TEWr?(2)H,

REE X, Wé“”’(()) {l53R & Banach ], KrAlH, 24 p = 2 K, Wéc'p(ﬂ) #& Hilbert
23 (6], BEEFEA HE().
FONTF WEP(), AEELRE ¢ KK, ERKT whe () ik EHY
JROL.
# 02 C R RERXER, v B2 XAE 2 _LKERE, B2 8B (8 € (0,1))Holder
Z AR

|’LL(.’IC)—'LL(y)’ gclm_yvg, anye D,
c>02HEH. B

K R B ]
C™A () = {u € C™(R) : [D%]p < oH]|a| = m}.
& Xk

llms = max (3 1%+ 3 [D%ula),

|| <m |a|l=m
) ¢™B(02) F—A Banach Z%[H].
EIE 0.3.7 Bk REEH 1<p<+o0, 2CR* HRIFE, N

> n k np
1 k< — It PCTLI(NR),q = :
(1) 2 k< 7 W, WEP(@)CLA(2),0 = —E

(2) 4 k> % i, WEP(Q)CLI(R2),Vq € [1, +00);



