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BTG, S EIRAE R S K e B AR R R TR IER, O B2 2%
MG, T mock theta BREK mock BIEIIE H Fr_HAR Y IR 4F R 7L
FRIF AR RUR . 1920 4F, BIEEFEREEER Ramanujan 5 KEEEK Hardy I
JE—EEFRE T — KM B OB TE “mock theta FRE, HEMHAE AL H
BB AESRL A 2 X TRMANFIH T 17 NS HAB]F R AR e
Ji. Ramanujan &K BIX S REAER sikb B A FBT ALt =, (e
AN AT T B A AR Bt 17 Aol I R PR BBk R gt B A — 1 P8 T ik .

R, VTR T )\ REZJE, mock theta BRHF H A BBV R AE B SR N
FA77 T H B4 A8 H KRR K . — A WS TR .
2000 4, #F Borcherds 2% H TAERIH#ESN T, Zagier iEFA T 77 SRR ) AE Rl R B AN
A 3/2 M5B, Bruinier fl Funke ¥ HAE 2] T — OB E S L. — R
mock theta BEZ EBMEBFF. 2002 4F, Zwegers 6 F I Zagier 1T F 52
2R 30, B IRK mock theta FRESIEA4E Jacobi B3, IE4E Jacobi B
i Fourier R¥0. ST H BHTEXEL THECR, W T mock theta BREFTHA
FIB AR YE. 2004 4£, Bruinier fl Funke B R KA — mock theta BR¥-
ALK 1/2 HIFF5TAM Maass X244, MHIES A —MBCh 3/2
fR]—JC theta B ILAER, HNIMFZ¥E . L KBS R B R 175K,
W — B X I 77 1), W1 Maass-Jacobi FEREF, AH2<HT R ATy EL.

APBFEEIHL T mock theta BRI AU RE . mock theta BREIE X .
VB mock theta PAEHK Ramanujan Wi 5 MI42 A M PR . mock theta BRI PE A%
R~ mock BB 555N Maass &3 . mock theta BREREAIHTFHE AR . mock
B BIAE XN 8T 1.

APHABEEEZHWT: 3 1 FAYH mock theta FREFFFITE RABEE,
FEHLE mock theta FREIA T E BT, 2 2 FiTi® T mock theta PREXIK
Ramanujan W5, XEFMEAE# Ramanujan W5 5T mock theta BREHIFYIE
MEERRE. F 3 FHHT mock theta REMIFIAXIHERR R, BARRXEARFRR
Z I HIA T, MWASE ) BERFST mock theta BRI &5 4 EME AR, RS
mock BRER 5 FF T Maass B H BT mock theta BEL. 3 5 FIHE T mock
theta ERBAREIWHE AL, P K T AR A HIBLA BB 7 45 8. 28 6
HEERENMNHT mock theta BREFIHE 3. mock theta FRES Jacobi . BT
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FEEFH, H ENEEE
HAR v MR

il q=e*" MEELR, rcH
BHOR 7 11 2 MrRFRRERvERE, B

{( @b ) :a,b,c.dEZ,ad—bc:l}
c d

}Bﬁuw=<a Z)BMW@ME,WSM(Z)

Tt ¢ = e*™/™ ) n WHALR

F (n,m) =1, M ¢ = ™™ Yy n RAFHAIIR

Bl ¢ =e® M—A n WAL

PR k BIXUH Laplacian 258t

BR 0 XM Laplacian Z#idh A = A

A k #) Casimir T

H AR —n B Hurwitz 283

2 M ERERYERE SLa(Z) F level I N IR T, BP

{(: Z) € SL2(Z) : ¢ = 0(mod N)}

2 PHFTREEMERE SL2(Z) T level 4 N HIRISTFHE, B

{ (Z Z) € SL2(Z) :a=d = 1(mod N),c = 0(mod N)}
2 MroFRER R SL2(Z) F level A N MIERISTEE, B
{(Z 3) €SL2(Z) :a=d = 1(mod N),b = c = 0(mod N)}
FIRTH [o(N) EFAEBCA k K55 Maass B3
584 Gamma FEH

e - BB RS

(a;9)o =1, (a)n = (a;q)n:=(1—a)(l—ag)---(1—ag""")
(@)oo = (@;9)c := (1 —a)(1 — ag)--- (1 — aq"™)- -
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Hi(N)

Siy3 (o(N))
Sk+%—(N» X)
Sppi(Vx)
MY, (4N)

Xo

Dedekind 1 BR#

Lerch &%

Jacobi theta ER¥

Mordell 43

F5YHA Maass B f(r) MIE2EH50
S5 Maass B f(7) BHAERLEH 2
BN Kk [ Eisenstein 231

Riemann ¢ A%

F, R¥HWLE D,,:F(z,0) = F(z,a+1)
2Dy . F(z,0) = F(z,a) — F(zq,a)
Appell-Lerch f18% Appell-Lerch R%{

TR D _ERBCHEEE k A2EBTE 22 6
TRE D _ERBUCHEEE k (M55 S alitiE 230
TH ¢ ERBCHEE k MR
Io(N) BB 8 k AR RR B 2[R
To(N) LBCHARE K+ 5 MR

To(N) ERHER x (OB k + 5 MR

To(N) EA4ES x BUR k + % BIZRTB R T 22 A i TE AR 42 ]
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1.1 HIREREEX

1.1.1 Mock theta &EHIMHIE

1920 4E 1 H 12 H, EIEFERH K Ramanujan ££45 Hardy &5 —EH{E+
B E A “ mock theta BR¥C, ERAMB AL HIXRRBMBYIE X, T
RAUXFIH T 17 MF KA E TR R, AT — MR =
‘M HJ&, Ramanujan R A EM T, 1N 32 %, MG 2 528 RABEKG I EHF
KhZ BRI KB K55I Ramanujan 85— 35 IR

“Ramanujan: I am extremely sorry for not writing you a single letter up to now

-+. I discovered very interesting functions recently which I call “Mock” 9-functions.
Unlike the “False” 9-functions(studied partially by Prof. Rogers in his interesting
paper) they enter into mathematics as beautifully as the ordinary theta functions. I
am sending you with this letter some examples.”

Ramanujan KK 17 4 mock theta EREN 168

44 3 B mock theta FREL

- 0"2
B o0 qn2
d)(q)—nz::)( 2 0*)n (1-2)
””“”ZZ (q?; )’ (1)
&= (—aq
x(a)= 7;] - q3) (1.4)

10 4 5 Bt mock theta ER%

fO(q) = ] (_q) q)n7 (1 5)
x©  n(n+1)
hl@ =Y —(q_q_ o (1.6)

n=0



Folg) = i (1.7)
= é (qu;)+l+)1 (18
xo(@) =§; R (1.9)
XI(Q)=2W) (1.10)
¢o(q)=2q"z(—q;q2)m (1.11)
¢1(q)=2q‘"+”2(—q;q2)n, (1.12)
wo(q)=iq%("J'l’("*z’(—q;q)m (1.13)
w1(Q)=ioq%"("+”2(—q;q)n; (1.14)
3 /N 7 B mock theta B
:i ":q)n (1.15)

oy (n+1)?
Filg)= Z _am (1.16)

=0 (gn*+; (1)n+1

n(n+l)

Falg)= Zm : (1.17)

H, g=e"; 7 e H; H= {7 € C|S7 > 0} A E¥E V.
XFAEFABER n, (a;q)n APRHE - BB ALN TEFT S, B

(@;9)o=1, (a)n=(a;q)n:=(1—a)(1~ag) - (1—ag"™"). (1.18)

1.1.2 Mock theta FH¥EIFE

1936 £E, Watson!®l SRAEAC BH ¥4 1% E VOB EH £ The final problem: An
account of the mock theta functions, ¢35 T W5 mock theta PREIIE TR X.
Dysonl'0 F 1987 4EAE 4 & Ramanujan ¥R 100 FEAS EEEVEN T Ramanu-
jan RILH) mock theta AEL, X BFFHIFIA Dyson KR



1.1 HRERSEX -3

“The mock theta-functions give us tantalizing hints of a grand synthesis still to
be discovered. Somehow it should be possible to build them into a coherent group-
theoretical structure, analogous to the structure of modular forms which Hecke built
around the old theta-functions of Jacobi. This remains a challenge for the future. My
dream is that I will live to see the day when our young physicists, struggling to bring
the predictions of superstring theory into correspondence with the facts of nature,
will be led to enlarge their analytic machinery to include mock theta-functions...But
before this can happen, the purely mathematical exploration of the mock-modular

forms and their mock-symmetries must be carried a great deal further.”
1937 4E, Watson!® 11 2258917 3 B A1 5 B mock theta BR¥Z 8 12k 1%
R BGET

4x(q) — f(g)=363(0,¢*)(0)=, (1.19)
do(—q) + xo(q) =2Fo(q), (1.20)
Yo(q) — Fo(q®) + 1=q¥(¢*)H(q"), (1.21)

fola) +2Fy(q*) — 2=do(—4¢*) + vo(—q)
=2¢o(—q%) — fo(q)

=04(0,9)G(q), (1.22)
Ko,
(@)oo = (a3 @)oo := [ (1 — ag"™), (1.23)
1=0
- 5 _1ynnt C A2y &
040,9) := Y (~1)"0" = (Q)oo(:¢*)o0 = T (1.24)
. — 1n(n+1) . (qzﬂlz)go —— (qz;qz)oo
Pl nzz;)q (@)oo (4:0%)oc ' (1.25)
o o0 1 - o0 qn(n+1)
H(q) -—m];[1 A= q5m-3)(1 _ qu—2) o ';) (Q)n ) (126)
o oo 1 B o an
¢@:= 1l fgna=—mn = L (1.21)

i w(q) A Gauss BEL G(q) M H(q) BiFR A FE S Rogers-Ramanujan
%R 3K Rogers-Ramanujan EREL.

1938 4E, Selberg'? T 7 B mock theta BRI ML 1) B, {2 AR 8t
P, EE RN ZEAEREE XA, EAKRE T FXR



s B1E % w

Folq) = Alq) + B(q)o(q) +C(q), (1.28)

A, A(g)- B(g) & theta B ¢(q) /& 3 B mock theta BR%L; Cq) #E ¢ 2
TR A A,

1.1.3 Mock theta EREH LR

% F Ramanujan RILHIXZE mock theta B, WEFE L HHEK B9 18] fig
T REMRBFIF TAE, £5X% Ramanujan 8 B 2B AT TREBRR, £EX
BRI T HZHH mock theta BRAEL, WHAb 5 N 3 B mock theta EREK 2 B 6
. 8 B« 10 B4% mock theta PREY. Bk, F 0 F R

5 NFTHI 3 B mock theta PA%L

o0 2n(n+1)
q
w(q)= 5 (1.29)
) ,{2 (4;0)7 41
o0 n(n+1)
q
)=y 1.30
@ g(QQ)n+l (1.30)
o0 2n(n+1)(q. q2)n+1
o= 7; 1.31
el nzz% (4% ¢®)n+1 sl
6n(n 1)
=1+ : 1.32
Z (Qv n q5 ) ( )
i 3n(n 1)
. (1.33)
—( In(—4%6%)n
3™ 2 Bt mock theta Eﬁﬁ
(n+1)>?
Ag) = Z 00 Z 4" (44 (1.34)
n=0 %9 "’+1 n=0 "+1
n(n+1)
Zq q, Zq (q q)7 (1.35)
n—=0 (Qa n+1 n—0 1q n-}—l
Z( 1)"q (qq) . (1.36)
(4% 9%)
9 4 6 B mock theta PRI%X
& (=1)"q™ (g5 ¢*)n
¢(¢1)=Z——( o) (1.37)

n=0



1.1 HREREENX -5+
(n+1)?
¥(g) = Z( D )2n+(f i€)n (1.38)
q"("“)”( —@)n
pla)= Zo (2 6®)ns1 (1.39)
= B co q(n+1)(n+2)/2(_q)n
)= —  (60)nn (1.40)
Qo AND AL s a2
NOEDSD %, (1.41)
n=0 s
e (=D ¢%)n
u(q)—’go e — (1.42)
v(g)= Z (‘;7;;(;))1 : (1.43)
— ¢"(—¢; @)2n—1
vg=S "1 (1.44)
! ,,zz:l (:0%)n
- (—q; Q)Zn—Z
fg)=> 12 (1.45)
. n; (g;4%)
8 /™ 8 Bt mock theta BR%Y
Solq) = (g AL )” (1.46)
e ,;, (=4%6%)n -
— ¢""*?)(—q; %),
A L Y Ml . .Y (1.47)
e nz;, (—a% )
q(n+1)(n+‘2)( qz;qZ)n
,;, (=% ¢*)n+1 (1.48)
Ti(q)= iqn(nﬂ)( ¢4%)n (1.49)
q;q n+1
Us(q) = ol (1.50)
o 2_;, = q4 q4)
= " (—g ) .
U1(f1)~1;)—( E (1.51)
:_1+22q 2) , (1.52)
(n+
Vi(g)= Z @V (g (1.53)

(4:4%)nt+1
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4 4> 10 By mock theta BREX

qgn(n+1)
o)=Y ——— 1.54
W= ,;)(QQ)rH-l 54)
L(n+1)(n+2)
q2
¥(q ! 1.55
( nz—() (q q n+l ( )
o0 P}
(=1)"g"
X(q)= i 1.56
a) ,;,(—q;q)zn (1.56)
1) q(n+l)2
x(q) = Z( . (1.57)
n=0 2n.+1

XL EBN mock theta BREF E 4 Ramanujan BFFE R, HAHK KR TR
MELABINESINF R =25 E-BEE, B3 1976 FA# Andrews ¥HE
k) Bl, 444 T Ramanujan XTiX%% mock theta HEHFFITE I “Mock Theta
Conjectures”, TifthAx A& A 4 HATTUERH.
1988 4E, Hickerson'% 151 S£[FiFBH T Ramanujan 38t 8 (LA 5 Bl 7 fr
mock theta BREH] “ Mock Theta Conjectures”.
5 B mock theta ERE] “ Mock Theta Conjectures”

fol) =24°93(¢*, 4"°) + 04(0,¢°)G(q), (1.58)
Fo(q) — 1=4q93(q,¢°) — ¥(¢°)H(q?), (1.59)
do(—q)=—q93(¢,4°) + i(—4°,4°)G(d), (1.60)
Wo(q)=4q°9s(¢°,4"°) + ai(q,¢"°)H(q), (1.61)
xo0(q) —2=3493(¢,4°) — j(¢*, ¢°)G(¢*), (1.62)
fi(g) =—2¢"gs(q", ¢"°) + 04(0,4°) H(q), (1.63)
Fi(q)=q93(¢% ¢°) + ¥(¢°)G(g%), (1.64)
o1(—a)=a"93(¢* ¢°) — aj(—q,4°)H(d%), (1.65)
¥ (q) =q%9a(q", ¢"°) + 54, 4"°)G(a), (1.66)
x1(q) =3493(¢*, ¢°) — j(.¢°)H(g%). (1.67)

7 B mock theta BRE] “Mock Theta Conjectures”

Fola) — 2=2q93(q,9") — j(¢*,4")*(0) =, (1.68)
Fila)=2q%93(¢*, ") + j(a,9")*(0) (1.69)
Falq)=2q93(>,q") + j(4*,a")*(9) - (1.70)



1.1 HRERSEX 07

K, H(q), G(q) &4 A i (1.26) M= (1.27) & XM Rogers-Ramanujan BREL;
w(q) RHE (1.25) & XIZLH Gauss BREL; 04(0,9) RHER (1.24) % XH; ga(z,q)
=18 H I mock theta BR%L, Bl

=] |q|<1ﬂx%T%OtﬁT%qEﬁEﬁﬁﬁ BHEX

n(n+1)
g3(‘[ q) ng() (I;Q)n—f-l(x QaQ)n+1 (171)
j(z,q) REIE] Jacobi ZFHEEK, ﬁ%)‘()@
(@) = ()00 (2/2) o0 (@)oo = Z (—1)rgrtn—H2gn, (1.72)

n=-—oc

Gordon ! McIntosh!®8! £ H1 T 3 Bt mock theta BRI “ Mock Theta Conjec-
tures”

2 ~2\T
f(—q)=—4q93(3, ") +hf§§%§fé%7%§322’ (1.73)
2 2N
#(q) =—2q93(q,4") + m, (1.74)
¥(q) =q9s(q,9"), (1.75)
X(ﬁq):_qgs(q’q‘l”(q q(;l ((fz)q(;] ((;1)2 7'%)%’ (176)
w(g) =93(9,4°), (1.77)
4 _4\3 =
v(g) =—q93(¢°,q") + EZQZZQ;;"’, (1.78)
_ 1 2 (g% ¢®)5
(@) =~593(a,4 )+32(q PP P
€(9) =1+ 29g3(g, ¢°) (1.79)
2 ,2\4
=q’g3(¢% ¢°) + G%, (1.80)
o) =aPgale g2} + (% ¢*)3.(¢"% ") (1.81)

(@)oo (g%, 4*)2 (4%, 4%)3%
M Ramanujan 18 B [ 28 104 4t H C45 H 93X EE mock theta BREK “ Mock
Theta Conjectures” A] LA H, X2 mock theta BR#S theta BREEE B VIR,
(EREEE 8527 0] )3
SR EE UM H, Xt 5 B mock theta B

folg) = Z

n—O( 7 q)"'

(1.82)
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LIS ) R AR R
oo q W2 B o0 q"2 o0 q"2 -
n;w (=4:¢)n —"Z;; (—¢; Q) * ; e fo(q) +2v0(q),  (1.83)

B E—A thetazﬁ_ﬁﬁ

> (_(;;q)n = fo(g) + 2¢0(q)

= 5165(0, )G (=) + 040, )G(a)] + 3a¥(P)H(a"),  (1.84)

n=—0o0

H,

0300,9)= > 0" =3j(-0.4%) = (~1:¢)% (0% ¢*)e- (1.85)
H E, mock theta BRES theta BREAHL, 78 BAIHRALTT 231 H AR T U
S N R, R BT BA4S B mock theta MBI RBEAR B IHHE
AR, X — TAER R BE VB R,
R IEREE n M TRERECA p(n), w750 AE R #

00
Zp(n)q"=1+q+2q2+3q3+5q4+7q5+---
n=0

(

o0

1 g
= (1.86)
f&—A theta BREL

Ramanujan(?l 1 Hardy R &/ERRRRAI TiX—45 R, MH Hardy &
KB B Ramanujan X TR A— AN ARE 16
[Q-2%)( -2 &%) ]

(A —=2)(1—2?)(1—23)---]6 ~

IXRER 43 S B B A R B, JE4G & R RE AT BABF 9 mock theta BREXIIZR
PR XA RTRR. ZRH—BREE, FFF XA T mock theta bR
BEA PRSP, ST NS R, R, Ramanujan 2 J&
B\ &5, REHZEFX mock theta BREEHT TIERAR R LTS, H R EH
7 mock theta BR UK AR ME [n] f, 1EL R AR AHUAS 5L it P i J D SR .

1.1.4 Mock theta EHEBIEK

BEA 21 ALK, B Ramanujan i3t B 20 A ) mock theta BR¥EZ ik
MEIRTT, mock BB TREM K BRISEE. 2002 4E, Zwegers!'] 7 Zagier

p(4) +p(9) +p(14)2* +--- =5

(1.87)



1.2 WFFHE RS Hos i -9

ST, ZAHE L2208 3P E KK mock theta BRESIEL 4 Jacobi B,
T4l Jacobi B3 Fourier RH. SEARHTH o) BABFE B TR, NITHLFF T H7m
EATRA KT R 04T B M PR, 2004 4F, Bruinier 1 Funke 18] {EH] 74—
A mock theta BEERACH 1/2 FISF5HF Maass B ST . XERZI ) E
fif{#73 mock theta EREFRRAEA SEE . Bt . BAWHE . Wi thek . FHEFE AR
RWEHATHEIRR T+ Z RN, XENELAE 1.2 THIT AR

R, %F mock theta BREATE X, WE B KA H CHER S5
B. B4, Mz e X Ramanujan KL mock theta BREE ? X RHFFT mock
theta MIEIHEE W8, HHEZMPIAMENE L. KFERELE mock theta BR%L
B 5 SOX /MO A L, K mock theta BREUCEE# K 5 AR O B2 T # o] BREAT
WIS,

1.2 WFFERERE -5 3R )

1.2.1 Mock theta H¥BXRE X (5)5R

B 1920 4, Ramanujan(® 3] BE45H T mock theta BRETHIBORI & .
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