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Chapter |

Complex Numbers and Functions

The complex function is a function of complex variables. The complex
functions is a branch of analytics, it is also called Complex Analysis.

One of the advantages of dealing with the real numbers instead of the rational
numbers is that certain equations which do not have any solutions in the rational
numbers have a solution in the real numbers. For instance, z*=2 or 2* =3 are
such equations. However, we also know some equations having no solution in the
real numbers, for instance, 2= —1 or 2* = —2.In this chapter, we define a
new kind of numbers where such equations have solutions. We will survey the al-

gebraic and geometric structure of the complex number system.

1 Complex Numbers
1.1 Complex Number Field

Definition 1. 1.1 We call the numbers form x=x iy as complex numbers, in
which z and y are all real numbers, i is a number that satisfy i*=—1 and i is called
imaginary unit. We call x and y the real and imaginary parts of = and denote this by
Rez=z, Imz=y €1 1.1)
We notice that z=x is a real numbers if y=0, and x=1y is called pure
imaginary number if x=0.
Two complex numbers z; =, +iy, and 2, =, +iy, are equal if and
only if they have the same real part and the same imaginary part.
The ordinary laws of arithmetic operations are defined as:
(x1tiy) (s tiy,) =(x; £x2) +il(y, £y,)
(x1tiy) (e tiy)) = (12— y2) +ilxy y2 T x231)
(11+iy1):1‘112+y1yz+irzy1—11yz
(2 Fiy,) x5+ y3 x5+

CL. 1::2)



Functions of Complex Variables

As a special case the reciprocal of a complex number z=x+iy70 is given by

IO R
z iy x2+y2 12+y2

From the discussion above, we conclude that the set C of all complex
numbers becomes a field, called the field of complex numbers, or the com-

plex field. We may consider R as a subset of C.
1.2 Complex Plane

For mapping: C>R?: x=x+iy~—>(x, y) then built a one-to-one cor-
respondence between the set of complex numbers and the plane R?.

With respect to a given rectangular coordinate system in a plane, the
complex number z=x-+1iy can be represented by the point with coordinates
(xy y). The first coordinate axis (x-axis) takes the name of real axis, and
the second coordinate axis (y-axis) is called the imaginary axis. The plane it-
self is referred to as the complex plane.

It is natural to associate any nonzero complex number z=x+1iy with
the directed line segment, or vector, from the origin to the point (x, y)
that represents z in the complex plane. In fact, we often refer to z as the
point z or the vectorz. The number, the point, and the vector will be deno-
ted by the same letter z.

According to the definition of the sum of two complex numbers z; =z, +iy,
and 2, =z, 1+iy,, the number 2, +z; corresponds to the point(x; +xz, y1+ys).
It also corresponds to a vector with those coordinates as its components. Hence
21 12, may be obtained as shown in Fig. 1. The difference z; —2, =z +(—=2,)

corresponds to the sum of the vectors for z,and —=z, (Fig. 2).

Y
y -
_—mutz
25 i // e
7
/ O/\ / x
Z / — i
,,,, z,—2,
O x —2
Fig. 1 Fig. 2



Chapter I Complex Numbers and Functions

1.3 Modulus, Conjugation, Argument, Polar Representation

Definition 1. 1.2 If z=x+:y then we define
| 2 | =/ F5* 1. 1.5
to be the absolute value of z.

If we think of z as a point in the plane(x, y), then |z| is the length of
the line segment from the origin to z. It reduces to the usual absolute value
in the real number system wheny=0.

Theorem 1. 1.1 The absolute value of a complex number satisfies the fol-

lowing properties. If 2, z,, 2z are complex numbers, then

| —z| =] z] (1.1.4)
|2zl =2 | [ 22| 3 ==—2—|( (1.1.5)
otz | <zl +lzl, |lal—lz]|<|lxatz] (1.1.6)

(1. 1. 6) is called the triangle inequality because, if we represent z; and
2, in the plane, (1.1.6) says that the length of one side of the triangle is
less than the sum of the lengths of the other two sides. Or, the shortest dis-

tance between two points is a straight line.

Y
% /z, - /
" 2
X5 g
\'L\\
O x
Fig. 3

By mathematical induction we also get:
Theorem 1.1.2 If 2, 25, ***, 2, are complex numbers then we have
|21tttz | <lz |+ 22|+ ]| 2] (1.1.7)
Definition 1. 1.3 The complex conjugate, or simply the conjugate, of a
complex number x=x+1iy is defined as the complex number x—iy and is
denoted by;; that is ;=I—iy.
« 3 .
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=241y

Z=x —1iy

Fig. 4

The point z and its conjugate = lie symmetrically with respect to the real ax-
is. This is also easy; in fact, is the point obtained by reflecting z across the x-axis
(i. e. , the real axis). A number is real if and only if it is equal to its conjugate.
Theorem 1. 1.3 The complex conjugate of a complex number satisfies the

following properties. If z;, z;, z are complex numbers, then

Rey=Z1E, fr L E (1.1.8)
2 21
zz=|z|%, |z]=|z|, z== (1.1.9)
ntn=z42, n—wn=2—2 (1.1.10)
S <21>_z_1
LRI 2y - “2(2'2¢0) (1111)
Z2 2

Let (x, y)=x+t1iy be a complex number. We know that any point in

the plane can be represented by polar coordinates(r, 8):
x=rcosf y=rsinf €1 1..12)
Hence we can write 2= (x, y)=x+iy=r(cosf+isind). In this trigonomet-

ric form of a complex number 7 is always —=0 and equal to the modulus

z].

Y,
P
HEs— z=x+ 1y
W I
/ |
O x T
Fig. 5

Definition 1. 1.4 The polar angle 0 is called the argument of the complex
«d o



Chapter I Complex Numbers and Functions

number, and we denote it by Argz. The principal value of Argz, denoted by
argz, is that unique value @ such that —x<(#<x. Note that

Argz = {argz+2nn:n =10, £ 1, = 2,++}
Simply, we write

Argz=argz+2nn(n=0, £1, £2, -) (1:1.13)

Also, when z is a negative real number, argz has value , not —m.

arctan l ............... (I > O)
B 43
% ........................ (=0, y>>0)
argz=<arctan;y~+1t """"" C(z<< 0, y=0) (1.1.14)
(z£0) Y 6
arctan = — qeseseeses (x <0, 9=<20)
x
-— % .................... (x=0, y<<0)
where —=X<arctan l<£.
2 xr 2
We list some important identity involving arguments:
Arg(z z;) =Argz, +Argz, (P )
Arg(z; ') =—Argz, (1.1.16)
Arg(ﬁ)=Argzl—Argzg L1 175
22

Example 1 Compute Arg(2—2:) and Arg(—3-+47).

Arg(2—2i)=arg(2—2i) +2nr=arctan :224—27111: _%J{‘Z?’lﬂ
Arg(—3-+4i) =arg(—3+4i) +2nr=argtan _ig—f-n—f—Zmr: (2n+1)n—arctan %
Example 2 To find the principal argument argz when

7
=
1++/3i

Observe that

Argz=Arg(—2)—Arg(1++/37)

Since
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arg(—2) = m,arg(1+ /3i) = %

One value of Argz is %’r; and, because %;—T is between —x and n, we find

that argz= %t

1.4 Powers and Roots of Complex Numbers

(1) Powers
Definition 1. 1.5 We define the expression e to be

e'’=cosf+isind (Euler’s formula) (1.1.18)
where 0 is to be measured in radians. Thus e”’is a complex number.

It enables us to write the polar form of a complex number in exponential

form as
z=re'?
y
212
\
X
\
z
02 /zz 61
02 ﬁ
(0] 1 z
Fig. 6
Theorem 1. 1. 4 e/ ey = o6+ (1.1.19)
212, =114 TR (1.1.20)
ATt (1.1.2D)
2 )
'1_1 —if
2 '=—e (1:1..22)
7

Expressions (1.1.19), (1.1.20), (1.1.21), and (1.1.22) are, of
course, easily remembered by applying the usual algebraic rules for real
numbers and e*.

i G o



Chapter I  Complex Numbers and Functions

Definition 1. 1. 6 We define the powers of z=re'’ is
'=re”(n=0, +£1, £2, ) (1. 1. 23)
For =1 we obtain de Moivre’s formula
(cosf + isin@)" = cosnf) + isinmf(n = 0, £1, £2,---) (1.1.24)
Which provides an extremely simple way to express cosnfl and sinnf in terms
of cosf and sind.
Example 3 The number —1—: has exponential form
—1—i=y2e i (1.1.25)
Expression (1. 1. 25) is only one of an infinite number of possibilities
for the exponential from of —1—1.
—1—i=y2e it (p=0, +1, %2, +)
Example 4 Put (/3+:)7 in rectangular form.
We write
Wf3+i)7=(2e7°) =275 = (2°") (2e™°) = —64(3 +i)
(2) Square Roots h
To find the n th root of a complex number = we have to solve the equation
W=z (1:1..26)
Suppose that 2740, z=re’’, w=pe*. Then (1. 1. 26) takes the form
" ot — il
This equation is certainly fulfilled if o*=r and n¢=0-+2kx. Hence we obtain
the root

w=Jr e, k=0, +1, +2, -
However, only the values £#=0, 1, 2, -+, n—1 give different value of z.

Definition 1. 1.7 We define the n th root of a complex number z is

w=Jre™", k=0, 1, 2, =, n—1 (1.1.27)

There are n th roots of any complex number 0. They have the same
modulus, and their arguments are equally spaced.

Geometrically, the n th roots are the vertices of a regular polygon with n sides.
Example 5 Determine the n th roots of unity.

We write

1=1e"

and find that
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1 o 0t2%s 2kx
n=yle"n =en (b=0, 1, 2, *+y, n—1)

Fig. 8

Example 6 Find the value of v/11i.

X+ 2kx
Because 1+i=v2ef. So that v1+i=y2e 7 (k=0, 1, 2, 3).

5
W)
=y 1+
Vv
( % Wo
0 1 x
Wy
ws
Fig. 9



