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Preface

Advanced Mathematics is a basic course for the college students, and is also a discipline
with highly logical, abstract and rigorous academic curriculum system. At the same time, the
level of acquiring the curriculum knowledge directly affects the college students’ subsequent ac-
ademic study. With the higher education becoming increasingly international and trying to be in
line with international standards, it is extremely necessary to carry out bilingual teaching in
colleges and universities. Because of the strong logicality in the Advanced Mathematics, the bi-
lingual teaching can enable students to change the inherent passive exam — oriented thinking
mode. Cultivating talents is the starting point and also the ultimate goal of bilingual teaching.
In the world of natural science, knowledge updates at an alarming rate. The most part of infor-
mation and materials on science and technology is published in English globally. A good com-
mand of English in terms of the mathematical knowledge helps to keep up with the latest a-
chievements in the natural science abroad. By means of bilingual teaching the students can en-
large their vocabulary, especially the mathematical terms in foreign language, and show keen
interest in learning. In this way, the students can apply the knowledge of English to math
learning. What’s more important, they can realize that learning is very practical, helping lay
the foundation referring to data in foreign language in the future. Bilingual teaching of Ad-
vanced Mathematics can not only improve students’ communication skills, but also stimulate
their learning potentials to acquire mathematical knowledge when they use English as a tool.
Offering the bilingual teaching in Advanced Mathematics helps cultivate the students’ abilities
both in Mathematics and English. The book is completed under this background.

This book is exclusively designed for undergraduates major in engineering as bilingual Ad-
vanced Mathematics course. It can also be used as a reference book for teachers and students
of the similar level and interests.

The outstanding advantage of this textbook lies in its brevity and clarity. We try to com-
bine the advantages of foreign original teaching materials and the domestic textbooks, making it

possible for the students to learn with ease and interest. Because of our efforts in carefully se-
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lecting the materials with the proper level, the students can enhance their reading ability, the
ability to think and the ability to solve practical problems. The textbook is also characterized by
its integrity, being systematic as well as intuitive and practical.

The textbook emphasizes the basic ideas in calculus, such as the concept of local linear-
ization, the method of approximation, the method of optimization, the micro — element method
and variable substitutions. In order to cultivate the students’ consciousness, interest and ability
to solve practical problems, examples and exercises are chosen to relate to practical problems.

The books learn from the original books, showing some strengths of foreign materials, con-
sidering the actual situation of the students, embodying the editors’ rich experience in several
rounds of bilingual teaching. But owing to our limitation in some aspects, the books are not
perfect in a way. So, comments are welcomed from readers. At the same time, the books are
on the way to be improved constantly through the editor’s practice in bilingual teaching.

The books are supported by textbook publishing fund in Beijing University of Technology.

In the end, we would like to acknowledge those who offer help to the completion of the books.
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Chapter 6 Differential Equations

Perhaps the most important of all the applications of calculus is to differential equations.
When social or physical scientists use calculus,more often than not it is to analyze a differential
equation that has arisen in the process of modeling some phenomena they are studying. The
primary object of this chapter is to develop techniques for solving basic types of ordinary

differential equations.

6.1 Basic Concepts of Differential Equations

6.1.1 Examples of Differential Equations

Example 6. 1. 1. 1 ( Models of Population Growth) The growth of a population is
based on the assumption that the population grows at a rate directly proportional to the size of
the population ,which is based on ideal conditions (unlimited environment, adequate nutrition,

absence of predators,immunity from disease) .

dp
dt

Let ¢ stand for time,and p stand for the size of population,then the == is the rate of growth

of the population. So the assumption that the rate of growth of the population is proportional to

the population size is written as the equation

dp
= 6.1.1
dr kp, ( )

where k is the proportionality constant.
Example 6.1.1.2 Suppose that a body of mass m falls freely from somewhere at a

standstill | if we can ignore the air resistance,try to find the relation between the displacement s
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and time t.

Solution Take s axis downward, and build up coordinate system as Figure 6.1.1. By

2

Newton’s Second Law ( /' = ma, Force equals mass times acceleration), a = j-f F=mg,
2
we have
sz . "
m-+-— =mg,ies =g (6.1.2)
dt
and s also satisfies the condition
s(0) =0,
{ ( (6.1.3)
s"(0) =0.

Equation(6. 1. 3 )is called initial conditions of equation(6. 1.2).

Figure 6. 1. 1  Free fall

6.1.2 Basic Concepts

Definition 6.1.2.1 ( Differential Equation ) An equation that connects the
independent variable ,unknown function and its derivatives is called a differential equation.

Generally ,a differential equation can be expressed as follows

F(x,y,y ", y™) =0.

If the unknown function y is of one variable, the differential equation is called ordinary
equation.

Definition 6. 1.2.2 ( The Order of An Equation) The order of the differential
equation is the order of the highest derivative that appears.

For example, s" = g is of second order.

Definition 6.1.2.3 ( Solution, General Solution and Initial Conditions, Particular
Solution) A solution of an equation is any function y = f(x), which satisfies the equation.

The general solution of a n-th order differential equation is a family of solutions, which

depend on n arbitrary and mutually independent constants.

2 s
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If a solution without any arbitrary constant, then the solution is called a particular solution.

The supplementary conditions to determine a particular solution are called the initial
conditions.

Example 6.1.2.1 Check whether y = ¢ ,cos x + ¢,sin x is the general solution of the
differential equation y” + y = 0 or not.

Solution y’' = - ¢sinx + c,cosx, ¥ == ccosx —¢,sinx, ¥ +y = 0 is satisfied. So

¥y = ¢,co8 x + ¢,s1n x is the general solution.

Exercise 6.1

1. Try to find the orders of the following differential equations.
(D (y")* =2y'y" +xy = 0;

(2)x"y" —xy" +y = 0;

(3)x’y" +4y" - (sinx)y = 0;

(4) (éi‘azc +y = sin’x.

2. Find a differential equation of the curve that passes through the point (0,1) and whose

slope of the tangent line at point (x,y) is xy.

6.2 First-order Differential Equations

In this section,we will deal with four kinds of first-order differential equations.

6.2.1 First-order Separable Differential Equation

Definition 6.2.1 ( First-order Separable Differential Equation) A first-order
separable differential equation is of the form
y' = g(x) - h(y). (6.2.1)
To solve a separable differential equation,we just follows two steps.

Step 1  Separate variables, that is,transform y' = g(x) - h(y) into the following

_dy

R(y) = g(x)dx.



