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Chapter 5 Infinite Series

In Chapter 2 we saw how a wide variety of functions could be approximated
by polynomials. A polynomial is a finite sum of terms of the form a,z*. In this
chapter we will discuss what we mean by an infinite sum. The infinite sums we
describe are called infinite series. We will discuss the theory of infinite series and
will show how it can give us a great deal of information about a wide variety of

functions.

§5.1 Infinite Series

§5.1.1 The Concept of Infinite Series

Definition 1 Let {u,} be a sequence of real numbers, Then the formal sum

Tt uy e tu, e

is called an infinite series(or, simply, series), denoted by 2 u, . The numbers

n=1

Uys Uz ***s U, *** are its terms and the number u, is the nth term of the series.

The partial sums of the series are given by

S,, = Zuk .
k=1
The term S, is called the nth partial sum of the series. If the sequence of partial

sums {S,} converges to S, then we say that the infinite series E u, converges to

n=1

S and we write

i u, = S.
n=1

oc

Otherwise we say that the series > u, diverges.

n=1

Of course, an infinite series need not begin with the term ; ; it could equally

e 1 e
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well begin with wu;, us, ue, or any other term. We shall generally begin series
with u, or u; , however.

A series of the form

Zaqn — a+aq+aq2 + et ag" + e
n=0
where a0, is called a geometric series.

if

Example 1 Show that a geometric series converges, and Zaq" = liq
n=0

|q|<<1, but diverges if |g|=>1.

Solution Since convergence is defined in terms of partial sums, we look at

S, = > ag*.
From elementary algebra, we have

S, =a 11—‘_% (g#1).

If |g|<<1, then limg"=0, and thus

S=1limS, =%,

oo ]._q

If |[g|>1 or g=—1, the sequence {q"} diverges, and consequently so does
{S.). If g=1, S,=na, which grows without bound, and so {S,} diverges.
Example 2 Show that

oo

1 _ 1 1 o1 4.
;71(n—|—1)_1-2+2'3+ +n(n—!—1)+
converges, and find its sum.
Solution Since
= 1 1 cee 71
S =TTzt ThetD
—(1—L1 11yl 1y 1
_(1 2)+ 2 3)+ +(n n+1> 1 nt+1’

and limS, = lim( 1— n—}- 1 ) =1, we conclude that the sum is 1.

oo

Example 3 Test for convergence or divergence: 2 ln(1+%).

n=1

-2-



Chapter 5 Infinite Series

Solution The observation that
ln(l-i-i):ln(n-l-l)—lnn
n
permits us to write the partial sum as
S, = 2 In(1+ )= D dntk+ D —Ink) = In(n+ 1.
k=1 =1
Hence
limS, =limln(n+1) =400,
and the series diverges.

§5.1.2 Conditions for Convergence

Theorem 1(The nth-Term Test for Divergence) If the series z u, converges.,

n=1
then limu, =0. Equivalently, if limu,0 or if limu, does not exist, then the
series diverges.

Proof Let S, be the nth partial sum and Zu,, = S. Note that v,=S, —

n=1

S.—1. Since lir}}S,, = lirfnSrl =S, it follows that
limu, =lim(S, —S,-,) =limS, —limS,-, =S—S=0.

Note that students invariably want to turn Theorem 1 around and make it

say that limu,=0 implies convergence of E u, . The Harmonic series
s

n=1

S SRS S S
;;_Hfr he

shows that this is false. Clearly, Iimu,,=lim%=0. However, the series diverges, as
oo n—>co

we now show,

Example 4 Show that the harmonic series diverges.

Proof We show that {S,} grows without bound. Consider subsequence
(S} of {S,}:

1

S, =52=1+?9
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SZ" S4 - 1+ 2 + 3 1 >l 2 1 1 2 ’

1,1 1,1 1 _-,,. 1
>14+2+ 5tgtgtgtg=1+3- 3.

We assume that Sy >1+Fk % then by the Principle of Mathematical Induction

1 1 1
Sen=Setgy gt
>14k e sttt =14+ G+D - L
2 2k+1 2k+1 2 ‘

It is clear that by taking %k sufficiently large, S; grows without bound, and so

{S,} diverges. Hence, the harmonic series diverges.

By the nth-Term Test for Divergence, we can see that E (—1)" diverges

n=0

since the sequence {(—1)"} diverges; and 2 ( F’(_—l) diverges since
n=1

. n o \"_ .. 1 1
11m(n+1) =llmﬁ=?7ﬁo.
oo rxn(14___)
n
Since convergence of a series is defined in terms of the convergence of the
sequence of partial sums, any information about the convergence of sequences is

useful in discussing series. Of particular importance in this connection is the

Cauchy Criterion, which takes the following form.

Theorem 2 (Cauchy Criterion) A series 2 u, converges if and only if for

n=1
every e >0, there is NEN", such that for every n>N, for every p€N" implies
that

mtp

pIE

k=nt1

|Sn+p_snl = :|un+1 +un+2+'..+u"“P[<e‘

L 1
Example 5 Use Cauchy Criterion to show that E ~7 converges,
"=l

Proof Lete>0 be given. We need to show that there exists an integer N
such that for every n>>N and for every pEN*,
- 4 L]
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ntp

2 5| =
1
- K (n—+—1)2+(n+2)2+ +(n-|—p)2
1 1 1
S I D T GEDGED T T =D )
_ 1 1
" n—+—p<n<€'

We may choose N= [%—J , then n>N implies that %<e for every p&€N". Thus
i A converges
n=1 nz -

§5.1.3 Properties of Series

Whenever we have two convergent series, we can add, subtract them term

by term, or multiply them by constants to make new convergent series.

Theorem 3 (Linearity of Convergent Series) If 2 u,, and 2 y, both converge,

n=1

and if ¢ is a constant, then E (u, £v,) and Z cu, also converge, and

n=1 n=1

Ci) z(u,.i-v,.) = iu"i—im;
n=1 n=1 n=1
Cii) ic‘un = CEu".
n=1 n=1

Proof () Let S= Z u, and T= E v,. The partial sums are given by

n=1

S, = E up and T, = Z'v,, . Then
k=1 k=1

Su, £v,) = limzn)(ukj:v,l) = 1im( iuk + 2"]71,,)
n=1 k=1

= hm(S,, +T,) = llmS,, —I— hmT

n—>occ

=S+T= Zu,.:th,..
n=1 n=1

Cii) Z cu, = llmz cup = limc Z uk—hmcS,,

=1 n-co

=c¢ limS, =cS=c¢ E Uy.
e n=1
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As corollaries of Theorem 3, we have:
(1) Every nonzero constant multiple of a divergent series diverges;

2) I E u, converges and z v, diverges, then E (u,+ v,) and Z (u,— v,)
n=1 1

n=1 n=1 n=

both diverge.

Theorem 4 The convergence or divergence of the series | u, is not affected

n=1

by adding or removing a finite number of terms.

Proof Consider the series Z u,, where mE& N*, Let S, and S/, be the
n=mt1

n-th partial sum of the series E u, and E u, respectively. Then
n=1 n=mt1

S/n = Umt+1 +um+2 +." +um+n
= (uyFup +o gt s Ttz oot thgn) — (g Fup 0o tu,,)
=Sm+n —Sm ’

where S,, is a constant.

Now suppose that E u, converges and S= E u,. Then limS,=1imS, +,=
n—>co

n=1 n=1 L

S. Therefore
limS, =lim(S,,.,—S,.) =S—S,,.

oo n—>oo

Hence the series Z u, converges, and its sum is S—S,,.
n=m+1

Conversely, if > u, converges, and the sum is S’, then

n=mt1
limS, .+, =lim(S’,+S,.)=S"+S,..

o
. . . 4
Hence the series | u, converges, and its sum is S'+S,.

n=1

The Theorem does not say that the sum does not change if finitely many

terms are changed, but merely that such a change cannot transform a convergent

series into a divergent one or vice versa. Thus the series 300 —|—% +%+---+ 2,,1.]

(=)

: ] 1 ;:
++++ converges, while the series >, -~ diverges.
n=1 000 000

Theorem 5 The terms of a convergent series can be grouped in any way
. 6 .
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(provided that the order of the terms is maintained), and the new series will
converge with the same sum as the original series.

Proof Let Z u, be the original convergent series and {S,} be its sequence

n=1

of partial sums. If E v,, 1s a series formed by grouping the terms of E u, and if

m=1 n=1

{T,.} is its sequence of partial sums, then each T,, is one of the S,’s. For example, T
might be

T5 —a) +((12 +(13 ) + (LL; +a5 +a6 ) +(a7 +d3 ) +a9

in which case Ts = S;. Thus, {T, } is a subsequence of {S,}. A moment’s
thought should convince you that if S,—S then T,,—S.

However, the converse of Theorem 5 is not true. For example, the series
1= 14+ 1— 1w (— 1) e
has partial sums

51:19 SZZO; 53219 S4=O'

The sequence of partial sums, 1, 0, 1, 0, 1, -+, diverges; thus the series Z (—1y

n=1

diverges. We might, however, group the terms in this series as follows:
A—D+A—D+--+A—1)+-+=0+0+"--

This series converges obviously.

4n+1 _3 Zn

Example 6 Calculate Z =

n=1

and Z 3—;"& converges, by

Theorem 3,

Example 7 Indicate whether the given series converges or diverges.

ta E (rnrD 30 ); ke E ()




