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1 Networked Control Schemes on
The Basis of Information Theory

1.1 Stabilization of Stochastic Linear Systems With
Data—Rate Constraints

1.1.1 Introduction

Our focus in this note is on stabilization of stochastic linear systems with limited
data rates. A high-water mark in the study of quantized feedback using data-rate limited
feedback channels is known as the data-rate theorem, which states the larger the
magnitude of the unstable poles, the larger the required data rate through the feedback
loop (see [1-4]).

Information theory was employed in control systems as a powerful conceptual aid,
which extended existing fundamental limitations of feedback systems, and was used to
derive necessary and sufficient conditions for robust stabilization of uncertain linear
systems and unstructured uncertain systems (see [5-6]). The result on continuous-time
linear Gaussian systems was derived in [8]. The result on time-varying communication
channel was derived in [9]. The decentralized control schemes were addressed in [7].

Furthermore, [14] was concerned with the networked control problem for linear
time delay systems. Fault detection for continuous-time networked control systems with
non-ideal network Quality of Service (QoS) was studied in [16]. [12] mainly
investigated a sampled-data control approach to deal with the stabilization problem of
networked control systems with packet losses and bounded time varying delays. In [13],
robust state feedback and observer-based fuzzy controllers were developed for
uncertain T-S fuzzy systems with input delay. [17] was concerned with the stability
analysis and controller design for a class of MIMO networked control systems with
communication constraints. The control algorithm of a controller-observer scheme for
robust optimal stabilizing control of a decentralized stochastic singularly-perturbed

e 1.
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computer controlled systems with multiple time-varying delays was designed in [15].
[11] considered the control of the class of continuous-time linear Markov jump systems
with Wiener process and partial information on the transition jump rates. [2] proposed
the notion that the system is stabilizable if and only if the dynamical increase in
“uncertainty volume” due to unstable dynamics is outweighed by the partitioning
induced by the coder. However, in this note, it is derived that distributions determine
not only “uncertainty volume” but also “uncertainty degree” in the same volume, such
that distributions also determine the amount of information to be transmitted in one
sampling period. Thus, distributions have to be taken into account in the calculation of
data rates for the stabilization.

Here, the most attention problem is whether there exists a feedback data rate
smaller than that of the literatures above, which still ensures stabilization of stochastic
linear systems. In this note, it is shown that for stochastic systems with known

distribution, the lower bound of data rates for the stabilization may be smaller.
1.1.2 Problem Formulation

Consider a stochastic linear system described by
X, =AX,+BU,+ FW, (1.1)
Y =CX,+V,
where X, e R", U, eR", Y eR”, V,eR” and W, € R?are the state process, control

input, observation output, measurement noise and process disturbance, respectively. A,

B, F and C are known constant matrices with appropriate dimensions (see Fig. 1.1).

X, Y,

[_pint_] sersor ] rcoder

U, | Channel |
S,

C onterollerI II Decoder |

Figure 1.1 Networked control systems

Assume without loss of generality that the pair (4, B) is controllable, and the pair
(4, C) is observable. The matrix 4 is uniquely composed by unstable modes. The initial

e
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condition X, and disturbance W, are possibly non-Gaussian and mutually independent
random variables with zero mean, satisfying E|| X, |;<¢, < and E||W,|i<g, <o
respectively. The sensors and the controller are geographically separated and connected
by noiseless communication channels.

We summarize the main definitions, used throughout the section, and adopt [10] as
a primary reference. Let X and Y denote two random variables. The following notations
are adopted throughout this section:

e Upper case variables, like X, represent random vectors.

o We write log,(+) simply as log(*).

® [et p(X) denote the probability density function of X and p(X]Y) denote the
conditional probability density function of X given Y.

e ||| represents either the Euclidean norm on a real vector space or the matrix
norm induced by it.

e [Fx[‘] denotes expectation on X.

We summarize the main definitions of Information Theory used throughout the
section, and adopt [10] as a primary reference. The definitions listed in this section hold
under general assumptions:

Definition 1.1: Let X and Y denote two random variables. The differential entropy A(X)
is defined as

1
p(X)

The conditional differential entropy of X given Y is defined as

h(X) =Ex{log

]

— 1
h(X]Y) :=Ex yllog HX[Y) ]

Definition 1.2: The mutual information between X and Y is defined as

pX1Y)
p(X)

Definition 1.3: The information rate distortion function between X and Y is defined as

I(X; Y) = h(X)~h(X|Y)=Exy[log ]
R(D) = p(XIY):.'g U(X;Y)}

with E:={P(Y|X):E, ,[d(X,Y)]< D} .Therein, d(X; Y) denotes a distortion function
or distortion measure, which is a mappingd: X xY — R and D is a given constant.
Definition 1.4: Over communication channels, there are two different methods to

e 3.
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denote data rates. One is the code element rate R.(f) that denotes the number of code
element transmitted in unit time, and the other is the information transmission rate R.(?)
that denotes the amount of information transmitted in unit time. R.(#) may or may not be

time-varying. We write R.(¢) simply as R(f). Therefore R(?) is given by
R(t)= %I(X; Y)

where h is the transmission time for /(X; Y).

Remark 1.1: The above definition of data rates states that data rates are
determined by not the quantization scheme but the amount of information transmitted in
unit time. Thus, it is a more general definition.

The main problem here is to present a lower bound of the data rates of the channel,
above which there exists a quantization, coding and control scheme to stabilize the

unstable plant in the mean square sense

sup,.y E || X, ;< . (1.2)

1.1.3 Lower Bound of Data Rates for Stabilization

This section deals with the stabilization problem for stochastic linear systems with

limited data rates. First, we give the following lemma.

Lemma 1.1: Consider the system (1.1). Let X, denote an estimate of X,. Then,
va? = E[(X, - /\A’, WX, — X,)T] denotes a covariance matrix of X, given X’,
Assume d(X,,X,) =(X, —/\A’, )X, — X’, )" is a distortion measure, satisfying

|det(E,  [d(X,, X)) det(Z, )<D
Thus, the rate distortion function is given by

R(D)= h(X,) —%log(Zne)"D(bits) (1.3)

Proof: Let Q be the unitary matrix that diagonalizes

ZX, = QT Zx, 0
Here, we define
X, =0X,
X, =0X,
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Then, notice that
I(X;X)=1(X;: X )™
and
Z.x,u‘r, =0 Ly, @
Therefore, we have

|det(Z, ;) =l det(diag[ E(F, .—%, ).+ E(F, .~%, )'])|

We set

dX,,%)=(% -%)
satisfying

E; ; dx,.X)]I<D,
where

D=[]LD(i=12n)
It follows that

|det(E[d(X,, X )])|< D
Therefore, the following holds:

1%:%)=30 [ [ p@)p(, |5, log s ( S,
7:1 1(i1, ”Yl1 )
Note that
R(D)=inf o 11X %))
- infmx,lz?),es 2o 165X
where
E={p(, |x,):E[d(x,.% )< D}
satisfying the following conditions:
P, 1%)=0
[ PG, %), =1 (1.4)
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[ [ P& )P, |%)d(, X, )dE, &%, =D
We set up the functional
C=%0,T, =3 UE, %)~ 4 [ P& |X,)dx, —sD,

In the following proof, we employ the techniques following from [10]. Note that
I(x,,X,) is a convex function. Then, differentiating with respect to p(X, |X,)and

setting # =0, we have
op(x, |1%,)
P, |X,) e =
P(X,‘ )log,—..' - sip(xll )d(xll Vx/, ) —H = 0
p(x,)
Setting
u; = p(x, )log 4,
we obtain
X, |x
logp("—J") -sd(%, |x,)—log4 =0
p(x,) o
or
p@, |%,)=p(F )42 (1.5)

Since IR p(x, |x,)d; =1, we must have

1
A = e
L[t

Combining (1.4) and (1.5) together, we get
D= [ [ p(E)PE )G, X,)2" " dx, dF,

(At
Define
Ry, =sups,D, + [ p(X,)log 4,d%, (1.6)
s<0 ! !

Since

[ pGOPG, 1% )4, = [ p(E)P(E)d, 427" d,
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we have
jR p(X,)p(%,)d, 22" "d, =1 (when p(%,)#0) (1.7)
Setting
A= A-% -%
p(x,) o

and substituting them into (1.6) and (1.7), we obtain

K, [ 2"%d, =k, [ 2*®da=1

We know that
Ry, _ D j (A)d,(A)dA =0
6s,. -~ Rgi i -
oO’R,, s ,
== [ &)} (A)dA +[g,(A)d,(A)IAT <0
2X.(A)d,(A) ) )
where let gi(A)=W and IR g,(A)dA=1.R,, is the convex function of s,,

we have
[ &.(a)d,(a)dA=D,

Substituting them into (6), we obtain
Ry, =h(x)+ [ (sd,(a)~log [ 2% dA)g,(A)dA
=h(x,)+ [ logg,(A)dA

=h(x,)—h(g,(A))
Define G:=[g,g,---g,]" . Note that
R(D)=X,R(D)=X R, =h(X,)-h(G)
where
h(X,)= —_[---IR p(x,,x, ., x, )log p(x, ,x, .-+, x, )dx, ,dx, ,---,dx,
WG) ==X, [ logg,(A)d(a)

By the assumption, we know that



