ANALYSIS,
MANIFOLDS

AND

PHYSICS

Part: 11

Revised and Enlarged Edition

YVONNE CHOQUET-BRUHAT, C. DeWITT-MORETTE

g p2d,

SRR YE
F2E BITHR

-?-

By s 3d)

Elsevier (Singapore) Pte Ltd.

WWW.wWpcbj.com.cn



ANALYSIS, MANIFOLDS
AND PHYSICS
Part II

by
YVONNE CHOQUET-BRUHAT

Membre de I’ Académie des Sciences,
Université de Paris VI, Département de Mécanique
Paris, France

CECILE DEWITT-MORETTE
University of Texas, Department of Physics
and
Center for Relativity, Austin, Texas, USA

REVISED AND ENLARGED EDITION

NH,
s
g
2000
ELSEVIER

AMSTERDAM ¢ LAUSANNE * NEW YORK ¢ OXFORD * SHANNON ¢ SINGAPORE * TOKYO



Analysis, Manifolds and Physics Part II Revised and Enlarged Edition
YVONNE CHOQUET - BRUHAT, C. DeWITT - MORETTE

ISBN: 978-0444-50473-9

Copyright 2000 by Elsevier Science B. V. All rights reserved.
Authorized English language reprint edition published by the Propri-
etor.

Copyright 2014 by Elsevier( Singapore) Pte Ltd. All rights reserved.

Elsevier ( Singapore ) Pte Ltd.
3 Killiney Road

#08 —01 Winsland Hose I
Sinagpore 239519

Tel; (65)6349 —0200
Fax: (65)6733 -1817

First Published 2015
2015 4EH) R

Printed in China by Beijing World Publishing Corporation under spe-
cial arrangement with Elsevier (Singapore) Pte Ltd.. This edition
is authorized for sale in China only, excluding Hong Kong SAR and
Taiwan. Unauthorized export of this edition is a violation of the
Copyright Act. Violation of this Law is subject to Civil and Criminal

Penalties.

ABIH R Elsevier (Singapore) Pte Lid. AU R RS
AR B L U2 RAE H E R RESE IR R AT . A RN BRAE
BH (AMUIEFEENTEX EEE) HREANEHE. &
YT O, WA R EVERGE,, RS

ABHIKMA Elsevier Bithrss, TAr%H M.



BEERKE (CIP) #iE

M. RIS, 452 4 = Analysis, manifolds and physics part I revised
and enlarged edition: 30/ () I8l - 1 £ 3% (Choquet — Bruhat, Y. ) 3 . —&1iT
A —dbs: HREBHRARDLEAR, 2014. 8

ISBN 978 -7 —5100 — 8442 -3

.04 N.O/- I OEM—HEL QREE—RX
GyEE—%x NV.D017 @0189.3 (3 04

o [ R A R 3 4R CIP BT (2014) 55 185702 %5

B %: Analysis, Manifolds and Physics Part II Revised and Enlarged Edition
1E #. YVONNE CHOQUET - BRUHAT, C. DeWITT - MORETTE

o & 0. WA 2 & BT

HERE: @AE X

H AR &: tHAEBHRARILREATF

ED ORI . =T EEED S5 A PR

% 17 HREBHRAFARE (EEERXE 137 5 100010)
BEZMBIE: 010 -64021602, 010 - 64015659

BF{EHE: kb@wpchj. com. cn

FF &: 16 7F

ED . 35

B &k: 201541H
MRAREiE:  EF. 01 -2013 -6787

3B 2. 978-7-5100-8442 -3 € #y:  139.00 G




ANALYSIS, MANIFOLDS AND PHYSICS
Part I1



PREFACE TO THE SECOND EDITION

Twelve problems have been added to the first edition; four of them are
supplements to problems in the first edition. The others deal with issues
that have become important, since the first edition of Volume II, in recent
developments of various areas of physics. All the problems have their foun-
dations in Volume I of the 2-Volume set Analysis, Manifolds, and Physics.

It would have been prohibitively expensive to insert the new problems at
their respective places. They are grouped together at the end of this volume,
their logical place is indicated by a number in parenthesis following the
title.

The new problems are:

o “The isomorphism H @& H >~ M4(R). A supplement to Problem 1.4
and I.3 (1.17).” Its logical place is the seventeenth problem of Chapter I.

e The problem “Lie derivative of spinor fields (II1.15)” belongs to Chap-
ter I11.

e “Poisson-Lie groups, Lie bialgebras, and the generalized classical
Yang-Baxter equation (IV.14)” has been contributed by Carlos Moreno
and Luis Valero. It belongs to Chapter IV.

Additions to Chapter V on Riemannian and Kéahlerian manifolds in-
clude:

o “Volume of the sphere S”. A supplement to Problem V.4 (V.15)”

e “Teichmuller spaces (V.16)”

e “Yamabe property on compact manifolds (V.17)”

To Chapter V bis on Connections are added:

e “The Euler class. A supplement to Problem V bis 6 (V bis 13)”

¢ ‘“Formula of Laplacians at a point of the frame bundle (V bis 14)”

o “The Berry and Aharanov—Anandan phases (V bis 15)” based on notes
by Ali Mostafazadeh.

To Chapter VI on Distributions:

e “A density theorem. A supplement to Problem V1.6 on ‘spaces H; 5(R™)’
(VLI17)”

e Tensor distributions on submanifolds, multiple layers, and shocks
(VL18)”

e “Discrete Boltzman equation (VI.19)”



vi PREFACE TO THE SECOND EDITION

A fair number of misprints have been corrected. An updated list of errata
for Volume I is included.

Naturally more problems are on our drawing boards. We would like to
think of them as contributions to a third edition.

Most of the new problems were completed during a visit of Y. Choquet-
Bruhat to the Center for Relativity of the University of Texas, made possi-
ble by the Jane and Roland Blumberg Centennial Professorship in Physics
held by C. DeWitt-Morette. Help and comments from M. Berg, M. Blau,
M. Godina, S. Gutt, M. Smith, R. Stora, X. Wu-Morrow and A. Wurm are
gratefully acknowledged.



PREFACE

This book is a companion volume to our first book, Analysis, Manifolds
and Physics (Revised Edition 1982). In the context of applications of cur-
rent interest in physics, we develop concepts and theorems, and present
topics closely related to those of the first book. The first book is not nec-
essary to the reader interested in Chapters I-V bis and already familiar
with differential geometry nor to the reader interested in Chapter VI and
already familiar with distribution theory. The first book emphasizes basics;
the second, recent applications.

Applications are the lifeblood of concepts and theorems. They answer
questions and raise questions. We have used them to provide motivation
for concepts and to present new subjects that are still in the developmen-
tal stage. We have presented the applications in the forms of the problems
with solutions in order to stress the questions we wish to answer and the
fundamental ideas underlying applications. The reader may also wish to
read only the questions and work out for himself the answers, one of the
best ways to learn how to use a new tool. Occasionally we had to give a
longer-than-usual introduction before presenting the questions. The orga-
nization of questions and answers does not follow a rigid scheme but is'
adapted to each problem.

This book is coordinated with the first one as follows:

1. The chapter headings are the same — but in this book, there is no Chapter
VII devoted to infinite dimensional manifolds per se. Instead, the infinite
dimensional applications are treated together with the corresponding fi-
nite dimensional ones and can be found throughout the book.

2. The subheadings of the first book have not been reproduced in the sec-
ond one because applications often use properties from several sections
of a chapter. They may even, occasionally, use properties from subse-
quent chapters and have been placed according to their dominant con-
tribution.

3. Page numbers in parentheses refer to the first book. References
to other problems in the present book are indicated [Problem Chapter
Number First Word of Title].

The choice of problems was guided by recent applications of differential
geometry to fundamental problems of physics, as well as by our personal

vii



viii PREFACE

interests. It is, in part, arbitrary and limited by time, space, and our desire
to bring this project to a close.

The references are not to be construed as an exhaustive bibliography;
they are mainly those that we used while we were preparing a problem or
that we came across shortly after its completion.

The book has been enriched by contributions of Charles Doering, Harold
Grosse, B. Kent Harrison, N.H Ibragimov, and Carlos Moreno, and col-
laborations with Ioannis Bakas, Steven Carlip, Gary Hamrick, Humberto
La Roche and Gary Sammelmann. Discussions with S. Blau, M. Dubois-
Violette, S.G. Low, L.C. Shepley, R. Stora, A. H. Taub, J. Tits and Jahja
Trisnadi are gratefully acknowledged.

The manuscript has been prepared by Ms. Serot Almeras, Peggy Caffrey,
Jan Duffy and Elizabeth Stepherd.

This work has been supprted in part by a grant from the National Science
Foundation PHY 8404931 and a grant INT 8513727 of the U.S.—France
Cooperative Science Program, jointly supported by the NSF and the Centre
National de la Recherche Scientifique.



CONVENTIONS

(M) {faln:={fa:neN}.

(2) Commutative diagram x 2 y

. fx—>y,g y—>z
h=gof :

(3) Integer part: if d/2=3.5, then [d/2] =

(4) A\B and A/B sometimes mean left and right coset, respectively; but
usage varies and is determined in each context.

(5) Exterior product, exterior derivative, interior product

1 .
@AW, ..., Vpig) = — D (sign DT (vy, .., vp)
P‘q' n

xﬂ(v,,+1,...,v,,+q)],

@RB)WL, ... Upsg) = Z(sngn MMe(vy, ..., vp)B

(p+9)!
X (Vpt1, -+ +s Uptg)]-

When operating on a p-form d=d/(p+1) and T, = pi,. Note that

Kobayashi and Nomizu (Vol. I, p. 35) use what we call A.
(6) Riemann tensor, Ricci tensor

(VaVp — Vg Vo)V = Rog 0",
Le.
Rop*y = 0aTp* — 3To>u + TuP ulg" o — TPl

Rpy = Rap® -

These conventions agree with Misner, Thorne, and Wheeler and differ
from those of our first book Analysis, Manifolds and Physics.

XV



xvi CONVENTIONS

(7) The Dirac representation of the gamma matrices

YuVv + YoVu = 277;111 Npv = diag(+, +,+,-)

0 0 0 i) (0 0 0 1
o o io o 0o -1 0
M"=1lo —<ioo] 5o -1 0 o
S5i0 0 0) \1 0 0 0
0010\ (i 0 0 0 '
o 00 —i {o i o o
B=1-i00 o] ""lo o —i 0)'
0 i 0 0) \0 0 0 —i

Majorana representation of the gamma matrices

YuVv + Vo¥u =20y Nuv = diag(+, +, +, -)

(0 00 -I (10 0 0)
, o 01 o , o1 0 o
"=lo 10 o) 2510 0 -1 o |

\=1 0 0 0© \0 0 0 -1

0 0 -1 0 0 0 0 1
,_(0 0 0 -—I ,_(0 0 10\
B3=1-1 0o o o "Tlo -100

\0 -1 0 0 \=1 0 0 0/

Note that in Vol. I, p. 176, we give the Dirac representation of the
gamma matrices for n,, = diag(+, —, —, —).
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I. REVIEW OF FUNDAMENTAL NOTIONS OF ANALYSIS
1. GRADED ALGEBRAS

For applications and references see, for instance, Problems II 1, Super-
smooth mappings and III 14, Graded bundles.

A Z, graded algebra A is a vector space over the field of real or complex
numbers which is the direct sum of two subspaces A, (called even) and
A _ (called odd)

A=A, @A

endowed with an associative and distributive operation, called product,
such that

A,A,=A,+,(mod.2), r,s=0,1, A0=A+’ Al:A"'

A Z, graded algebra is called graded commutative if any two odd
elements anticommute and if even elements commute with all others:

ab=(-1)""®pa, a be A

where d(a)=r if a€ A, is the parity of a.

We shall consider in this section only graded commutative algebras, so we
shall omit the word “‘commutative”.

The algebras we shall use will be endowed with a locally convex Haus-
dorff topology for which sum and product are continuous operations.
For example, the exterior (Grassmann) algebra over a finite dimensional
vector space X (p. 196) is a graded algebra.

A generalization used in physics, which we shall call a (Bryce) DeWitt
algebra is the algebra B of formal series with a unit e and an infinite
number of generators z', I €N, with the usual sum and product laws and
the anticommutation property

J
7 =-7"7"
An element a € B is written (notion of convergence is irrelevant)

1
a= 2 a(p), a(P)=Eazl...1Ple ...z

PEN

1

graded
algebra

graded
commutative

parity

(Bryce) DeW
algebra B



