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Preface

Preface

Graph theory is one of the branches of modern mathematics which has
shown impressive advances in recent years. Graph theory is widely applied in
physics, chemistry, biology, network theory, information sciences, computer
science and other fields, and so it has attracted a great deal of attention.

Factor theory of graph is an important branch in graph theory. It has
extensive applications in various areas, e.g., combinatorial design, network
design, circuit layout, scheduling problems, the file transfer problems and so
on.

The fractional factor problem in graphs can be considered as a relaxation
of the well-known cardinality matching problem. The fractional factor prob-
lem has wide-range applications in areas such as network design, scheduling
and combinatorial polyhedra. For instance, in a communication network if
we allow several large data packets to be sent to various destinations through
several channels, the efficiency of the network will be improved if we allow
the large data packets to be partitioned into small parcels. The feasible assign-
ment of data packets can be seen as a fractional flow problem and it becomes
a fractional matching problem when the destinations and sources of a network
are disjoint (i.e., the underlying graph is bipartite).

In this book, we mainly discuss the fractional factor problem. This book
is divided into five chapters.

In Chapter 1, we show basic terminologies, definitions and graphic
parameters.

In Chapter 2, we show some sufficient conditions for the existence of

fractional factors in graphs. This chapter is divided into three parts. Firstly,
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we present some sufficient conditions for graphs to have fractional k-factors
in terms of neighborhood, binding number, toughness, minimum degree and
independénce» number, etc. It is shown that these results in this part are sharp.
Secondly, we investigate the existence of fractional k-factors including any
given edge in graphs, and show two results on fractional k-factors including
any given edge, and verify that the results are sharp. Thirdly, we study frac-
tional (g, f)-factors with prescribed properties in graphs. We use connectivity
and independence number to obtain a sufficient condition for a graph to have
‘a fractional (g, f)-factor, and this result is best possible in some sense. Fur-
thermore, we obtain a result on a fractional (g, f)-factor including any given
-k edges in a graph. :

In Chapter 3, we discuss a generalization of fractional factors, i.e., frac-
tional deleted graphs from different perspectives, such as degree condition,
neighborhood condition and binding number. We present some sufficient con-
ditions related to these parameters for the existence of fractional k-deleted
graphs and fractional (g, f)-deleted graphs. Furthermore, it is shown that these
results.are sharp. - - v , BT i

In Chapter 4, we study fractional (k,m)-deleted graphs which are the
generalizations of fractional k-factors and fractional k-deleted graphs.. We first
give a criterion for a graph to be a fractional (k,m)-deleted graph. Then we
use the criterion to obtain some graphic parameter (such as minimum degree,
neighborhood, toughness and binding number, etc.) conditions for graphs to
be fractional (k, m)-deleted graphs. Furthermore, it is shown that the results
are best possible in some sense..

In Chapter 5, we focus on some sufficient conditions'for graphs:to be
fractional (g, f,m)-deleted graphs. Our results on fractional (g, f, m) deleted
graphs are an extension of the previous results. -

The study was supported by the National Natural Science Foundation of
China (Grant No:. 11371009).

Thanks to Hongxia Liu, Wei Gao, Fan Yang, Yang Xu, Yuan Yuan, Quan-

" ru Pan, Jiancheng Wu, who helped to prepare the early drafts of! the study and
presented numerous helpful suggestions in improving this study.
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1.1 Basic Terminologies

Chapter 1
Terminologies and Graphic Parameters

In this chapter, some basic terminologies, definitions and graphic param-

eters are given, which will be used throughout this book.

1.1 Basic Terminologies

All graphs considered in this work are finite undirected graphs which
have neither loops nor multiple edges. Let G be a graph. We denote by V (G)
and E(QG) its vertex set and edge set, respectively. A graph H is called a
subgraph of G if V(H) C V(G) and E(H) C E(G). A subgraph H of G is
called a spanning subgraph of G if V(H) = V(G). For z € V(G), we use
Ng () to denote the neighborhood of z in G and dg(z) to denote the degree
of z in G. For any X C V(G), we define

Ng(X) = | Ne(=).
zeX
Note that N (z) does not contain z, but it may happen that Ng(X) 2 X. Let
S be a subset of V(G). Denote by G — S the subgraph obtained from G by
deleting the vertices in S together with their incident edges. Denote by G[S]
the subgraph of GG induced by the vertex set S, i.e., the graph having vertex set
S and whose edge set consists of those edges of G incident with two elements
of S. Let S and T be two disjoint subsets of V(G), we denote by Eg(S,T)
the set of edges with one end in S and the other end in 7', and we write

eq(S,T) = |Ea(S,T)I.



Chapter 1 Terminologies and Graphic Parameters

Let 7 be a real number. Recall that | 7| is the greatest integer such that |r] < r.
Other definitions and terminologies can be found in [3].

Let g and: f be two nonnegative integer-valued functions defined on
V(@) such that g(z) < f(z) for every x € V(G). A spanning subgraph F' of
G satistying g(z) < dp(z) < f(z) for every x € V(G) is a (g, f)-factor of
G.Leth: E(G) — [0,1] be a function defined on F(G). If

g9(z) <Y hle) < f(a)

esx

holds for every z € V(G), then we call G[F},] a fractional (g, f)-factor of G

with indicator function h, where
F, ={e: e€ E(GQ), h(e) > 0}.

A fractional (f, f)-factor is called simply a fractional f-factor. If f(z) = k,
then a fractional f-factor is called a fractional k-factor. A graph G is called
a fractional (g, f, m)-deleted graph if there exists a fractional (g, f)-factor
G|[F}] of G with indicator function A such that h(e) = 0 for any e € E(H),
where H is any subgraph of G with m edges. A fractional (f, f, m)-deleted
graph is simply called a fractional (f, m)-deleted graph. If f(z) = k for
any z € V/(G), then a fractional (f, m)-deleted graph is called a fractional
(k, m)-deleted graph. Set m = 1. Then a fractional (g, f, m)-deleted graph
is a fractional (g, f)-deleted graph; a fractional ( f, m)-deleted graph is simple
called a fractional f-deleted graph; a fractional (k,m)-deleted graph is a
fractional k-deleted graph. The basic results on graph factors can be found in
[1,17, 24].

1.2 Graphic Parameters

The gréphic parameters play important roles in the research of graph fac-
tors and fractional fa.ctors‘, they are used frequently as sufficient conditions for
the existence of graph factors and fractional factors. Since verifying graph-

ic parameter conditions are often easier than that of characterizations, and as



1.2 Graphic Parameters

well the parameter conditions reflect the structures and properties of graphs
from different perspectives, it is quite common in graph theory to investigate
the links among the parameters. In this section, we show some graphic param-
eters, -such as binding number, toughness, isolated toughness, independence
number, connectivity and minimum degree, etc.

The minimum degree of G is denoted by §(G), i.e.,
0(G) = min{dg(z) : =z € V(G)}.

The maximum degree of GG is denoted by A(G), i.e.,
A(G) =max{dg(z) : z € V(G)}.

A vertex subset S of G is called independent if G[S] has no edges. An
independent set S of G is called a maximum independent set if GG excludes
a independent set S’ with |S’| > |S|. The number of vertices in the maximum
independent set S of G is called the independence number, and is denoted
by e(G).

Let GG be a connected graph.

k(G) =min{|T|: T C V(G), G — T is disconnected
or is a trivial graph}
is called the connectivity of G.
A(G) = min{|Ec(S,V(G)\ S)| : S CV(G)}
is called the edge-connectivity of G.
The binding number was introduced by Woodalll?!! and is defined as

[Ne (X))
RY

Obviously, for any nonempty subset S C V(G) with Ng(S) # V(G), we

have

bind(G) = min{ : 0 # X CV(G), No(X) # V(G)}.

INe(S)| > bind(G)|S|.

The number of connected components in G is denoted by w(G). The
toughness ¢(G) of a connected graph G was first defined by Chvatal in [5] as

follows.
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HG) = min{wcl;g_l——s—) : SCV(G), w(G-18) 2 2},
if G is not complete; otherwise, t(G) = +o00.
Enomotol® introduced a new parameter 7(G) which is a slight variation
of toughness, but seems better to fit the research of graph factors and fractional

factors. For a connected graph GG, we define
: S|
= e C — = 2
7(G) mm{w(G—S)—l S CV(G), wlG—-8) 22,
if G is not complete; otherwise, 7(G) = +oo.
we use i(G) to denote the number of isolated vertices of G. The isolated
toughness I(G) of a graph G is defined by Ma and Liu(®? as follows.
! |S| .
I = — 1 SCV(G), i(G-95)>2
(@) mm{i(G—S) S C V(G), « S22,
if G is not complete; otherwise, I(G) = +oo.
Ma and Liul'® introduced a new parameter I’(G) which is a slight vari-
ation of isolated toughness. For a graph G, we define
S|
i(G-S)—-1

if G is not complete; otherwise, I’ (G) = +oo.

(e =min{ . S CV(G), i(G - S) 22},



2.1 Fractional k-Factors

Chapter 2
Fractional Factors

In this chapter we study fractional k-factors and fractional (g, f)-factors
which are natural generalizations of k-factors and (g, f)-factors, and inves-
tigate fractional k-factors and fractional (g, f)-factors including any given
edges. This chapter is divided into three parts. Firstly, We show some suf-
ficient conditions for graphs to have fractional k-factors. Secondly, we give
some results on fractional k-factors including any given edges. Thirdly, we
obtain some sufficient conditions for graphs to have fractional (g, f)-factors

with prescribed properties.

2.1 Fractional k-Factors

Let k be an integer such that £ > 1. Then a spanning subgraph F' of G
is called a k-factor if dp(z) = k forall z € V(G). Leth : E(G) — [0, 1] be
a function. If 3~ ___ h(e) = k holds for each z € V(G), then we call G[F}] a

fractional k-factor of G with indicator function A where

F,={e€ E(G): h(e) > 0}.

esx

A fractional 1-factor is also called a fractional perfect matching. If h(e) €
{0,1} for any e € E(G), then a fractional k-factor is equivalent to a k-factor,
and so a fractional k-factor is a natural generalization of a k-factor.

We shall show a necessary and sufficient condition for a graph to have
a fractional k-factor, which is a special case of the fractional (g, f)-factor

theorem presented by Anstee!?!. Liu and Zhang!'?! showed a simple proof of



Chapter 2 Fractional Factors

the theorem.

Theorem 2.1.1 2121 ¢t G be a graph. Then G has a fractional k-
factor if and only if for every subset S of V(G),

6c(S,T) = k|S| — k|T| + dg-s(T) > 0,
whereT = {z: z € V(G)\ S, dg—s(z) < k}.

The following theorem obtained by Zhang and Liul®! is equivalent to
Theorem 2.1.1.

Theorem 2.1.2 351 Let G be a graph. Then G has a fractional k-factor
if and only if for all subset S of V (G), o
- k—1

kS| = (k= j)p;(G = S) >0,

: j=0
where p;(G — S) denotes the number of vertices in G — S with degree j.

In Theorem 2.1.2, let k£ = 1, then we get the following result.

Theorem 2.1.3 81 A graph G has a fractional 1-factor if and only if
i(G-5)<|9]
forall S C V(G).

In [7], lida and Nishimura gave a neighborhood condition for a graph to

have a k-factor.

Theorem 2.1.4 ") Let k be an integer such that k > 2, and let G be a
connected graph of order n such that

n>9% —1-—4/2(k—-1)%2+2,
kn is even, and the minimum degree is at least k. If G satisfies

[Na(@) U Na()] > 5

for each pair of nonadjacent vertices x,y € V(G), then G has a k-factor.

6
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2.1 Fractional k-Factors

In the following we shall present some results on fractional k-factors by
using Theorems 2.1.1-2.1.3.
We first give some neighborhood conditions for the existence of fraction-

al k-factors in graphs.[37-40- 421

Theorem 2.1.5 ¥%  Let G be a connected graph of order n such that
n> 3. If
n
[Na(2) U Na(w)| 2 5

for each pair of nonadjacent vertices x,y € V(G), then G has a fractional

1-factor.

Theorem 2.1.6 ' Let k be an integer such that k > 1, and let G be a

connected graph of order n such that
n>9 —1-4y/2(k—-1)2+2,
and the minimum degree §(G) > k. If
[Ne(z) UNG()| > max {2, 2(n+k-2)}
for each pair of nonadjacent vertices x,y € V(G), then G has a fractional

k-factor.

The following lemmas is often applied in the proof of Theorems 2.1.5—
2.1.6.

Lemma 2.1.1 71 Let k be an integer such that k > 1. Then
>3k+5, for k>4,

> 3k + 4, k=13
Ok —1— 420k —1)% + 2 +4, for

=3k +3, for k=2,
> 2, Jork=1.

Lemma 2.1.2 ¥ 1ot G be a connected graph of order n. If

|Na () U Na(v)] = 5
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for each pair of nonadjacent vertices x,y € V(G), then
w(G—-S)<L|S|+1
forall S C V(G) with |S| > 2.

Proof Suppose that there exists a vertex subset S C V(G) with | S| > 2
such that w(G — S) > |S| + 2.

-2
Claim 2§|S|§n2 3

Proof If |S| > 251, then

n—l_n+l_n—1

G-8)<n—-|S|<n- = = 1
WG-8)<n-|S|<n-"5m="os =Tyt
<IS|+1,
a contradiction. O
In the following, let Cy,C5,--- ,C,, be the connected components of

G — S. We have
w=w(G-8)>|5|+2>14

since |S| > 2. Choose an arbitrary vertex z; € V(C;) (1 < i < w(G — 9)).
Then z;2; ¢ E(G) (i # j). By the hypothesis of the lemma, then

< |Ne(z:) U Ng(z;)| < da—s(zi) + de_s(z;) +|S|

|3

< V(CH =1+|V(C)l —1+15],

that is,

V(e + V(e = 22

— |5
for 7 # j. Thus, we get that
n =S|+ |[V(C)|+ [V(C2)| + - - + [V(Cu)|

=181+ 320V (C0)| + [V(C)l + - +IV(Cu))

> 151 +% (22= ~ 18])

IS|+2/n+4
2151+ =g (5~ - 191)




2.1 Fractional k-Factors

1,2 n+4 n+4
= —5I8P + 1S+ 21,
that is, ; 1 4
n+ n +
> ——|S|? . 515
B a8 £ 1B = @2.1.1)
bt 1 4 4
(1)) = —=|SP2 + 2 k.
7081 = —31812 + 22181 + 212,
In fact, the function f(|S|) attains its minimum value at |S| = 2 or |S| = 252

which follows from 2 < |S| < 12:2, and the minimum value of the function
£(IS]) is min{n + 2, 22} According to (2.1.1) and the minimum value of
the function f(|S|), we have

T =T,

which is a contradiction. Completing the proof of the lemma. O

Proof of Theorem 2.1,5 If (G is a graph which satisfies the condition
of the theorem and there is no fractional 1-factor in G, then by Theorem 2.1.3,
there exists a vertex set S C V(G) such that

i(G—8) > S| 2.1.2)

Clearly, S # 0 since G is connected. In the following, we assume |S| > 1.
The proof splits into two cases.

Casel |S|=1.

Thus, we get that i(G — S) > |S| = 1, that is,

HG —8) > 2

Let z,y € I(G — S), then zy ¢ E(G) and dg_s(z) = dg-s(y) = 0.
According to the hypothesis of the theorem, we have

n

2
Therefore, we get n < 2. This contradicts n > 3.

Case2 |S|>2.

We have known that w(G — S) > i(G — S) and it implies that

w(G —8) = |8]+1

I

< [Na(z) U Na(y)| < dg-s(z) +da-s(y) + |S| = |S| = 1.
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by (2.1.2). Butw(G —S) < |S|+1forall S C V(G) with |S| > 2 by Lemma
2.1.2. Thus, we have

w(G-S)=|5]+1
forall S C V(G) with |S| > 2. Moreover, we have

i(G—-S)=|S|+1

and 1
S| < n; . (2.1.3)

For any two vertices z,y € I(G — S), obviously, zy ¢ FE(G) and
dc;g(m) = dg-s(y) = 0. Then, we have
n— 1
2
by the hypothesis of the theorem and (2.1.3). It is a contradiction. Completing

g < |Ng(z) U Ne(y)| < da—s(z) + da—-s(y) + S| = |S] <

the proof of the theorem. ' ' )
Proof of Theorem 2.1.6 By Theorem 2.1.5, the result obviously holds
for k = 1. If £k > 2 and kn is even, then G has a k-factor by Theorem
2.1.4. We have known that a k-factor is a special fractional k-factor. Now we
consider the case that k£ and n are both odd. _
If GG has no fractional k-factor, then by Theorem 2.1.1, there-exists some
S C V(@) such that

where
T={z: ze€V(G)\S, dg—s(z) < k}.

We choose subsets S and 7" such that |7"| is minimum and S and T
satisfy (2.1.4). As k is odd, therefore, (k — 1) is even and G has a fractional
(k — 1)-factor by Theorem 2.1.4.

Claim1 |T|>|S|+ 1.

Proof Since G has a fractional (k — 1)-factor, then we get

(k= DIS| +dg-s(T") = (k= 1|T'[ 2 0
where T’ = {z : 2 € V(G) \ S, dg-s(x) < k — 1}. Moreover,
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