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Z 8. The Ultimate Brownie Pan

®

When baking in a rectangular pan heat is concentrated in the 4 corners and the product
gets overcooked at the corners (and to a lesser extent at the edges). In a round pan the
heat is distributed evenly over the entire outer edge and the product is not overcooked at
the edges. However, since most ovens are rectangular in shape using round pans is not
efficient with respect to using the space in an oven.

Develop a model to show the distribution of heat across the outer edge of a pan for
pans of different shapes—rectangular to circular and other shapes in between.

Assume

(1) A width to length ratio of W/L for the oven which is rectangular in shape.

(2) Each pan must have an area of A.

(3) Initially two racks in the oven. evenly spaced.

Develop a model that can be used to select the best type of pan (shape) under the
following conditions;

(1) Maximize number of pans that can fit in the oven (N).

(2) Maximize even distribution of heat (H) for the pan.

(3) Optimize a combination of conditions (1) and (2) where weights p and 1— p are
assigned to illustrate how the results vary with different values of W/L and p.

In addition to your MCM formatted solution, prepare a one to two page advertising
sheet for the new Brownie Gourmet Magazine highlighting your design and results.
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3 1: The Ultimate Brownie Pan

by Yafeng Wang, Xiaxia Cui and Chao Li

Summary

In order to find an ultimate shape of the pan to achieve the highest utility ratio of space
without overcooking, two models are developed.

In the first part, the pan is preliminarily simplified into a 2-D figure. And to get an
intermediate shape between rectangle and circle, curve chamfer is used, in which every
corner of the initial rectangle is replaced by a quarter of a circle with a certain radius. As
the radius increases, the shape of pan changes gradually from rectangle to circle. On
condition that heat conduction is the primary factor, the heat distribution of pan with the
change of time is illustrated based on heat conduction equation. To solve the equations, the
finite volume element method (FVEM) is applied to get the numerical solution of the
partial differential equation (PDE).

Furthermore, since a pan is three-dimensional, we develop our model into a 3-D one
by the software—ANSYS. In both the cases, the same conclusion is drawn that the
evenness reaches the maximum when circular and the minimum when square. And the heat
distribution is quite similar in both the 2-D case and the 3-D case, which proves our
simplification feasible and reasonable.

In the second part of optimization, the multi-objective programming is converted into a
single-objective one with linear weighted method. Firstly, the utility ratio of space is
defined to measure the number of pans in the oven and the variance of heat distribution to
measure the evenness. Then. the two indexes are normalized to achieve the combination of
objectives. In addition, a dynamic programming (DP) is applied to deal with the
configuration of pans in the oven. Thus the optimal solution about the shape and the
number of pans is to obtained once the weight p and the ratio W/L is given. In particular,
when two objects are of the same importance, the optimal radius is always around the half

of the maximum radius.
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§ 2.1 Introduction

Defining the Problem

If you are a chocolate lover there is nothing better than a delicious, home made
brownie with a glass of ice cold milk when your sweet tooth is making you crave chocolate.
However, the baking pans in our mom'’s kitchen are often rectangular, in which the
brownies are often overcooked at the four corners. Meanwhile, if we choose a circular one
to achieve even distribution of heat, the space in an oven will not be efficiently made use
of.

In this case, it is necessary to find the best shape of pan to maximize both the
utilization rate of the space in an oven and the even distribution of heat for the pan. Before
this task, the distribution of heat across the outer edge of a pan should be illustrated.
Thus, two tasks will be done in this paper:

* Develop a model to show the distribution of heat across the outer edge of a pan for
pans of different shapes-rectangular to circular and other shapes in between.

* Develop a model that can be used to select the best type of pan (shape) under the
following conditions:

1. Maximize number of pans that can fit in the oven;

2. Maximize even distribution of heat for the pan;

3. Optimize a combination of conditions (1) and (2) where two weights are assigned

to them.
Model Overview

At first, we use curve chamfer (Figure 2. 1) to describe the intermediate shapes
between rectangular and circle. When the radius » changes from 0 to maximum, the shape
changes from square( Here we simplify the rectangle into a square, and we will discuss this

treatment in the part of assumptions) to circle.

[

Figure 2. 1 The sketch map of curve chamfer

Then, in order to solve the problems above, we build two models. The first model
which is based on the heat conduction equation and solved by the means of finite volume

element method (FVEM) can illustrate the distribution of heat across the pan. The second

>> 006
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model which is based on the linear weighted method and dynamic programming (DP) that
deals with the optimization of rectangular parts nesting.

In the first model, the heat conduction equation is used respectively in a 2-D case and a
3-D case, and in both the cases the distribution of heat across the pan can be illustrated. In
the second model, the multi-objective programming is converted into a single-objective
programming by using the analysis of variance (ANOVA), data normalization and linear
weighted method. Thus we can get the best shape of the pan to optimize the utilization rate

of the space in an oven and the distribution of heat across the pan.

§ 2.2 Assumptions

The pan is initially to a cuboid

In reality, the shape of the pan used in an oven is similar to a flat box without lid.
Nevertheless, considering that the heat distribution of brownie baking in the pan is mainly
influenced by the pan and the need of simplifying the model, we initially regard the pan as

a homogeneous cuboid and determine it as our object of study.

The space in oven is constant temperature field

According to the technical parameters published by some household oven
manufacturers, the temperature range in the oven is about 2 Degree Celsius, a relatively
smaller value, so we decide to ignore the range and treat the inner space of an oven as a
constant temperature field.

The process of the the thermal transmission is a transient process

Before the pan is put inside, the oven is often preheated""”

. Thus when the pan enters,
there is a temperature difference between the pan and its surroundings. So it takes time for
the pan to get heated gradually to a certain temp. And we believe that the heat distribution
of cuboid in this process is most of the time non-uniform, which leads to the overcooking at

the corners.

Only square pan is considered, or ignore the rectangle pan whose length is unequal to its width

In order to make calculation easier, we simplify the rectangle into square.

Using different chamfer to describe the different shape between the square and circle

As for the study of intermediate shape between rectangle and circle, basically two
ways are available. One is to use regular polygons and the other is curve chamfer.
However, the angle of polygons does no good to heat distribution because of tip thermal
t[zJ

effect™, we decide to abandon the disadvantageous regular polygon and to apply curve

chamfer only.
Each pan has the same area

Initially two racks in the oven, evenly spaced and the distribution on each rack are the same
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The distribution of heat across the pans on the upper rack and on the under rack is the same,

Therefore, we can only study the pans on one of the racks.

§ 2.3 Notations

Table 2, 1 Notations and Descriptions
Notations Descriptions
W/L Width to length ratio of the oven
A The area of pan
N The number fit in the oven
H The distribution of heat across the pan

The radius of the curve chamfer

-
P Weight giving to the first optimization objective
1 The distribution of temperature on the pan at time ¢
[ S The temperature out of the pan
f Energy source inside the heat carrier
A Heat conductivity of the pan
h Coefficient of heat convection
The density of the pan
¢ Specific heat capacity
o (H) The variance of the distribution of heat across the pan
5 Ultilization rate of the area in the oven
I The standardized value of &
7 Evenness of the distribution of heat across the pan
OBJ Objective function of the multiple objective programming

§24 Partl

Model 1: The Distribution of Heat

Newton articulated some principles of heat flow through solids, but it was Fourier
who created the correct systematic theory. Inside a solid there is no convective transfer of
heat energy and little radiative transfer, so temperature changes only by conduction, as the
energy we now recognize as molecular kinetic energy flows from hotter regions to cooler
regions. The basic principles of heat are:

» The heat energy contained in a material is proportional to the temperature, the density
of the material, and a physical characteristic of the material called the specific heat capacity.

¢ The heat transfer through the boundary of a region is proportional to the heat
conductivity, to the gradient of the temperature across the region, and to the area of

contact.
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