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1-1 Gauging the Bridging Function
of Nodes in a Network:
The Gefura Measure

Ronald Rousseau®, Raf Guns®, Liu Yuxian®

£> Abstract

In this article the authors review the study of so-called Q-measures in networks.
O-measures are related to betweenness centrality but are defined in case the network
is subdivided into subgroups. They are indicators gauging the bridging, brokerage or
gatekeeper function of a node. Two definitions, a basic and a structural Q-measure,
are proposed in the case that there are more than two subnetworks and the difference
between these two approaches is illustrated. As the term Q-measure is not optimal
(there exists other Os) we propose the term gefura measure ( meaning bridge
measure) and the corresponding symbol I" as a better term for this network measure.

Keywords: centrality measures; bridging function; subnetworks; gefura measure

It is stating obviously when pointing out that graphs or nctworks (these two
words will be considered as synonyms) are everywhere. Indeed, road maps represent
the network of cities and highways, and similarly we have other transportation
networks such as the worldwide air transport network (Barrat et al. , 2004; Guimera
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et al. , 2005) or the shipping and harbors network. Nowadays the Internet is probably
the best known network. This network consists actually of a worldwide assemblage of
computer networks consisting of local, regional and global academic, business.
government, private and public subnetworks ( Wikipedia, 2013) . Since decades
sociologists study friendship and other social networks ( Wasserman and Faust. 1994;
Otte and Rousseau, 2002), while nowadays the study of gene and discase networks is
a hot topic. Indeed, following Goh et al. (2007)—-cited already more than 700 times
in the Web of Science—medicai researchers came to the conclusion that a disease is
rarely the consequence of problems with one single gene. Only a study of the
intercellular network can lead to advances in the study and ultimately identifying drug
targets and biomarkers for complex diseases (Barabdasi et al. , 2011).

Within the information sciences colleagues study article citation graphs. journal
citation graphs, collaboration networks, co-word networks, author co-citation
networks and many other co-occurrence networks. Maps of science are constructed
based on the complete Web of Knowledge or Scopus. Moreover. a whole new subfield
related to the Internet, namely webometrics, has emerged within the field of
informetrics.

Generally four types of networks may be distinguished: undirected unweighted
networks, directed unweighted networks. undirected weighted networks and
directed weighted networks. Directed networks may further be subdivided into acyclic
and general directed networks. Examples within the information sciences are given in
Table 1.

Table 1 Examples of different types of networks in informetrics

Types Undirected Directed
Author collaboration network, | Article citation network (acyclic, except special cases) :
Unweighted | not taking frequencies into journal citation network. not taking frequencies into
account account

Author collaboration nctwork., | Article citation network, including weights related to
Weighted including the frequency of frequency or importance of usc Cacyclic): general
collaboration journal citation network. including citation frequencies

Networks can be characterized by several different measures. These can be
subdivided into two main groups: measures related to the network as a whole, and
measures related to nodes or links (separately) . The simplest global measure is
probably the number of nodes. Density. another global measure, is an indicator for
the general level of connectedness of the graph. If every node is directly connected to
every other node, we have a complete graph. The density of a graph is defined as the
number of links (or arcs) divided by the number of links in a complete graph with the
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same number of nodes. This indicator as well as those that follow will be defined only
for simple, i.e., undirected unweighted networks, unless stated otherwise.

The next group of network measures, namely centrality measures, consists of
node indicators. The most important ones are: degree centrality, closeness centrality,
betweenness centrality and eigenvector centrality. Degree centrality of a node is defined
as the number of ties that a node has. Closeness centrality of a node is equal to one
divided by the total distance (using geodesics in the graph) of this node from all other
nodes. Betweenness centrality may be defined loosely as the number of shortest paths
that pass through a given node. More precisely this notion is defined as follows
(Anthonisse, 1971; Freeman, 1977).

For an undirected network with n nodes the (normalized) betweenness centrality
of node a, denoted as C;(a) is defined as:

2 pg.h<a)
(n—1)(n—2) Kb D

In this formula, p,., denotes the number of shortest paths connecting nodes g

Cyla) = (@Y

and h; p,, (a) denotes the number of these shortest paths passing through a.
where a is not one of the endpoints.

The fourth centrality measure can best be introduced using the matrix
representation of a graph. For simplicity we consider only simple graphs. Assume that
a graph has n nodes (also called vertices). Then the adjacency matrix A is a square
(n, n) -matrix, such that clementa; = 1 if vertex i is connected to vertex j anda; = 0
otherwise (including the diagonal elements aj; ). As the graph is undirected a; is
always equal to a; so that the matrix A is symmetric. As the matrix A is symmetric it
can be shown that all its eigenvalues are real (Lay, 2003). Recall that an eigenvalue
of a matrix is a number A (in general this may be a complex number) for which there
exists a vector X = (x,, x,, ***, x,) such that A. X = AX or stated otherwise:

204y = Ariai =1y (2)
In the case of an adjacency matrix it can be shown that all components of the

eigenvector can be chosen to be positive. Then eigenvector centrality of node i is
defined as:

L:%ZL%q (3

where A is the largest eigenvalue of matrix A. We see that the eigenvector centrality
of a vertex is proportional to the sum of the eigenvector centralities of the vertices to
which it is connected. Although this description sounds like a circular definition,
equation (3) and the underlying mathematical theory (the Perron-Frobenius theorem)
show that it is not and that it leads to a well-defined notion (Meyer, 2000). Density
and degree centrality can also be expressed using the adjacency matrix. Density is
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n

al n
equal to W:“'n} and the degree centrality of node j is Z o e

Degree centrality of a node is related to activity; closeness centrality of a node
relates to efficiency; a high value for the betweenness centrality of a node reflects a
high control on the flow of information by this node; finally a high ecigenvector
centrality refers to a node that is highly influential. All four centrality measures can be
said to be related to leadership.

In 2004, Flom, Friedman, Strauss and Neaigus, four researchers from New
York (USA) introduced a new sociometric network measure. denoted as Q. for
individual actors as well as for whole networks (Flom et al. . 2004). As this measure
captures the idea of bridges between two groups. the higher an actor’s Q-value. the
more this actor behaves as a bridge/broker between the two groups. Hence using
Q-measures leads to an answer of the question: Which nodes are most important in
bridging activities between groups in a network? Figure 1 illustrates the type of
network Flom et al. (2004) had in mind.

Figure 1 Simple network subdivided into two groups

We note that existing measurcs such as betweenness centrality did not make a
distinction between nodes belonging to different groups. This is the main motivation
for the introduction of the Q-measure. An example: consider a network consisting
of all universitics of two countries (the two groups) linked if they ( = at Icast one
researcher in each university) collaborate in a given topic using (Q-mcasures.
answers the question: Which universities are thc main facilitators of international

collaboration? Q-measures are based on geodesics (shortest distances) between
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nodes.

The defining formulae

Assume that there are T actors (nodes) in the network. Group A contains m
nodes, while the other group, denoted as B, contains n nodes, hence T=m+n. If
actor x belongs to group A, and assuming for simplicity that actor x is a,,, then the
Q-measure for this actor, Q (x), is defined as shown below. In this formula p,.,
and p,., (x) are defined in the definition of betweenness centrality in formula (1).

. Pois
Q) = m_l)n(E,-’Z,, “’) (4)

Flom et al. (2004) also introduced a Q-measure for the whole network,
denoted as Q..., as the normalized average difference between the most central node
(in the Q-sense), denoted as Q" , and all other nodes. This is:

S (@ Q@)+ X7 (@ —Qw))
Qe = T—1 (&)
An example: consider Figure 2 consisting of two groups A = {a,, a., a;} and B =
{by,» by} .

Figure 2 Example network for the calculation of a Q-measure

Table 2 shows all nodes that lie on a shortest path (sometimes there are two
shortest paths between nodes situated in different groups). When there is no such node
this is denoted by *

Table 2 Example paths for the nodes

Nodes a) az as

by - - ai/bs

b by/as by/as =
_ 1 1 _ 1 _ 1 1,1\ 1
Qlar) 4(0+2+0+0)— ;Q(ax)—z(0+0+2+?)—I

Q) =4 (5 +5 +0)= 1+ Q) = L(o+o+1)=1

Finally Q(a,) = 0. In group A, a; plays a more important role than a,, while
a, plays no role at all as a bridge. In group B all nodes play a bridging role, but b,’s
role is more important.
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Literature Review Related to
Q-measures for Two Groups

Q-measures were introduced in social network theory by Flom et al. in 2004. The
idea was picked up by Rousseau and presented at the 68th ASIST Conference
(Rousseau, 2005). Calculations for theoretical examples (line graphs. star graphs) as
well as two co-author networks based on real data were presented. A more elaborated
example presented first at the 9th International Conference on Science & Technology
Indicators (2006, Leuven, Belgium) was published (Chen and Rousseau, 2008).
Their result indicated that Cambridge University, Manchester University.
Technische Universitdt Berlin, the Max Planck Institute, Stuttgart University and
Forschungszentrum Karlsruhe play the most important roles as bridges between
England and Germany (at least within the Journal of Fluid Mechanics) . It was
concluded that having a high degree centrality and being a key node are important
factors explaining the ranking of nodes in a network according to Q-value. Moreover.
it was found that institutes with a high Q-value have, on average. a higher
production than those with a lower Q-value. Moreover. after a presentation by
Rousseau in Dalian the idea of using Q-measures was worked out—using a dedicated
computer program—by Zhang, Yin and Pang (2009) for the COLLNET network,
divided in male and female researchers, as an example.

The next step taken in the study of Q-measures was the extension of its definition
to more than two groups. This, however, turned out not to be trivial. Depending on
the relative importance one gives to groups or to nodes we came up with two
definitions (Guns and Rousseau, 2009).

4.1 Definition 1: the Global Structural Q-measure

Consider a network subdivided into S non-overlapping groups. Each group is
denoted as G, (i = 1,+,S) and contains m, members. Then the global Q-measure of
node a is denoted as Q7 (a) (the notation is explained further on) and is defined as:

. B 9 1 - peana) =
Q?(a) = S(S— 1)2;/(’1‘}%[2;;: /)’,;.l. ) ©
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where p,, and p,,(a) are used as defined earlier. The symbol TP, refers to the
number of possible combinations of elements belonging to groups G, and G, . Hence,
TP, = # (G, \ {a}) » #(G, \ {a}) , where “#” refers to the number of elements
in the set between brackets. The term “global” is used because we will further
decompose this global measure into a local and an externai one. Observe that in this
definition two kinds of normalization are applied.

Yet, a global Q-measure when several groups are present in the network can
also be defined differently.

4. 2 Definition 2: the Global Basic Q-measure

In this alternative definition, denoted as Q&(a) , only one normalization is

applied.
B _ _:L ‘DS,,, ((l)
Qs (a) M gmup(‘:’)lf;z‘r,oup(h) D 2
where the symbol M is defined as:
M= >} #(G\{a})« #(G\ {a}) €Y

The sum in formula (8) is calculated over all pairs of different groups and the
notation group (g) refers to the group to which node g belongs.

When there are only two groups these two definitions (the basic one and the
structural one) coincide with equation (4).

4.3 The Difference Between These Two Definitions

We illustrate the different behavior of basic and structural Q-measures by the
following example (Figure 3).1In this example we use the following convention:
nodes a,, a,, *+form a group, nodes b,, b,, ---form another group, and so on.

Figure 3 Example: four groups, illustrating the
difference between structural and basic Global Q-measures

In the example shown in Figure 3, we have four groups: group A with nodes



