Bessel R# Z MR

EX  Bessel 5 HER

24y, dy (2> = n’)y = 0B 4550 5., v,.

dx? dr
2 4
X x
— n — _+_ — wes e
1 Az [1 22(n+1) 2!24(n+1)(n+2) J’
N
y2 = Ay [1 (- n+1)
4
+ x _}
2!24(*n+1)(—n+2) )

1 1 p
[ =— -
Al 2“7['(71),A2 2771”(_")’)\-}1%

o
&

yo= D Ty gy

“a(n+r)n(r) 2

w= > S (e g (), %2

“a(-n+r)n(r)

J.(x), J_,(2) ¥R A Bessel FREL.

R L s B g o, (o2

5).

* RBEFHULKEERFE, 1930,11(2);76 - 81



2 FHETREBIE SHEYE

1d +-1 =0 R

dz] L 1d),

dx? xr dx
HET, &I B

dJ, &7, 1.dJ, dJ_,
(“d—x—zf_, " 4z J.) + = dxj"' - q;—],,)

n2
—Z)J n =0’
X

CU hJ - _A
]“ B dx] z’

WM x "a‘:ﬁ*ﬁ%, 5 A
2n 2

- r(n)a(—n)  7x(n — Dr(—n)

2 ZSmmr[]
F(n)F(l— n) T ’

dJ, d]- "y _ 2sinnx
dx dr rxr

Bl — 7, Bz g

-~y ) Zsinmr
dl‘ 7[1;]1 :

EHE2 #FHa iﬁEﬁﬁ,ﬂU
(1) J,.(x)—‘—% [ §cos(n@ ~ zsind)d6,
(2) Jo(2)=1 | §cos(zeost)ds,

(3) Jee “Jo(bx)dr=(a’+8%)7.
W & o HIEBER, N

J (1) - 2 (n T r)'r|(__)n+2r

=0,



Bessel b6 % fa] S5 % 3

AR M Z A S () A A

1 FI n+r (_1)r T N\ -;—n ntr
st s 2B R S 2 R R

EEN et e RRL B = 0,1,2, - T, (1) eF X
e T e D o Z M FREAE J, (2)TRH e D o

2
1

eéx[z“l’] =Jo +]1[2—'1-] + 102"+ T+ e
b4 z b4

+ 1,0+ (- 1) ;1;] +oeee

P z=e?fRAZIHNH Euler &
cos(xsin@) = Jo + 2J,00520 + 2] 4cos48 + -+
sin( zsinf) = 2J,sinf + 2J,sin38 + -+

g

cos( rsin8)cos(2nd)dl = =nJ,,,

0

cos{ zsin@)cos(2n + 1)8d8 = 0.

J
J

x

J. sin{ rsin@)sin(2n + 1)6d0 = nJ,,.,
0

J”sin(xsinﬁ)sinZnﬁdﬁ = 0.
M ERE R » A RB, TRERBRL:
J‘rcos( nf — rsin0)dé = =«J,, WEI(1) XZiE.

&0 = —72£ + dcos(xcos$) = J, — 20,0029 + 2] ,cosh$ — oo+



ZETREYR SHEYE

R %j;cos(xcos¢)d¢,ﬂftﬁﬂ(2) HZIE.

Jm e “Jo(bx)dx
0

iJ- Jwefucos(brcos¢)dxd¢
TJo Jo

_1r ad¢ _ 2 2y-1
tJoa® + bcos’d (a"+57)7%.
HEI(3):R2ZIE.
EHE3 ®Ha<1,
(1) J:],(ax)]-z(ax)cosnxdx = 1

4(1 - a?)t
(2) Fr MEEEBR(RTFZ), N

j:[1,<ax)1_,<ax>

_ (- D" (@m)! (5az)™

costxdx
S (m!)YIM(z+m+1)I(-z+m+1)
m=0

1
1 ., F(r+—2—)

=--a

—F(r + 2,1, +1,a%).%
r(r + 1)1"(7)

it
J.(ax)J_,(ax)
(- D" (Laz)™(2m)!

-3 2

= (m!)’I(m+1+2)l(m+1-2)
1 m

_ sinzm d (2m)!(?a)z "

I 2o (m!)? (22 = 1¥)(2* — m?)
sinxn 1
(R

= FOTd=2))



Bessel 5 A B ¥E R

- 2m)l(Fa)™" o @m)l (5 a)

_ sinxm sinxmr
Coam & (m!) . Zh (m!)
2
. x'm 1
1(12+12)“'(x2—m2) )
o . 2m
sinxmwcosTr x
-1
g[Sy s
:LJ“” sianzrx[ " _1]
4) - x (22 - 1%)-(z* - m?) ’

2m

x+r’T

5 x Tk, BN x ®Z, 4 r= o KERK, B
iAr =0,

j’“ sin2;mt " -—I}d
I (2 =13 (2> = m?) *

= EArr STz = x D)Ar = 0,

— oo

[ I:]I(ax)]_,(u)cosnxdr
1 2
1< (Zm)!(—z—-a) = siannrd
T2 (m!)? J z
1 2m
§ 2 (ml) si- b
a<l.
HBI (1) R ZAE.
W EGR G

=Y
0

j [J.Cax)J . (a2)



6 FEPRECE SHEYH

(= D" @m)! (Faz)™"

2 cosmrdx
L m Y M (x+m+DIM{-x+m+1)

1 2m
i —_
~ Jw si and (Zm.)(za)
B 0 2nx + (m!)2

__lnw(Zmﬂ(%aym
4« (m!)?

1 r'(r+ —;—)az'*

4ru+1n«%)

2 4
a” +

toFD A 12+ D(r+2) ¢

_{1 r+% (r+%)(r+1+%)1.2

=(r+%)(r+l+%)(r+2+—é—)l.2.3 :l
123.G+Dr+2(r+3 27

lzwr+%n“ .
=y 1. F(r+~2—,1,r+1,a2).
F(r+1)P(7)

Y g <1 ERZEBILERBO R .

WHs 2 i, BRI oA, W BB, B R4EIE, EILEA .

(Zr)!(%a)z' r(r—-;—)(r—1)(r—%)(r—2)(r—%)"'%

- 2r

* (r1?y (r1? e
) r(r—l)"'l.(r—é—)(r——g-m%l"(%)azr ) P(r+%)42’
(10 I(r + DI(3)



Bessel PR3 ] L4 R 7

£ % x|

[1] Willamsen Integral caleulus, p162.

[2] Part I Vol XXV Cambridge Philosophical Society, Fox: A note on some In-
gegrals Involving Bessel Functions.

[3] Forzyth a. Treatise on Differential equations.

[4] Whitlaker and Watson Modern Analysis, p24.



751Nz — %"

REEBFILAEHEEZER, ZHRETHIRZ K, B2R
R, R E R FREA D TREGE B S, k2 Fit.

FE B TREE(COZTAEEXREET(C)ZYE, WK
HEZPBF A ZREE(C), M(CO)ZHEREZ, REZ, (C)
ZAMERI K (C).

WIEZMAZ AN E S, 2 (C)Z R

A’ + Ay + A2 = 0. (1)

NBR(C)ZTXLZFEBHH a, B, 7, W

Ad’ + AF + Ay = 0. (2)
HEEMEBETF(C)ZHHZESRN '

x -y 2

Aa  AB T ATy’
B (1), Q)% o, g, y BHERMK

xz yz 22 _

X + ? + K/—, = 0.

WX ZREE(C), AEATHEL(CHZAETZ HERR

» RETFRLUKEHRMYE, 1932,3(4):543 - 545



TR —HE 9

(O )z, iFeBZit.
GBI RQARERCHIERS, TIREE(C)Z BN
o(zx,y,2) = Az’ + A'y' + A"Z?
+ 2Byz + 2B’z + 2Bzy = 0.
HORML#ETE 2 AT (C).
(C) ZHBRXWHTH ZRKEFH o, 8,y TE.
(1) ¢(a,B,7)=0.

@ ey
(2)RXFUTFRAZ
—;-(pa,-,l.z =0
J%%B’ -Ay =20 (3)
; ¢pa -Az =0

WA a, B, ¥y HOIKTR(3) T &R FIdmTR LM, B
pla,B,7) — A(ax + By + 7z) = 0.
HREMKX, BE
az + By + yz = 0. ' (4)
#(3), ()X a, 8, ¥y B(CHZHFBRMK
A B B =z
B A" B 4
B B A" =

= 0.

zx 3y =z 0
B az’ +a'y* + a’2® + 2byz + 2b'zz + 2b7xy = 0. (5)
B

A’ B{

I A B’ l
B B/I ’

B/ A” ’

A B// l

B” A/



10 ZEFRRPREHEYE

’

Bl B AI/ B/

lB’ A
b= ”
B B

B// A/ ) B B”
b = , b =

il ERFEEAA(C)HZHEEE R (C), B (S)RKL

BRZ,MCOZHBRZEHN
k(Az’ + A'y* + A"2* + 2Byz + 2B’zx + 2B"zy) = 0.
ERER, BETRER

a b a b a b
A A X
b a v a by
_ 16 b” _ Ib/’b]_ a””b',_ﬁ=A-
B B B A
ik
A B B’ a b b
A=|B" A" B|, 4, =|b" a b
B” B A" ¥ b a”
4
a'a” -8 = AA,



On Meromorphic Functions
of Infinite Order I °

The present paper is based upon the works of Blumenthal and R.
Nevanlinna.

Considering the characteristic function, we can construct the net
orders of every meromorphic function of infinite order, by means of the
method of Blumenthal.

The second fundamental theorem of R. Nevanlinna is simplified in
the case of meromorphic functions of infinite order. Following the new
form of that theorem, the author has generalized the theorem of
Picard-Borel.

The author is indebted much to Prof. Takenouchi, and Prof. Tsu-

ji, for their valuable criticisms.
I The Orders of Meromorphic Functions of Infinite Order

1. Given a meromorphic function f(x) with its characteristic function
T(r,f) = m(r,®) + N(», ),

we define that the function f( ) is of infinite order, if

* RET 19S5 FHERFEYEYLNHHE
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0,

lim logT(r, f) _
im 08187, f)
o logr

Since the characteristic function T{(r, f) is a continuous function

of r it can be written in the form

T( r, f) A(r)
where A (r) is also a continuous function of r , and
lmA(r) =

r—o0

Blumenthal'" proved that there exists an ensemble of asymptotic func-
tion types which adjoin to the function A(r) and to a suitably chosen

infinitesimal® . We call a positive decreasing continuous function of x
an infinitesimal, if it tends toward zero with =

Every function () in the ensemble satisfies the following condi-
tions: .

1° u(r) is a positive non-decreasing continuous function of » and

fmp(r) =

2° ,u(r“ﬂlm) < 2 (r)''7 for all values of » .

3° u(7) < A(r)"*” for a suitably chosen infinitesimal 8(r) and
at least for a sequence of r which tends toward infinity,

4° (r) = A(r) for all sufficiently great values of r .

5° 1(#)™” tends toward infinity with r .

We define that the functions x(r) are the net orders, and that

the function A () is the brut order, of the meromorphic function f{x)

2.8Since A(r) << p(r) for all sufficiently great values of r we get
T(r,f) <.

By means of the formula
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m(r,z) + N(r,z) = T(r, )+ h(r, 2), (33

h{r, 2) being bounded, we conclude that

1+38(r)

N(r,z) < 7 ,
where 8(#) is an infinitesimal.
Arranging all the n, roots
Q1y @y sy @y

of the equation
flz) = =. (1)
in the closed region | x I<C r, in the order of their absolute values
P iy Tas Tyt s Tyt

and supposing that the origin is not a root of the equation (1), we get:

™
N(r,z)= ElogL
=1 rP

n
r’
= log
ry*nr; rn1
_ log r'l r’ll_ﬂ
it 7 s Tary ™',
r'l
= log

e
>log(;5)".

We conclude consequently, that the number n of roots in the cir-

cle | £ | = r, whose absolute values <C r, , satisfies the following ine-
quality:
r,‘( r)l*a(r)
n .
logr — logr,

Let
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then

1+3(r) 1+3(r)

n < ,J.x(r")ru(r) < 22;4(")

An arbitrary infinitesimal e (r) satisfies the inequality:

1 1+ 1
raexp Sy < 1
n

that is

1
1+
r < rn ,,(,n)‘('nj ’

for all sufficiently great values of r, .
If we take €(r) as the adjoined infinitesimal 7(r) of £2(r) , then
#(r) < #(r" )“’(’u) .

Hence

’

1 1+9.(r )
1 4 1
n< T2( +m)#(r")(l+4(rn))(l+d(ru)) < rnﬂ(r') n [4]
n

for all sufficiently great values of r, .
Choosing an infinitesimal 7"(7) such that 7 (r) > 7.(r) and

that x(r)"*" increase (at least does not decrease), we conclude:

: 1+5(r ) 148, (r )
4 n ) 1°'n
n < r,,"("') = r’:,("- .

Hence

(r)l'ol (r)

<7 ,

(r )40
n ”

for all values of r > r,.

Consequently, the following theorem is proved.

Theorem I  The number n(r, z) of the roots of the equation
(1) in the closed region | x | << 7 satisfies the following inequality, for

all sufficiently great values of r :
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1+8,(r)

n(r,z) < (2)
3. In this article we are going to prove the following theorem:

Theorem [I  For a meromorphic function f(x) of net order

p#(r) and for every infinitesimal 8" (r) the inequality
T(r, f) < p(r)¥logr
does not hold good for all sufficiently great values of r .

Writing " for T(r, f) , we are going to prove that the reduced

form

A(r)logy < (1 + 8 (r))logu(r) + log, r
does not hold good for all sufficiently great values of r .

If

A(r)logr < (14 8" (r))logu(r) + log, r

for all sufficiently great values of r , then
A(r)logr < logr(logu(r) + 1),
whence follows
A(r) < logu(r) +1.

Since p(r) < A(7)"*” for the suitably chosen infinitesimal
0(7) and for at least a sequence E(r) of r which tends toward infini-
ty, we get:

logee(r) < (1 + 6(r))loga(r)
for every values of r in E(r) .

The function () increases toward infinity with » , hence A(r)
is not bounded when r situates in E(r) .

Therefore the function A(r) increases toward infinity, when r
varies, in a partial sequence E, () of r , toward infinity.

Consequently, when » varies toward infinity in the sequence
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E,(r) we get:

. loga(r) _
Lim A = (.

Therefore when r situates in E,(r) and is sufficiently great we

have
logA(r) < eA(r)
where € is an arbitrary positive constant however small. Hence for suf-
ficiently great values of r in E, () we have:
logu(r) < (1+ &)ea(r).
Hence

logu(r) +1 < (1 + 8)ea(r) +1.
Choosing ¢ < % , and r from E, (r) so great that

A(r)
2

1+68(r) <2, loga(r) < e(r), >1,

we get:
logu(r) +1 < A(r)
for sufficiently great values of 7 in E, (r) .

This contradiction proves the theorem.
I The Theorem of Picard-Borel

1. R.Nevanlinna proved the following result:
Every meromorphic function f(x) and its derivative f (z) satisfy

the inequality:

ﬁ) <24 + 3log
Co

!

m(r,

+2 log—}j + 4log" p

+3 log + 41og T(p, f) S

p-r
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where 0 < r < p, supposing f(0) = ¢4 #0, 0ol

Now, we are going to simplify this inequality.

Suppose that 2 (r) is a net order of f(x) and that it adjoins to an
infinitesimal »(r) .

1
1+ —Ls
Letp = r "7 | then

1+ 9(r)

A
T(p, /) < o9 < (5 7™ yu?

)ry(r)

Since x(r tends toward infinity we get

14 9(r)

T(p, f) < 7
for all sufficiently great values of r .

Therefore, when r is sufficiently great,

lc;g T(p, f) = logT(p, f) < 2u(r)"* " logr,

logp = logp = (1 + ;(—’jl)—,z,—))lbgr < 2logr,

1 1
p-r r(r"""'-l).

But

1
rr(r)' " lng

exp ;-—1——(7ylogr =1+ Gyt
p(r)? p(r)™" -

hence

i
prECC RN logr -
’ p(r)™”

Therefore

L e

p—r rlogr
C ot 1 + y( r)v(r)
. log p—r < log rlogr

where r is sufficiently great.

b

< /l(r)"(')’



