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How the Vortex Affects Orifice Discharge

C. J. Posey Hsieh-ching Hsu
Acting Head,Dept. of Civil Engineering Graduate student

State University -of lowa,lowa City

To what extent does the vortex affect discharge through an outlet? Will it ,once started,
grow to serious proportions? These uncertainties often cause designers of vertical shaft spillways
and other outlets to call for expensive structures to eliminate the vortex and insure radial flow.

Studies recently completed at the State University of lowa shed new light on those funda-
mental questions which have kept designers from designing for —instead of against —the vor-
tex.

A 6-ft dia. cylindrical tank with. a 4-in. sharp-edged, circular orifice at the center of its
bottom was set up with provision for making the inflow radial, tangential or any combination
of the two.

It was found that when inflow has a tangential component, a stable vortex forms which
has a definite effect on discharge. If the tangential component of inflow is shut off after the
vortex has become stable,it will soon die out. With purely radial inflow the vortex is small and
transitory;its effect on discharge is negligible.

The tank used in all tests had a false bottom, below which radial flow Q, was guided in
through a baffle and radial vanes. Tangential flow Q, was directed into the tank immediately
above the false bottom through four 1-in. pipes. These branéhed from a 3-in. -dia. pipe above
the tank ,extending out ,then down to the outer edge of the tank’s false bottom to follow its
periphery for 30 in. They could be swung about their vertical legs to vary the distance of tan-
gential inflow jets from the orifice.

Three piezometer connections, made 13 in. from the orifice center, were connected by
tube to a stilling well where water surface elevation was measured by a hook gage. Experi-
ments were done under constant head—1. 63 ft. Variables were the tangential and radial dis-
charge, the number of nozzles, and radius of the nozzle jet circle,r;, from center of orifice.

Six sets of runs were done for different combinations of nozzles, 2 or 4,and the distances
r;» 16 in. , 24 in. or 32 in. In each set the tangential and the radial flow were varied. From
total inflow and head the coefficients of discharge C, were computed.

It was found that (regardless of the number of nozzles or their distance from the center)
the size of the stable vortex that forms depends upon the ratio of the average tangential compo-
nent of velocity to the average radial component of velocity. This ratio equals the tangent of 4,
the angle that the resultant velocity makes with the radial. And tan & is constant for any radial
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distance from the center of orifice,if no appreciable tangential force or momentum is intro-

duced.
The relationship between tan 8 and the reduction in the coefficient of discharge is shown
by the curve below. This relationship can be used to estimate the economy of using radial guide

vanes to eliminate the vortex. Also, where the vortex is used to decrease orifice discharge,its

effect can be estimated from the results plotted above.
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The tests described were made at the lowa Institute of Hydraulic Research as a part of the
graduate training program of the department of mechanics and hydraulics. Prof. Hunter Rouse

is institute director and Prof. J. W. Howe is department head.



On the Growth and Decay of

a Vortex Filament
Hunter Rouse Hsieh-ching Hsu

STATEMENT OF THE PROBLEM

KNOWLEDGE of the variation in velocity and pressure throughout the field of a vortex
filament is of basic importance in various phases of fluid mechanics. On the one hand, the for-
mation of vortices in the wake of a cylindrical body is directly related to the variable force
exerted upon the body, and the subsequent diffusion and dissipation of the vortex energy are
essential factors in the study of wakes in general. On the other hand, although present-day
analysis of fully developed turbulence no longer emphasizes the vortex nature of the turbulence
structure, evaluation of instantaneous pressure/fluctuations from a temporal velocity record may
well be facilitated by consideration of the elementary vortex pattern. This possibility becomes
the more worthy of attention with recognition of the fact that success in predicting incipient
cavitation in zones of turbulence generation depends primarily upon the accuracy with which
minimum local pressures can be foretold.

Since the time of Rankine? the velocity and pressure fields in the vicinity of a vortex fila-
ment have been expressed in terms of his so-called “combined vortex. ” As indicated in Fig. 1,
this idealization consists of a central rotational zone (or “forced” vortex) of constant volrticity ,
in which the velocity varies directly with radial distance from the axis, and a surrounding irro-
tational zone (or “free” vortex) of constant circulation, in which the velocity varies inversely
with radial distance. As described in most textbooks on the subject’??, the resulting distribu-
tion of pressure—or elevation of a free liquid surface to which the axis is normal —will have the
form shown in the figure, the maximum pressure intensity. or surface elevation being that of
the undisturbed fluid at an infinite radius and the minimum occurring at the centerline and de-
pending upon the diameter and vorticity of the central filament.

Evident from examination of the structure of Rankine’s combined vortex is the partial in-

dependence of the two zones of flow. In other words, while the circulation of the irrotational

zone and the diameter and vorticity of the rotational zone are uniquely interrelated, the same
irrotational field may accompany filaments having an infinite variety of diameters and vortici-

ties. A question hence arises as to just what governs the size of an actual vortex—and, more-

» AT, TF Proceedings of the first national congress of applied mechanics, 1951,



over,to what extent such a vortex differs from Rankine’s idealization. Although it is indicated
in a few references!® that the existence of viscous shear necessarily modifies the velocity pattern
somewhat in accordance with the heavy broken lines in Fig. 1,systematic measurements of the
phenomenon appear to be wholly lacking. In fact, the only example of vortex motion which is
conveniently subject to measurement is that which occurs over an open drain in a shallow tank;
this, however, depends for its stability upon the existence of a radial as well as a tangential
component of flow, which makes it inapplicable except in a general way to the problem at

hand.

1
V=r.zar il
I'=const 1 § = const

e LCRE

Fig.1.  Velocity and pressure fields expressed in

terms of rankine’s “combined vortex”

If, as suggested by the broken line in Fig. 1, one considers the development of a vortex to
result from viscous shear,two existing analyses for rather idealized boundary conditions war-
rant at least preliminary examination. The first, by Lamb!, assumes an irrotational field of
constant circulation to exist initially, and the subsequent alteration of the velocity field is ex-
pressed as a function of time through use of the analogy between conduction of heat and diffu-
sion of vorticity. The second, by Goldstein'®!, assumes a fluid body initially at rest but contain-
ing an isolated filament of constant diameter and vorticity, the effect of which upon the sur-
rounding velocity field is likewise expressed as a function of time, although in the form of a dif-
ferential equation of which the solution is not expressible in terms of elementary functions.

Consideration of the two analyses as means of describing vortex behavior at once reveals
serious departures from the actual state of motion. In the first, a question immediately arises as
to the original source of the irrotational field ; this becomes the more problematic when it is re-
alized that the initial kinetic energy of such a field is of infinite magnitude, and that the ulti-
mate dissipation must hence also be infinitely great. The method has nevertheless been used by
Hooker"*! as a basis for studying the diffusion of the Kdarman vortex trail. In the second analy-
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sis, the postulation of a finite core of constant vorticity (in effect, a solid cylinder of unchang-
ing rotational speed) is likewise highly artificial, except perhaps as merely the initial phase of
development. In the latter event, no solution has been found in the literature which might
characterize the further behavior of such a filament once its vorticity was permitted to change.

In view of these circumstances, an attempt has been made by the writers to formulate in
accordance with the Navier-Stokes equations a reasonable expression for the growth and decay
of an isolated vortex filament. Three specific requirements were given due consideration in this
analysis ; First, continuity of the function with respect to both time and space;second, agree-
ment with actual vortex characteristics beyond some reference stage;and, third, expressibility
in terms of significant parameters. As described in the following sections, these ends were at-
tained through three successive steps. The velocity field produced in an initially still fluid by
the action of a single line vortex was first expressed as a function of vortex strength, fluid vis-
cosity, and passage of time. The modification of this field occurring after abrupt elimination of
the generating vortex was then evaluated in terms of the original strength and length of gener-
ation, the viscosity, and the continued passage of time. Finally, the resulting function was
rewritten in terms of parameters depending upon the centerline vorticity, core diameter, and
circulation of an actual vortex at some instant of its existence, the viscosity, and the passage of

time beyond this instant.
DEVELOPMENT OF THE PRIMARY FUNCTION

For motion in concentric circles about the origin of polar coordinates, the Navier-Stokes

equations for the tangential and the radial directions reduce to the following linear forms.

& v

st a5 SP
o 19
T @

In the case of an infinitely long generating cylinder of radius r, which is suddenly brought into
rotation with the peripheral velocity v,, the instantaneous fluid velocity at any radial distance

from the axis will be ,according to Goldstein™,

2y, [T oy @)Y (ary) — Y () (ary) dx
7 |, SXP(— ) T2 Car,) + Yi(ary) z

_ Yy

, + (3)
in which J, and Y, are first-order Bessel functions of the first and second kind, respectively,
and r is any variable,

Let it first be assumed that r, approaches zero in such a manner that the product v,r,
maintains the constant value I',/2x, the limiting magnitude of the integral then being evaluat-

ed. In determining the limit of the integrand, the following relationships are useful ;
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Y, (z) = n[z(}’—}—ln 2)‘]1(2) e ;'/-:) mi(m—+ 1)!
1 1 1,1 .1 1
X(T+'2_+ m 1Tt 1+m” ©

in which 7 is the Euler constant. The limit of », Y, (xr,) as r, approaches zero may be ex-

pressed as follows:;

o)y — Ze)=— 2 D

xr, T

N |

limr, Y, (zr,) = = lim [ngln
ra—>0 -0

r
'

Hence,in view of Equation(4),

lim v (@)Y, (ary) — v,Y, (xr) (ary) lim retedi(ar)  Dpxd,(xr)

re~0 Ji(xr) + Yi(ar,) reo 7Y (2r,) 4

Upon substitution of this limiting value into Equation(3), it is found that

— [‘! — & - _ 2
U= oy ZNJO exp(— wtx?)J,(ar)dx

which through use of the formulas

Ji(z) =— (-?;Jo(z) (M
and
jmJo(ax)exp(— prat)adx = Lzexp ':‘(;—z (@)
0 2p 4p
may be integrated to yield
v = —F—ZCXP = (9

2nr 4vt

If the factor ¢ be considered to approach the limir of infinity, Equation(9) will, paradoxi-
cally , become identical to that for the line vortex in an irrotational field of constant circulation.
Evidently, this corresponds to an infinite input (as well as dissipation) of energy through ever-
lasting rotation of the generating filament. The resulting velocity distribution, of course, is
that indicated for the irrotational zone in Fig. 1,which approaches the limit of infinity as the ra-
dius approaches zero. If,on the other hand,the factor ¢ is held to a finite value, the field sur-
rounding the filament becomes restricted in its practical extent —even though the energy input
is still infinite because of the infinite velocity at the axis.

Unlike the limiting case of the field of constant circulation, the flow characteristics of this



field of decreasing circulation involve two parametric values;the circulation I'; of the generating
filament and the time ¢, during which it is assumed to operate, If, at the end of the generation
period , the hypothetical filament suddenly ceases to exist, the parameters I, and ¢, will still
characterize the subsequent dissipation. The analysis of the dissipation process over a particular

time ¢, is then reduced to finding a solution of Equation(1) which satisfies the condition

52

r, r
v = ZT"GXP 4Vtg (10>

for t,=0, and the condition v=0,r=0 for #,>>0.
One may show, through separation into two ordinary differential equations, that Equa-

tion(1)has a solution of the type
v = exp(— Aht)J, (Ar)

Since Equation (1) is linear, any linear combination of similar terms will also represent a solu-
tion. It is known,moreover, that any function subject to suitable restrictions may be expressed

as a definite integral of the form
F(r) = rAdArF(x)Jl(u)Jl(Ar)xdx
0 0

Thus, if F(z) is replaced by (I';/27x)exp(—x/4st,) ,there results

-2 r,

—Lexp —— oo, 27!'.[ AdAJ. exp —4—J (Ar)J, (Ar)dx

2nr

The solution which satisfies the required conditions for £,==0 and £,>0 is

v = J (Ax)dx

;—lj Aexp(— A*u)J, (Ar)d/lj exp —

which, upon integration in accordance with Equations(7) and (8), assumes the desired form

an

= -r—‘( exp _—r exp :—ﬁ)
2nr 4v(t, +t;) 4vt,
a generalized plot of which is shown in Fig. 2.

This equation indicates the radial distribution of velocity throughout the zone of motion at
any time ¢, for given values of the original parameters I',,t,, and v. From it may be derived
the corresponding functional relationships for the distributions of circulation, vorticity, and
pressure, as well as the nominal size of the vortex core and the total kinetic energy of the mo-
tion. As such, Equation (11) represents the primary dissipation function,which serves as the

basis of the subsequent interpretative reasoning.
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Fig. 2. Generalized flot indicating the radial distribution of velocity throughout the zone

of motion at any time ¢, for given vaiues of I'; sz, ,and v

METHOD OF APPLICATION TO SPECIFIC CONDITIONS

Although the generation of an actual vortex is surely triggered by viscous action, and al-
though dissipation just as surely begins with the onset of the generation process, in its early
stages the latter may still be susceptible to approximate analysis as a case of unsteady potential
flow —at least for fluids of small viscosity. For example, the characteristics of a vortex shortly
after its generation would appear to depend upon three independent factors:the scale of the
generating mechanism (such as a paddle or a wing tip), the relative velocity of the motion,
and either a time interval or a displacement. (Whether this would indicate three, or only two,
degrees of freedom in the vortex characteristics must remain for the present a moot question. )

Under such circumstances , Equation (11) seems at first glance to represent little more
than a hypothetical case of flow, for the parameters I'y, t,yand ¢, are too artificial to have
counterparts in the actual generation process. However. other types of flow have been de-
scribed successfully in terms of parameters which have no physical significance beyond their
usefulness as reference parameters. In other words, although the actual generation process
may well differ radically from the sequence of conditions embodied in the primary function, the
flexibility of this function may equally well permit it to represent with satisfactory approxima-
tion the state of motion at some later time. All subsequent phases of the motion would then be
predictable through an extension of this function.

The proposal is therefore made that — until a more exact solution becomes available —
Equation (11) be considered to represent the velocity distribution of a vortex at some instant
after its generation, and that the three parameters I',,¢,, and #, be expressed in terms of three
conveniently measurable and significant characteristics. Those proposed are the centerline vor-
ticity &, ,the maximum circulation I'y and the nominal core radius 7.
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