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any physical and abstract guantities have only magnitude and thus

can be described by numbers, Examples we have encountered are mass, cost,

® profit, speed, area, length, volume, and moment about an axis. Many other
quantities have both magnitude and direction. The most notable example is
velocity, which involves not only the speed of an object but also the direction
of its motion. Quantities that have both magnitude and direction are
described mathematically by vectors. In this chapter we will study vectors
and their applications. including the description of lines and planes in space.

® 8

11.1 VECTORS IN SPACE

Qur first task will be to set up a coordinate system in space, much as we did
for the plane. Using the new coordinate system, we will define the concept of
@ vector and present various elementary properties of vectors.

Cartesian Coordinates in Space

We begin by considering three mutually perpendicular lines that pass

® through a point O, called the origin (Figure 11.1). The three lines are named

the x axis, the y axis, and the z axis. For each of these axes we set up a

correspondence between the points on the axis and the set of real numbers,

letting the origin @ correspond to the number 0. We call this coordinate

@ system three-dimensional space, or simply space. The axes are always drawn

as in Figure 11.1, with the positive x axis pointing toward the viewer, the

positive y axis pointize toward the right on the page, and the positive z axis
pointing upward on the page.

In three-dimensional space there are three coordinate planes: the xy

xy plane

Theee-dimensional space
_FIGURE 1.1 . FIGURE 11.2
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plane, which contains the x and y axes; the xz plane, which contains the x
and = axes; and the yz plane, which contains the y and z uxes. Since each
planc divides space into two paits, the three coordinate planes together.
divide space into eight regions, called octants (Figure 11.2). The octant
containing the positive x, y, and z axes is called the first octant.

If P is any point in space, then the three planes through P perpendicular
to the three axes intersect the x axis, the y axis, and the z axis at points
corresponding to numbers x, y, and z, respectively (Figure 11.3). Therefore, ()
we associate P with the ordered triple of numbers (x, y, z) and call {x, y, z)
the rectangulur coordinates {or Cartesian coordinates) of P-Figure 11.4 ex-
hibits a few points in space, along with their Cartesian coordinates. ..

Under the assdciation we have just described, each point in space is
identified with an ordered triple of numbers. Conversely, each ordered triple
(x, y. ) is identified with a single point whose coordinates arc (x, ¥, z). This
correspondence will enable us to describe geometric objects.in space by
means of equations. ' - '

Just as with points in the plane, tne notion of distance between two
points in space is fundamental. The formula for the distance | PQ| between
two points P = {xq. yo. Zp} and @ = {x,, ¥, z;) is

S

170} = /o TR T B A AT

as you can prove by two successive applications of the Pythagorean
Theorem {Figure 11.5). If ¢ = O, then (1) reduces to

Sy

1PO| = |0P| = /XT+ B+

Example 1 Let P = (—1.3,6)and 0= (4.0, 5). Find {PQ|. | PO}, and |0Q|
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Triangle inequatity
IPQI=IPRI+IRQI

FIGURE 116

A sphere of radiusa

FIGURE 11.7

Example 2

Solution

We calculate that
|PQ} = /@ - (-1 + @ —3F + (5~ 6/ = /35
|PO) = J(=1F + 37 + 6 = . /46
0| =/ + 0 +5 =41 O

The three basic laws governing the distance between two points in space
are :

The first two laws follow directly from (1). The third law, which is known as
the “triangle inequality,” implies that the length of any side of a triangle
does not exceed the sum of the lengths of the other two sides (Figure 11.6).
(Sec Exercise 25 in Section 11.2 for a proof df the triangle inequality.)

The sphere with center Py = {xy. . 25) and radius o is defined to be the
set of all points P such that

(Figure 11.7). Thus a point P - {x. ¥, 2) lies on that sphere if and only if
VE=xF + =yl + -z =a

or equivalently, if and only if
TR AT R e R e
Rl A U dof + e~ ) =a

This is an equation of a sphere in space,

Show that
P+ =2¢ 44y — 6z

is an equation of a sphere. Find the center and the radius of the sphere.

We transpose terms from the right side to the ieft side of the equakion;
complete the squares, and obtain

(= + D+ (2 -y + )+ (2 +6z+9)=1+4409
or x—1P+(-2P+(z+31=14
This is an equation of the sphere with center (1, 2, ~3)and radius . /14.
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The ball with center Py = (xp, ¥p, Zo) and radius g is the collection of
points P = {x, y, z) such that | P, P| < 4, or such that
JE—% ¥+ -yl +-2¥<a
(Figure 11.8(a)). This is equivalent 10
(x =X +{y = yof + (2~ z2f <&
y Thus if Py = (1, 2, —3), then P ={x, y, z) is in the ball with center P, and
radius 3 provided that |Py P| < 3, or that
Velocity JE1P -2 +(z+3) <3
vector

A ball is the solid region in space enclosed by 3 sphere. The correspond- {D
y ing region in the plane is enclosed by, a circle, and we call such a region a
disk. The disk with center Py = (xq, ¥o) and radius a is the collection of
points P = (x, y) such that | P, P| < a, or such that

VX~ +—-yo)<a
(Figure 11.8(b)). This is equivalent to

FIGURE 11.710

x—xo +y—w)sd
Vectors

Intuitively, a vector is a directed line segment in space, often described by an
arrow (Figure 11.9). Vectors appear constantly in the study -of motion in
space. For instance, consider a particle moving along the path shown in
Figure 11.10. If at a given time ¢ the particle is at point P, we can assign to P
a vector, called the velocity vector, which points in the direction of the
particle’s motion and has length equal to the speed of the particle. Vectors
are also used to describe force; the vector describing ‘a force points in the

direction in-which the force acts and has length equal to the magnitude of
the force. ®
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DEFINITION 11.1

Example 3

Solution

One obvious way to describe a vector is simply to give the coordinates of
the initial and terminal points of the directed line segment assoctated wnh it.
But as our comments on velocity and force suggested, one is normally con-
cerned more with the direction. and lenglh of a vectdr than with its. initial
and terminal pomts The vector appearing in Flm IL11 represents a
change of 2 units in the positive x direction, 1 unit in ﬂ\u&ney.tm: y direction,
and 3 units in the positive z direction. These three nﬁh\bers identify the
direction and length of the vectar, and hence we can conveniently identify
the vector with the ardered triple (2. — 1. 3). More generally, if a directed line
segment has initial point {x, . yo. zo) and terminal point (xl, Y 2y} then the
corresponding vector represents a change of x; — xg units in the positive x
direction. y; — y, units in the positive y direction, and ry, ~ z, units'in the
positive = direction. Therefore we can group these three differences into the
ordered triple (x; — xp. ¥, — ¥o. Z; — 2y) 3nd identify the vector with this
ordered triple. '

A vector is an ordered triple (a,, a;, a;) of numbers. The numbers a,,
a,, and ay are called the componetits of the vector. The vector asso-
ciated with the directed line segment with initial point P = (xq, s, Zo)
and tegminal point @ = (xy, 1, 2118 (X1 = X0, ¥1 — Yo: 21 — Zo)and is
denoted PQ.

Two vectors (a,. a;. a;) and (b,, by, b3] are equal’T and only if their
components aré equaf that is,

a4y = bls i = bz, aﬂd ﬂ3 = b3

In the arrow notation, }7@' R3if PO and RS are reptesented by the same
ordered triple.

v, .

LetP—{l LIhQ __‘é—-l 0,6) R=(0, —1, —ZLandS—( 2 —4, —-3}
Show that P_Q'and are the same vector.

Applymng Definition 11.] to the components of P, Q, R, and S, we find that
= PO=(-2.23, -9¥=RS O

In print, vectots are atmost always represented by boldface letters,

‘although the choige ol the patticular letters used for vectors varies widely

@ {depending on the context). To dlstlngulsh vectors from numbers, which are

."
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DEFINITION 11.2

{0, 1, 0y

FIGURE 11.13

also called scalars. we will nermally denote vectors by lower case boldface
letters near the beginuing of the alphabet, such as.a, b, and ¢. Other letters
denote special vectors: for example, the zero vector (0, 0, 0) is denoted 0.
Since it is difficult to write a boldface letter by hand. vectors are usually
written by placing an arrow over a symbol or expression, Thus we would
write & as .

Each vector a = (&y. ¢;. a,) can be associated with a directed line seg-
ment having an atbitrary initial point P (Figure 11.12), and different initial
points i space give us different representations of the same vector. If P is the
origin, then the vector a = (a,, a, , a,) is associated with the point (a,, a, , a,)
in space and with the directed line segment from thé origin to (a,, 4, as)
{Figure 11.12).

A natural way to assign a length to a vector a = (a,, a,, a,) is assign
it the length of the directed line segment from the origin to the point
(41 4y, a3)

i

The length (or morm) of a vector a = (ay, a;, a,) is denoted ﬂlu andus ®

defined by
Ja] = \/El +a; +a;

A unit vector 1s a vector having length'l.

For example. if a = (— 1. 3, 6). then
laj = /(-1 + 3% + 6* = /46
This is the same number we found in Example 1 for the distance between the

point {— 1. 3. 6) and the origin. In general, the length | PO} of the vector P
is the same as the distance |PQ| between P and Q.

There are three special unit vectors that w1ll simplify describing and
operating on vectors:

i=(L0,0) j={010) k={001)
{(Figure 11.13). It is obvious from the definition of length that
i = = el =1

so that i, j, and k are indeed unit vectors.
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Combinations of Vectors

Numbers can be added. subtracted. and multiplied ; vectors can be combined
In similar ways,

DEFINITION 11.3 , ,
' Leta“__(ala az,a;)mdbrs(bi,b,, b3)b€"¢¢t0!‘5, and let ¢ be a
number. Then we define the sum @ + b, the difference a — b, and the
scalar multiple ca by
l+b=(ﬂl+bl,ﬂz+bz,‘.3 +b3}
 a—b=(a, ~ by, a;—b;, 0, — by)
ca = (ca,, ea,, ca,)

‘Sometimies we write 8/c for {1/c)a. Thus we might express 4 as a/5.

Tweo types of products of vectors will be defined in Sections 1.2 and 11.3.
However. we will not define any quotients of vectors.

There are many laws governing the operations in Definition 11.3. For
exunple

O+a=n+8=a ' at+b=b+a
a~b=a+{-1h da+b)j=ca+ch
D =10 T ta~=a

s+(P+ci=(a+h+te

Example 4 leta=(l —32)andb=(~4, —1,0) Finda+b a-b, and —ia.

Solution From the definitions’ we find that

A+b=(l+ (=4 =3+ (~1).2+0)={~3, —4,2)
a—b={1—{(-4) -3 —(=1),2-0)=(5 —2.2)

_1_3_(_1 3 —1)
2T v O
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Using addition and scalar multiplication of vectors, we can express any
vector & = (a;. 4. @) as a combination of the special unit vectors i, j, and k.
Indeed

a= (“1.. s ., ﬂj) = (ﬂ'h 0‘.. 0)+ (0-. s, 0) + (0. 0.. ﬂ3)
= &, (1. 0, 0) + 20, 1. 0) + as(0, 0, 1)

=a|i + ﬂzi‘i’ (‘f_]k
In other words

a=ai+aj+ak 2

For example,
(1L, -3.2)=i—-3j+2k
If P = (xp, yy. Zp)and Q = (x,, y,, =, ). then we can express P_Q' in the form
of (2):
-Fé’{xx"xoi'*‘(\'i"k}i*'(zx—zol

In our later study of calculus we will often find it useful to write a vector in
the form of (2). Since the components of a vector a are the coefficients of the
unit vectors i, j, and k in (2), we sometimes call a, the i component, 4, the j
component, and a, the k component of a

Using the notation in (2}, we restate the formulas for the length, sum,
difference, and scalar multiple of vectors:

lasi+ @3 j+ as k| = Jal + a2 + &} (3)
(@i + a2 j + ayk) + (byi + by j + bsk) = (ay + by )i + (a2 + by)i
+ (a3 + by )k
(@if + a3 § + agk) = (byi + by j + b3 k) = (a, — by )i + (a2 — b,)j
3 . +(a; —b)k
clasi+ a; j+ a; k) = ca,i + ca, j + cask

It follows from (3) that

la,| < laji+a,j+ as k||, {42 < @i+ ay j+ as ki

las| < Jlaii + 0, j + as K|

In summary, we list the various ways of descrihing a single vector: _
{a,, a;. a3), an ordered triple of numbers
(¢, a3, a3), a point in space }
a directed line segment with initial point {x,, yy, zo) and terminal point
(-\‘0 Fdy, Yo+ U, Zg +
@i+a,j+ask :
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Geometric Interpretations of Vector Operations

: ®

Riugy thy.ay+ hz,a3 (.31
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i
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2 1

FIGURE 1114

‘DEFINITION 11.4

2

The inany geometric and physical meanings that can be attached to combin-
ations of vectors make vectors very pewerful tools for scientists. To interpret
the sum of two vectors geomelrically. we begin by letting a = a,i +
ity j+askandb=hi+ h,j+ byk Then wecan think of 8, b, and a + bas
directed line scgments from the origin to the points P, 0, and R having
coordinates {u,. ds.ay ). by by by)oand (¢ + by ay + by.ay + b)) respec-
tncly {Figure (1.14). Now observe that if the directed line segment rep-
resenting b is placed so that its initial point is P, then its terminal point will
be R. Thus the vector a + b gan be obtained by placing the initial point of a
reprosentative of b on the terminal point of a. Notice that the two represen-
tatons of a and b (solid and dashed) shawn in Figure 11.14 determine a
paallclogram whose diagonal is a + h.

Nevt we ket a=ai +a, j+ a3k be a vector and ¢ be any number. 1t
[ollow from the definition of length that

lcall = | |la

When a is multiplied by a positive number ¢. its length is multiplied by ¢ and
its direction does not change {Figure 11.15}. The vector —a has the same
length ax & but has the opposite direction (Figure 11.15). Thus if a is multi-
plicd by a negative number - its length is multiplied by. f¢ ] and its direction
i reversed (Figurg 11.15). Two nonzero vectors whose initial points are
the origin are considered parallel only ifthey lie on the same line through the
origin. and in that casc they are multiples of one another. Hence we make
the Tollowing definitian.

Two nonzero vectors a and b are parallel if and only if there is a
number ¢ such that b = ca,

gl b= em

N0 caill<e < 1)

FIGURE 11.15

10
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Example 5 lecia=6i —2j+ 4k and b= ~3i + j — 2k. Dctermine whether a and b are
parallel.

L)

Solution You can check that b= — }a: conscquently a and b are paralict. [

The wnir recror inthe divection of a nonzere vector & is 2-1a°, Such vectors
will be particularly important in Chapter 12,

Example 6 Find the unit vector in the direction of 4i — i3k

Solution Since

Mi—j- k= FF(1P+ (-3 =%

it foltows that the sequired vector is

I N TR
| .
AY
£

The difference & ~ b is the sum a + (—b). Therefore our interpretations
of sum and constant multiples of vectors tell us that if the dirccted line
segments representing a and b both have the same initial poinl P {such as the
origin), then the directed Hne segmient from the terminal point of b 1o the
terminal point of a represents the vector a — b (Figure 1 1.16). We will occu-

) sionally emptoy this geometric interpretation of the difference of two
FIGURE 11.16 vectors,

Applications of Vector Addition

Vector addition” has been defined as in Dehmition UL because so many
physical guantities combine according to veetor addition. For example. if
several forces act at the same point P on an object. then the objeet reacts s
though a single force equalto the sector sum of the several foregs wets on the
object ) @

Example 7 Two clildren pull 4 sled by ropes 4 feet long atlached to the front center of
the sted. The smaller child holds the rope 2 feet above the sked and 2 foct o
the side of the point of attachment. and the larger child holds the rope 3 feet
above the sled and 2 Reet 1o the opposite side of the point of attachment
(Figure 11.17{a)). The smaller child exerts i force F ol magnitude 5 pounds.
ind the taller child a force F, of magnitude 7 pounds. Find the resultant
force Fy + F, on the sled.

11



