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ALGEBRA THEORY OF SOFT ALGEBRA*

Pel Li—Wen

(Dept. of Math., Wuhan University, China)

Just as the Boolean algebra is algebra theory of sets theory, so the soft algebra
{s algebra of fuzzy sets theory, When the law of the complement is replaced by De
Morgen, the Boolean algebra Is called a soft algebra, As a consequence the soft algebra
is generalization of Boolean algebra, In this paper we shall investigate what results
are held and what new results are generated in the soft algebra,

Let L=(L;<, V,/\,’)be a distributlve lattice with maximal ¢lement(denoting
by 1),and minimal element(denoting by (0).Where’is a unary operation on L—called
the De Mogen complementation—which satisfies for all ¢,6€ L,(1) ¢’ = a; (2)(aVb)’
=a’ A6, (a/Ab) =a’\/b', Then L is calied a soft algebra (or a fuzzy lattice) .
In this definition the condition (2) can be replace by the equivalent condition as
follows; a<b=ba’>b’,

For subalgebra some results of Boolean algebra are held, But homomorphic ima-
ges of maximal and minimal elements can be not maximal and minimal elements,

The product of the family of soft algebras is also a soft algebra,

ldeal in the soft algebra

Definition 1.1 Let L be a complete soft algebra, ¢=E L is called an ideal

of L, iff
1) x,y€ Ex\/ye E 1) 0y, x€EE=»y€eFkF,
When condition ;) is replaced by ¢/), as in the follow{ng,
7)) vx.€E(a€]) =>Sup x.EE

Then E is called a band of L

It is obvious that arbitrary intersection of ideals (bands) is again an ideal(band),

Definition 1,2 A soft algebra is said to be complete iff every non-empty subset
Ec L has a least upper bound, Let I be a complete soft algebra, let £ be a band
of L, Then Yx€ L the element Px & sup{y|o<y<Cx, y€E} is called projection of
x on E,

Definition 1.3 Let L be a soft algebra, The elements a, b€ L are called disjo-

. Rescarch supported by the National Science Foundation of China.
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int, this will bde -denoted dy a_ b, 1ff aNb=0, Moreover {f 4 Is a subset of L
define,
AtA {x€L,x \a=0 for all a€ A},

Proposition 1.4 Let L te a complete soft algebra, Let F L be a band in L,
Then vx,y€L,x | y=Px | Py, xCE€» Px=x.x | L4 Px=0.P (x\/y) = Px\/
Py,

When L is complete distributive for x,€ L(i€ ), then we have P(supx,) =
aupr” P(inf x.) = intPx,, et

i€l .

Proposnhon 1.5 Let L be a complete soft algebra satisfying complete distribut-

ive law, let L'<<L be any subset in L, Then E¢ is a band in L, and we have
(1) (supx’s)’ = infxy (2) (nf &7,)" =supx,

Suppose we denote by - a band generated by E(i.c F¢ is a least band which
contalns £), then E\ L, E, =L, E | E,sE} | E}?

Every set{xs}s.; of mutually disjoint elements of the soft algebra is called a
disjoint system in L,

I#{xa},., is a disjoint system in L, then define Sxasisupxs and it is called a
disjoint union of{xa}a.;. et

Obviously we have P(Sxa) = S(Px.).

Definition 1.6 Let L be a complete soft algedbra,let {£'c}a, , bea disjoint band’s
system in L, {Fs},.., is called a complet family of the band in [ iff SupkL.=1

ael

Obviously 1€ Ey(VoE]) except for {Eabae, = (L},

Proposition 1.7 Let L be a complete soft algebra, Let{i,}. , be a complete
family of the bands in L, Then vx€ L, we have x=Sx, x%€E, Moreover the
decomposition of x with respect of {E 3} e, is unique to be more precise i.e.if x = Sx,,
2 EE (va€l), then x,= Pr,x(Where Pe.x is the projection of x for Ep.

It is evident that if L is a complete soft elgebra, and {Es}ee, is disjoint band’s
family, then T,

{Ese. 1 is complete family €md v € L there exists unique decomposition x = YN
% €E(ve€ D),

Proposition 1.8 Let{l.},., be a family of complete soft algebra, let I = IIL
be their cartesian product with canorical order. then Me= { [I XalXa=0, a#ﬁ’,

x8€ Lgt 1€ I.contitute a complete famiiy of the bands of L,

‘Proposition 1.9 Let I. be a complete soft algebra, let{E.},,, be a complete
family of the disjvint bands,then [ = {I’ Lo(where by «x2” denoting isomorphic.
relations),

Definition 1.10 Let I be a complete soft algebra, let FL pe a band in L,
[ is called a normal band iff SupE'A(supl)’ =0(d.e. IgA 17540 dcnoting

Lsuply,
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Proposition 1.11 Let L be a complete soft algebra, let F"L be a normal
band in L, Then Px=g=>Fs’ = Px’; Px=Py=>Px' =Py,

Definition 1,12 Let L be a complete soft algebra, let FC-L be a normal band
in L, Por any x€ E the element y= Px’ € F is called a derived complementation
of x in E(denoting by x/,), It is evident that Vvx€ L, Px’ = (Px)', S

Proposition 1.13 If L is a complete soft algebra, and /'L is a normal

band, then vx,y€ L, x<y=>x.24%, x;=rx,

2. Component in the Soft Algebra

Definition 2.1 Let L be a complete soft algebra, Then F </ is called a com-
ponent in L ift Feo= F

Proposition 2.2 KL is a component in L<>3 DcL,s.t.D¢=F,

Definition 2.3 If D,F/ are two bands in [, and 4= E4, then E and [)
are called co-component bands,

Proposition 2.{ XL is component in L<=F is maximal of all co-compon-
ent bands in L, T

Proposition 2.5 Let ~ be component in the soft algebra, we have(E\/E“)¥ =],
where E\/E? is minimal ideal including £ and EY,

Proposition 2.6 4, BEL(AUB)*DAM BY,

Definition 2.7 Let L be a soft algebra. let DDA be two ideals in L, D is
called a base of 4 iff vy, 0%y €D, qv, 0x%x€ A, s.t, vy,

Proposition 2,8 It I is a complete soft algebra every component is an ideal,

when L is complete distributive, then every component is a band,

Proposition 2.9 If L is a soft algebra, .4cCL is an ideal in L, then D'is a
component generated by A<=%1) is maximal ideal of all ideals with the base A.

Proposition 2,10 If L is a soft algebra, and E,, E,CL are two subsets of L,
then £, | B, F % | F,%,

Proposition 2.11 In the soft algebra the intersection of arbitrary family of the
component is again component of L,

Given the non-empty subset /) of [, the intersection of all component includ-
Ing D is called the component pgenerated by ), Tt follows immediately that the

minimal component including ) is F%,

3. Maximal and Fundamental Components

Definition 3.1 Let L be asoft algebra,let Ec-L be a component of L, E is called
maximal component iff for any component DL such that D>F, we have D=L,

In L a component F'cZL is called a fundamental component if and any if for

3
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any component D F, we have D=0,

Proposition 3.2 Let L be a soft algebra, then £ L is a maximal component
&g a fundamental component ), suth that E = D,

Proposition 3.3 Let L be a soft algebra, Let E L be a fundamcntal compon-
ent of L, then vx,yCE, {x}¥={y}¥=FL,

4. Normal Component

Definition 4,1 If L is a soft algebra, x€ L is called a crisp point iff x\/x' =1,

Naturally the above condition is equivalent to that x Ax’ =0, A soft algebra is
called normal iff for any component F of L, lgpZsup{x; x€ E} satisfies above
condition(i,e.1e\/ 1’ =1, 1eAle’ =0),

Proposition 4.2 Let L be a soft algebra, Then the family of all crisp points
constructs a Boolean algebra,

Theorem 4.3 Let L be a normal soft algebra, Then L is a Boolean algebra iff
for any ideal £ of L always have E!= E%,

Theorem 4.4 The maximal elements of all component of a normal soft algebra
constitute a Boolean algebra,

Proposition 4.5 Let L be a soft algebra, and let A= {x|x<a}, (Where a is a
crisp point and satisfies condition x_| a’ =>x<(a), then A is a component of L,

Proposition 4.6 If L is a normal soft algebra, and EcL is a component of L,
then E/ = E4(where E/ = {x' €L|x€E}),

Theorem 4.7 If L is a normal soft algebra, and EcL is any subset of L,
Then E% and E? construct a complete family of components,

Proposition 4.8 Let L be a normal soft algebra, let x€L be any element,
If a component D contains x and{x}¢, then D=L,

Theorem 4.9 If L is a normal soft algebra with a complete family of fundame-
ntal components, then L is isomorphic to an L-Fuzzy space,
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