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Necessary and Sufficient
Conditions for Maximization of a
Class of Preference Relations

GUOQIANG TIAN
Texas A&M University

First version received May 1990, final version accepted January 1993 { Eds.)

This paper provides necessary and sufficient conditions for the existence of greatest and
maximal elements of weak and strict preferences, and unifies two very different approaches used
in the related literature (the convexity and acyclicity approaches). Conditions.called transfer
FS-convexity and transfer SS-convexity ure shown to be necessary and, in conjunction with transfer
closedness and transfer openness, sufficient for the existence of greatest and maximal elements
of weak and strict preferences, respectively. The results require neither the continuity nor convexity
of preferences, and are valid for both ordered and unordered binary relations. Thus, the results
generalize almost all of the theorems on existence of maximal clements of preferences that appear
in the literature.

1. INTRODUCTION

The notion of preference relations or utility functions is a central concept in economics,
particularly, in consumer theory. Historically, the concept has been included in writings
on economics and psychology for a few hundred years, at least as far back as Jeremy
Bentham (1789). For the representability of a preference relation, Wold (1943-44)
provided the first rigorous study, and the complete solution to this problem was given
by Eilenberg (1941), Debreu (1954, 1964), Rader (1963) and Bowen (1968) among others.
The complete solution of the existence of maximal (or greatest) elements of a preference
relation, however, has not been achieved in the sense that all the conditions for existence
are sufficient, and no unified conditions have been obtained for ordered preferences (i.e.,
for total, reflexive and transitive preferences) and non-ordered preferences. Indeed, one
can easily find many simple examples of binary relations which have or do not have a
maximal element, but none of the existing theorems can reveal these. One might therefore
conjecture that the existing theorems can be generalized. The results obtained in the
paper reveal that this conjecture is indeed correct.

For non-total/non-transitive preference relations, some economists (Sonnenschein
(1971), Shafer and Sonnenschein (1975), Yannelis and Prabhakar (1983)) have worked
only with preferences which are SS-convex or FS-convex or have convex upper cantour
sets;' some economists (Brown (1973), Bergstrom (1975), Walker (1977)) have worked
only with acyclic preferences; and others (such as Schmeidler (1969), Rader (1972) among
others) have considered existence only for incomplete preferences. All of these studies
assume that weakly upper contour sets are closed or strictly lower contour sets are open.

1. The SS is for Shafer and Sonnenschein and the FS is for Fan and Sonnenschein. The definitions of

SS and FS convexities will be given below.
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