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Preface

Calculus: One and Several Variables is available both as a complete volume and
in two parts. In the two-part version, Part 1 considers functions of one variable,
analytic geometry, and sequences and series (Chapters 1 to 13 of the complete vol-
ume). Part 2 repeats the material on sequences and series and goes on to discuss
functions of several variables and vector calculus (Chapters 12 to 19 of the com-
plete volume).

Both in content and in spirit this edition is very similar to the previous ones.
There are, however, some noticeable differences:

1. All the figures have been redrawn.

2. Chapters which were rather long in previous editions have been broken up, re-
sulting in a marked increase in the number of chapters.

3. For the benefit of students who come weakly prepared, we have added a review
section on lines and slowed the pace of our discussion of polar coordinates.

4. Although we continue to define the definite integral in terms of upper and lower
sums, we also introduce Riemann sums and use them in several applications.

5. Indeterminate forms, formerly discussed after infinite series, now appear be-
fore the chapter on infinite series. This makes L’Hospital’s rule available for
radius of convergence arguments.

6. Line integrals, formerly appearing at the end of our chapter on functions of sev-
eral variables, now form part of a new final chapter. In this new chapter we take
up curl and divergence and give an elementary view of Green’s Theorem, the
Divergence Theorem, and Stokes’s Theorem.

Here and there you may find other changes—a paragraph rewritten, an additional
example, a new exercise—but most of these changes are minor and will probably
pass unnoticed.

S. L. Salas
Haddam, Connecticut
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A Note From The Publisher

A Student Supplement is available for use either as a self-study guide or in con-
junction with any calculus course based on this text. Preliminary editions of this
supplement have been classroom tested since 1972.

The Supplement provides alternate explanations and perspectives on the mate-
rial in the text. Additional examples are worked out in detail to help focus atten-
tion on the central concept(s) of each section.



The Greek Alphabet

PEXBOXESMTITOONZZ>R"O INEHDB ST >

vii

DI M R WK

-~

€ €X 6 ¢ 9 gD 3y O m ¥ T >3

alpha
beta
gamma
delta
epsilon
zeta
eta
theta
iota
kappa
lambda
mu

nu

Xi
omicron
pi

rho
sigma
tau
upsilon
phi

chi

psi
omega



bniz

Gottfried Le



Contents

Chapter 1 Introduction

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8

What is Calculus?

Notions and Formulas from Elementary Mathematics
Some Problems on Lines

Inequalities

Inequalities and Absolute Value

Functions

The Composition of Functions

One-to-one Functions; Inverses

Chapter 2 Limits and Continuity

2.1
2.2
2.3
2.4
2.5
2.6
2.7

The Idea of Limit
Definition of Limit
Some Limit Theorems
More on Limits
One-Sided Limits
Continuity

Additional Exercises

Chapter 3 Differentiation

3.1
3.2
3.3
34
3.5
3.6
3.7

The Derivative

Some Differentiation Formulas

The d/dx Notation

The Derivative as a Rate of Change

The Chain Rule

Derivatives of Higher Order

Differentiating Inverses; Fractional Exponents

ix

12
17
19
23
28
33

39

39
45
56

68
73
83

87

87

95
102
107
110
118
120



Contents

3.8 Additional Practice in Differentiation
3.9 Tangent Lines and Normal Lines

3.10 Implicit Differentiation; The Angle between Two Curves

Chapter 4 The Mean-Value Theorem and Applications

4.1 The Mean-Value Theorem

4.2 Increasing and Decreasing Functions

4.3 Maxima and Minima

4.4 More on Maxima and Minima

4.5 Some Max-Min Problems

4.6 Concavity and Points of Inflection

4.7 Some Curve Sketching

4.8 Rates of Change Per Unit Time

4.9 The Little-o(h) Idea; Differentials
4.10 Additional Exercises

Chapter 5 Integration

5.1 Motivation: An Area Problem; A Speed-Distance Problem

5.2 The Definite Integral of a Continuous Function
5.3 The Function F(x) = f " o) di
a

5.4 The Fundamental Theorem of Integral Calculus
5.5 Some Area Problems; Some Problems of Motion
5.6 The Linearity of the Integral
5.7 Indefinite Integrals
5.8 The u-Substitution; Change of Variables
5.9 Some Further Properties of the Definite Integral
5.10 More on Area
5.11 Additional Exercises
5.12 Riemann Sums

Chapter 6 The Logarithm and Exponential Functions

6.1 In Search of a Notion of Logarithm

6.2 The Logarithm Function, Part I

6.3 The Logarithm Function, Part II

6.4 The Exponential Function

6.5 Arbitrary Powers; Other Bases; Estimating e
6.6 Exponential Growth and Decline

6.7 Integration by Parts

6.8 (Optional) The Equation y'(x) + P(x)y(x) = Q(x)
6.9 Additional Exercises

Chapter 7 The Trigonometric and Hyperbolic Functions

7.1 Differentiating the Trigonometric Functions
7.2 Integrating the Trigonometric Functions

125
125
129

135

135
139
146
153
158
165
167
171
177
183

187

187
191

197

204
208
211
213
215
218
222
227
229

233

233
235
242
249
258
268
274
279
283

287

287
299



7.3
7.4
7.5
7.6
7.7

The Inverse Trigonometric Functions
Additional Exercises

Simple Harmonic Motion

(Optional) The Hyperbolic Sine and Cosine
(Optional) Other Hyperbolic Functions

Chapter 8 The Technique of Integration

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9

A Short Table of Integrals; Review

Partial Fractions

Powers and Products of Sines and Cosines
Other Trigonometric Powers

Integrals Involving \/a? + x? and Vx? + a2
Rationalizing Expressions in sin x and cos x
Some Rationalizing Substitutions
Approximate Integration

Additional Exercises

Chapter 9 The Conic Sections

9.1
9.2
9.3
9.4
9.5
9.6
9.7

Introduction

The Distance Between a Point and a Line; Translations
The Parabola

The Ellipse

The Hyperbola

Additional Exercises

Rotations; Eliminating the xy-Term

Chapter 10 Volume, Work, and other Applications of the Integral

10.1
10.2
10.3
10.4
10.5
10.6
10.7

The Average Value of a Continuous Function
Volume: Parallel Cross Sections

Volume: The Shell Method

The Notion of Work

Fluid Pressure

Revenue Streams

Additional Exercises

Chapter 11 Polar Coordinates; Parametric Equations

11.1
11.2
11.3
11.4
11.5
11.6
11.7
11.8
11.9

Polar Coordinates

Graphing in Polar Coordinates

The Intersection of Polar Curves

Area in Polar Coordinates

Curves Given Parametrically

(Optional) The Cycloid; A Note on Area
The Least Upper Bound Axiom; Arc Length
Area of a Surface Revolution

Some Additional Exercises

Contents

304
311
312
318
323

329

329
333
342
345
349
351
354
355
361

365

365
366
369
377
384
389
389

395

395
399
409
414
419
423
426

429

429
436
441
442
446
454
456
465
471

xi



xii

Contents

Chapter 12 Sequences; Indeterminate Forms; Improper Integrals

12.1
12.2
12.3
12.4
12.5
12.6
12.7

Sequences of Real Numbers

The Limit of a Sequence

Some Important Limits

Limits as x — +

The Indeterminate Form (0/0)

Infinite Limits; The Indeterminate Form (cc/)
Improper Integrals

Chapter 13 Infinite Series

13.1
13.2
13.3
13.4
13.5
13.6
13.7
13.8
13.9
13.10
13.11

Sigma Notation

Infinite Series

The Integral Test; Comparison Theorems

The Root Test; The Ratio Test

Absolute and Conditional Convergence; Alternating Series
Taylor Polynomials in x; Taylor Series in Powers of x
Taylor Polynomials in x — a; Taylor Series in Powers of x — a
The Logarithm and the Arc Tangent; Computing =

Power Series, Part 1

Power Series, Part 11

Problems on the Binomial Series

Chapter 14 Vectors

14.1
14.2
14.3
14.4
14.5
14.6
14.7
14.8
14.9

Cartesian Space Coordinates
Displacements and Forces

Vectors

The Dot Product

Lines

Planes

The Cross Product

Some Geometry by Vector Methods
Additional Exercises

Chapter 15 Vector Calculus

15.1
15.2
15.3
15.4
15.5
15.6

16.1
16.2
16.3
16.4

Vector Functions

Differentiation Formulas

Curves and Tangents

Velocity and Acceleration

Arc Length and Speed

(Optional) The Curvature of a Plane Curve

Chapter 16 Functions of Several Variables

What Are They?

A Brief Catalog of the Quadric Surfaces
Graphs; Level Curves and Level Surfaces
Partial Derivatives

473

473
478
488
493
496
501
507

515

515
518
525
531
535
540
549

556
562
570

575

575
577
581
589
596
603
609
616
618

621

621
626
631
636
644
651

659

659
663
669
675



16.5
16.6

Open Sets and Closed Sets
Limits and Continuity; Equality of Mixed Partials

Chapter 17 Gradients; Extreme Values; Differentials

17.1
17.2
17.3
17.4
17.5
17.6
17.7
17.8
17.9

Differentiability and Gradient

Some Simple Properties of Gradients

The Mean-Value Theorem and Chain Rule

The Gradient as a Normal; Tangent Lines and Tangent Planes
Maximum and Minimum Values

Second-Partials Test

Maxima and Minima with Side Conditions

Differentials

Reconstructing a Function from its Gradient

Chapter 18 Double and Triple Integrals

18.1
18.2
18.3
18.4
18.5
18.6
18.7
18.8
18.9
18.10

Multiple-Sigma Notation

The Double Integral over a Rectangle

The Double Integral over More General Regions

The Evaluation of Double Integrals by Repeated Integrals
Double Integrals in Polar Coordinates

Triple Integrals

Reduction to Repeated Integrals

Averages and Centroids

Integration in Cylindrical Coordinates

Integration in Spherical Coordinates

Chapter 19 Line Integrals and Surface Integrals

19.1
19.2
19.3
19.4
19.5
19.6
19.7

Work and Line Integrals

The Fundamental Theorem for Line Integrals
Green’s Theorem

Multiple Riemann Sums; Surface Area

The Mass of a Material Surface; Surface Integrals
The Divergence Theorem

Stokes’s Theorem

Appendix A. Some Elementary Topics

A.l
A2

Sets
Induction

Appendix B. Some Additional Proofs

B.1
B.2
B.3
B.4

The Intermediate-Value Theorem

The Maximum-Minimum Theorem
Inverses

The Integrability of Continuous Functions

Contents

682
685

693

693
699
709
718
726
732
737
744
749

757

757
760
770
772
782
791
794
801
810
816

821

821
828
834
837
844
851
855

863

863
867

871

871
872
873
874

xiii



xiv

Contents

B.5 The Integral as the Limit of Riemann Sums
B.6 A Variant of Bliss’s Theorem

Appendix C. Tables

Table 1 Natural Logs

Table 2 Exponentials (0.01 to 0.99)

Table 3 Exponentials (1.0 to 4.9)

Table 4 Sines, Cosines, Tangents (Radian Measure)
Table 5 Sines, Cosines, Tangents (Degree Measure)
Table 6 Integrals

Answers to Starred Exercises

Index

878
878

881

881
882
883
884
886
887

A1



Introduction

1.1 What is Calculus?

To a Roman in the days of the empire a ‘‘calculus’ was a little pebble used in
counting and in gambling. Centuries later the verb ‘‘calculare’’ came to mean
‘“‘to compute,’’ ‘‘to reckon,’ ‘‘to figure out.”’ To the engineer and mathematician
of today calculus is the branch of mathematics that takes in elementary algebra
and geometry and adds one more ingredient: the limit process.

Calculus begins where elementary mathematics leaves off. It takes ideas from
elementary mathematics and extends them to a much more general situation. Here
are some examples. On the left-hand side you will find an idea from elementary
mathematics; on the right, this same idea as enriched by calculus.

LR Y3

Elementary Mathematics Calculus
slope of a line slope of a curve
y=mx +b y =fx)
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tangent line to
a circle

Ch. 1

tangent line to a more
general curve

average velocity,
average acceleration

instantaneous velocity,
instantaneous acceleration

distance moved under
a constant velocity

distance moved under
varying velocity

area of a region bounded
by line segments

area of a region bounded
by curves

sum of a finite collection
of numbers
a+a+ - +oa,

sum on an infinite series

ata+ - ta,+ -

average of a finite
collection of numbers

average value of a function
on an interval

length of a line segment

—

length of a curve



