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Dedication

This book is dedicated to Derek Stacey and David Lucas: two physicists
from whose generosity, encouragement and example [ have greatly
benefited.



Preface

The aim of this book is to help people understand and enjoy the world in
which we all live. It is written for the undergraduate student of physics,
and is intended to teach. The text presents an extensive study of Special
Relativity, and a (gentle, but exact) introduction to General Relativity.
It is not intended to be the first introduction to Special Relativity for
most students, althongh for a bright student it could function as that.
Therefore basic ideas such as time dilation and space contraction are
recalled but not discussed at length. However, I think it is also beneficial
to have a thorough discussion of those concepts at as simple a level as
possible, so T have provided one in another book called The Wonderful
World of Relativity. The present book is self-contained and does not
require knowledge of the first one, but a more basic text such as The
Wonderful World or something similar is recommended as a preparation
for this book.

The book has two more specific aims. The first is to allow an
undergraduate physics course to extend somewhat further and wider
in this area than has traditionally been the case, while ensuring that
the mainstream of students can still handle the material; the second
is to show how physics ‘works™ more generally and to act as a prelude
to advanced topics such as classical and quantum field theory. The title
Relativity Made Relatively Easy is therefore playful. vet serious. The text
aims to make manageable what would otherwise be regarded as hard: to
make derivations as simple as possible and physical ideas as transparent
as possible. It is intended to teach, and therefore little prior mathe-
matical knowledge is assumed. Although spacetime and relativity are
the main themes, physical ideas such as fields and flow, symmetry and
stress are expounded along the way. These ideas connect to other areas
such as hydrodynamics, electromagnetism, and particle physics. The
present volume covers Special Relativity thoroughly except for spinors
and Lagrangian density methods for fields. and it introduces General
Relativity with the minimum of mathematical apparatus required to
acquire correct ideas and quantitative results for static metrics. The
affine connection (Christoffel symbol), for example, is not needed in
order to achieve this. A second volume will extend the treatment of
General Relativity somewhat more thoroughly, and will also introduce
cosmology. spinors and some field theory (which explains the occasional
mention of ‘volume 2" in the present text).
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Preface

Although many universities are now extending their core coverage of
Relativity, and the present volume is intended to meet that need, a few
sections go further than most undergraduate courses will want to go.
These are intended to fill the gap between undergraduate and graduate
study, and to offer general reading for the professional physicist.

The exercises are an integral part of the text, and are of three types.
Some are examples to build familiarity, some introduce formulae or
results that fill out or complete the main text, and some build physical
intuition and a sound grasp of the big ideas.

Sections or chapters with a * in the heading can be omitted or
skimmed at first reading.



Acknowledgements

I have, of course, learned Relativity mostly from other people. All
writers in this area have learned from the pioneers of the subject,
especially Einstein, Lorentz, Maxwell, Minkowski, and Poincaré. I am
also indebted to tutors such as N. Stone and W. S. C. Williams at
Oxford University, and to authors who have preceded me—especially
texts by (in alphabetical order) J. Binney, T.-P. Cheng, A. Einstein,
R. Feynman, A. P. French, R. d’Inverno, J. D. Jackson, H. Muirhead,
W. Rindler, F. Rohrlich, R. Shankar, E. F. Taylor, J. A. Wheeler, and
W. S. C. Williams. I thank A. Barr for some comments and suggestions.

Several sections of the book compress, extend, clarify or combine
treatments from other authors. I have not traced the ancestry of all
the material, but have indicated cases where I quote an approach or
argument that I think might not be regarded as common currency. I
have also developed many ideas independently, but naturally after a
century of discussion, a significant proportion of such ideas must be
rediscoveries.

Einstein emphasized the need to think of a reference frame in physical
and not abstract terms, as a physical entity made of rods and clocks.
As a student I resisted this idea, feeling that a more abstract idea,
liberated from mere matter, must be superior. I was wrong. The whole
point of Relativity is to see that abstract notions of space and time are
superfluous and misleading.

Feynman offered very useful guidance on how to approach things
simply while retaining rigour. Readers familiar with his, Leighton, and
Sands’ ‘Lectures on Physics’ will recognize its influence on Chapter 10.
I have filled in mathematical methods in order to allow the student to
tackle example calculations, and to make Chapter 11 possible.

I learned a significant number of detailed points from Rindler’s work,
and my contribution has been to clarify where possible. Appendix D
and section 16.2.1 re-present arguments I found in his book, with more
comfort and explanation for the reader, and section 13.1 follows his line
of argument, which I could not improve.

Most of the exercises are either original or significantly reconfigured,
or are standard short problems. However, some have been largely copied
from elsewhere—a § indicates those from W. Rindler, and §§ those from
W. S. C. Williams. I thank these authors for their permission. Wolfgang
Rindler has produced many excellent exercises in several books; I thank
him for allowing a selection of them to adorn this book.



X

Acknowledgements

I thank my family, who accepted the compromises on home life which
I made in order to work on the book.

Finally, my special thanks go to the Physics Department of Oxford
University, its ‘lon Traps and Quantum Computing’ research group,
and David Lucas and Charles de Bourcy. The University allowed an
atmosphere of academic freedom and trust that made it possible to
devote time to this book, the research group, under David’s guidance,
accepted my long absences in a generous spirit, and Charles kindly read
and checked part I of the manuscript with great care and insight. Any
remaining defects are my own responsibility.



Contents

The relativistic world

Basic ideas

1.1 Newtonian physics

1.2 Special Relativity
1.2.1 The Postulates of Special Relativity
1.2.2 Central ideas about spacetime

1.3 Matrix methods

1.4  Spacetime diagrams

Exercises

The Lorentz transformation
2.1 Introducing the Lorentz transformation
2.1.1 Derivation of Lorentz transformation
2.2 Velocities
2.3 Lorentz invariance and 4-vectors
2.3.1 Rapidity
2.4 Lorentz-invariant quantities
2.5 Basic 4-vectors
2.5.1 Proper time
2.5.2 Velocity, acceleration
2.5.3 Momentum, energy
2.5.4 The direction change of a 4-vector under a boost
2.5.5 Force
2.5.6 Wave vector
2.6 The joy of invariants
2.7 Summary
Exercises

Moving light sources

3.1 The Doppler effect

3.2 Aberration and the headlight effect
3.2.1 Stellar aberration

3.3 Visual appearances™

Exercises

Dynamics
4.1 Force
4.1.1 Transformation of force

—

—
Tt W © ~1 T Ot = W

—

17

20
22
25
27
28
32
32
33
36
37
38
39
39
41
41

43
43
BE
50
51
54

56
56
57



xii

Contents

4.2 Motion under a pure force
4.2.1 Linear motion and rapidity
4.2.2 Hyperbolic motion: the ‘relativistic rocket’
4.2.3 4-vector treatment of hyperbolic motion
4.2.4 Motion under a constant force
4.2.5 Circular motion
4.2.6 Motion under a central force
4.2.7 (An)harmonic motion*
Exercises

The conservation of energy-momentum

5.1 Elastic collision, following Lewis and Tolman
5.2  Energy-momentum conservation using 4-vectors
5.2.1 Mass—energy equivalence
5.3 Collisions
5.3.1 ‘Isolate and square’
5.4 Elastic collisions
5.4.1 Billiards
5.4.2 Compton scattering
5.4.3 More general treatment of elastic collisions*
5.5 Composite systems
5.6 Energy flux, momentum density, and force
Exercises

Further kinematics

6.1 The Principle of Most Proper Time
6.2 Four-dimensional gradient
6.3 Current density, continuity
6.4 Wave motion
6.4.1 Wave equation
6.4.2 Particles and waves
6.4.3 Group velocity and particle velocity
6.5 Acceleration and rigidity
6.5.1 The great train disaster
6.5.2 Lorentz contraction and internal stress
6.6 General Lorentz boost
6.7 Lorentz boosts and rotations
6.7.1 Two boosts at right angles
6.7.2 The Thomas precession
6.7.3 Analysis of circular motion
6.8 Generators of boosts and rotations
6.9 The Lorentz group*
6.9.1 Further group terminology
Exercises

Relativity and electromagnetism

7.1

Definition of electric and magnetic fields
7.1.1 Transformation of the fields (first look)

59
61
62
65
66
67
68
73
74

76
76
80
83
85
91
92
93
94
96
100
101
103

106
106
107
110
113
114
114
117
118
120
122
124
125
126
128
130
133
134
138
140

142
143
145



7.2 Maxwell’s equations
7.2.1 Moving capacitor plates
7.3 The fields due to a moving point charge
7.4 Covariance of Maxwell’s equations
7.4.1 Transformation of the fields: 4-vector
method*
7.5 Introducing the Faraday tensor
7.5.1 Tensors
7.5.2 Application to electromagnetism
Exercises

8 Electromagnetic radiation
8.1 Plane waves in vacuum
8.2 Solution of Maxwell’s equations for a given charge
distribution
8.2.1 The 4-vector potential of a uniformly moving
point charge

8.2.2 The general solution
8.2.3 The Liénard—Wiechert potentials
8.2.4 The field of an arbitrarily moving charge
8.2.5 Two example fields

8.3 Radiated power
8.3.1 Linear and circular motion
8.3.2 Angular distribution

Exercises

II An introduction to General Relativity

9 The Principle of Equivalence

9.1 Free fall
9.1.1 Free fall or free float?
9.1.2 Weak Principle of Equivalence
9.1.3 The Eotvos—Pekar-Fekete experiment
9.1.4 The Strong Equivalence Principle
9.1.5 Falling light and gravitational time dilation

9.2 The uniformly accelerating reference frame
9.2.1 Accelerated rigid motion
9.2.2 Rigid constantly accelerating frame

9.3 Newtonian gravity from the Principle of Most

Proper Time

9.4 Gravitational redshift and energy conservation

9.4.1 Equation of motion
Exercises

10 Warped spacetime
10.1 Two-dimensional spatial surfaces
10.1.1 Conformal flatness
10.2  Three spatial dimensions
10.3 Time and space together

149
150
155
159

162
164
164
167
170

171
171

174

174
175
182
187
192
197
199
201
204

207

209
209
211
214
215
218
220
226
226
228

239
241
244
245

248
249
257
259
261

Contents

xiii



Xiv

Contents

11

III

12

13

14

10.4 Gravity and curved spacetime
Exercises

Physics from the metric
11.1 Example exact solutions
11.1.1 The acceleration due to gravity
11.2  Schwarzschild metric: basic properties
11.3  Geometry of Schwarzschild solution
11.3.1 Radial motion
11.3.2 Circular orbits
11.3.3 General orbits and the perihelion of
Mercury*
11.3.4 Photon orbits™®
11.3.5 Shapiro time delay
11.4 Gravitational lensing
11.5 Black holes
11.5.1 Horizon
11.5.2 Energy near an horizon
11.6  What next?
11.6.1 Black-hole thermodynamics
Exercises

Further Special Relativity

Tensors and index notation
12.1 Index notation in a nutshell
12.2 Tensor analysis
12.2.1 Rules for tensor algebra
12.2.2 Contravariant and covariant
12.2.3 Useful methods and ideas
12.2.4 Parity inversion and the vector product
12.2.5 Differentiation
12.3 Antisymmetric tensors and the dual
Exercises

Rediscovering electromagnetism
13.1 Fundamental equations
13.2 Invariants of the electromagnetic field
13.2.1 Motion of particles in an electromagnetic
field
Exercises

Lagrangian mechanics

14.1 Classical Lagrangian mechanics

14.2 Relativistic motion
14.2.1 From classical Euler-Lagrange
14.2.2 Manifestly covariant

14.3 Conservation

262
267

268
268
269
272
274
277
278

280
284
284
286
290
291
294
295
296
297

301

303
303
307
308
309
311
314
316
317
318

319
319
324

325
327

329
329
331
331
333
337



15

16

17

14.4 Equation of motion in General Relativity*
Exercises

Angular momentum*
15.1 Conservation of angular momentum
15.2  Spin
15.2.1 Introducing spin
15.2.2 Pauli-Lubanski vector
15.2.3 Thomas precession revisited
15.2.4  Precession of the spin of a charged particle
Exercises

Energy density
16.1 Introducing the stress-energy tensor
16.1.1 Transport of energy and momentum
16.1.2 Ideal fluid
16.2 Stress-energy tensor for an arbitrary system
16.2.1 Interpreting the terms*
16.3 Conservation of energy and momentum for a fluid
16.4 Electromagnetic energy and momentum
16.4.1 Examples of energy density and energy flow
16.4.2 Field momentum
16.4.3 Stress-energy tensor of the electromagnetic
field
16.5 Field and matter pushing on one another
16.5.1 Resolution of the ‘4/3 problem’ and the
origin of mass*
Exercises

What is spacetime?

Appendix A: Some basic arguments

A.1 Early experiments

A.2  Simultaneity and radar coordinates
A.3 Proper time and time dilation

A.4 Lorentz contraction

A.5 Doppler effect, addition of velocities

Appendix B: Constants and length scales

Appendix C: Derivatives and index notation

Appendix D: The field of an arbitrarily moving charge

D.1 Light-cone volume element
D.2  The field tensor

Bibliography

Index

337
340

341
341
342
343
345
348
351
353

355
355
357
359
360
362
364
368
371
376

379
387

388
393

395

398
398
399
400
401
403

405
406

409
409
410

413

Contents

XV



Part |

The relativistic world



WG FEEAREFEAELIE:  www. ertongbook. com



