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viii PREFACE

In recent years, ORT Braude College in Karmiel, Israel has hosted a series of
conferences and workshops devoted to aspects of mathematical analysis. The third
of these, an International Conference on Complex Analysis and Dynamical Systems,
was held during June 19-22, 2001. Altogether, 46 mathematicians from 11 countries
participated in a program which included 41 lectures. The nineteen papers collected
in this volume form a partial record of that Conference. Many of them are based on
the actual lectures presented, while others provide extensive elaborations of those
lectures. In a few instances, contributors have chosen to submit papers different
from those delivered at the Conference. Taken together, they provide a snapshot
of activity in analysis at the outset of the twenty-first century.

Lawrence Zalcman
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REMARKS ON THE “ASYMPTOTIC MAXIMUM
PRINCIPLE”

by LEV AIZENBERG

Department of Mathematics, Bar-Ilan University, Ramat-Gan 52900 Israel
E-mail address: aizenbrg@macs.biu.ac.il

Abstract. New results on the maximum principles in multidimensional complex analysis
are obtained by means of an extended version of the one-dimensional Maximum Principle.

For z = (21,...,2n) € C™, let |I2]lg = (|z2]9 + -+~ + |zn |92 (0 < ¢ < o)
and ||z]jeo = J |z;]. Consider domains Dy = {2 : ||2||, < 1}. The simplest cases
of such domains are the ball D, = {z : |z| < 1}, the hypercone
Dy ={z: 21|+ +|2n| < 1}, and the polydisk Dy = {2 : lz;| <1, j=1,...,n}.
Let S(D) be the Shilov boundary of D, and let E be a circular set, ie, z € F
implies ze'? € E, 0 < ¢ < 2m; we also assume that E O S(D).

PROPOSITION 1. If f(z) is holomorphic in D, and
(1) lim sup{(1 — ||2[|¢)?log | f(2)[} = 0,

zllg—1

then the Asymptotic Mazimum Principle (AMP) is valid, i.e.,

(2) sup limsup | f(r¢)| < c

CeE r—1
implies | f(2)| < ¢ in D,. Condition (1) cannot be replaced by
(3) 1HiH”18u?{(1 = llzllg)*1og If(2)[} <,
with t > 0.

PROOF. Consider the intersections of D, with complex lines do = 2z : {z; = ajt,
1 <j <n, t€C} where [la; = 1. We then apply an extended version of the
one-dimensional Maximum Principle from [1],' where it is called the “Asymptotic

2000 Mathematics Subject Classification. Primary 32A40; Secondary 32A05, 32A07, 32A10.
L After submitting this note for publication, the author was informed that Korenblum’s result
readily follows from the earlier published studies by B.E.J. Dahlberg [2, 3] (see also [4, 5]).
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2 LEV AIZENBERG

Maximum Principle” to those intersections such that 0DyNd, C E. Since (1) yields
the one-dimensional condition of the same type, we get [f(2)] < ¢ on each such
intersection Dy N d,. Our function is holomorphic on D, where 1Dy, 0 <r < 1, is
the homothetic contraction of D,. Since rE > rS(D) = S(D,), we obtain lf(z)] <e
in Dy for every 0 < r < 1, and |f(2)| < ¢ then follows. Korenblum’s example for

the unit disk )
: 142z
pr-eofa(22)7)

which shows that in the disk the analogue of (1) cannot be replaced by the analogue
of (3), remains valid for our multidimensional generalization: take, e.g., f = f(z).

Proposition 1 can be generalized in two directions:
1) We can consider more general domains than Dy;
2) we can require growth restriction (2) to hold not everywhere but only on a
certain set of intersections of the domain with complex lines.

Let D be a complete circular domain (Cartan domain), which means that z € D
implies Az € Dforall A € C, |A| < 1.In a Cartain domain, holomorphic polynomials
can be developed in a series of homogenecous polynomials. Let, in addition, D be
strongly starlike, i.e., A\D C D where 0 < )\ < 1; also, let the set E satisfy the same
requirements as in section 1.

PROPOSITION 2. Let f(z) be holomorphic in a Cartan domain D and let the one-
dimensional condition

(4) IliTn;up{(Rdu — [t])*log| f(at)|} = 0
t|— dg

hold in each intersection of D with the complex line dq = {z : z; = a;t, 1 < 57 < n,
t € C}, where dDNd, C FE and Ry, is the radius of the disk DNd,. Then the AMP
holds, i.e., (2) implies |f(2)| < ¢ in D.

3.

Let D be a complete semicircular strongly starlike domain (Hartogs’ domain):
D = {z: |s1] < R(¢), 2/ € Q} where R(z') is a positive function in a domain
QCC" 1, 2=(2,2),2 = (z0,..., 2y ). In such a domain, holomorphic functions
are representable by Taylor series in z; with coefficients that are holomorphic func-
tions in 2’. Further, let E; C D be a set such that z € E) implies (e*°zy,2') € B,
0<¢<2r and E; D S(D).

PROPOSITION 3. If f(2) is holomorphic in a Hartogs’ domain D, and for each fized
2" € Q such that z € Ey, the condition

(5) limsup {(R(z') — |Zl’2) log |f(z1,2")[} =0

|z1]—R(z")
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holds, then the AMP is valid, i.e.,

sup limsup |f(r(1,{")| < ¢
CeEE; r—1

implies | f(z)| < ¢ in D.

Note that in Propositions 2 and 3 the growth restrictions (4) and (5) cannot be
replaced by weaker restrictions analogous to (3).

The proofs of Propositions 2 and 3 are analogous to that of Proposition 1; the
details are left to the reader.

I thank B. Korenblum for helpful discussions.
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