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Design of Comparative Experiments

This book should be on the shelf of every practising statistician who designs experi-
ments.

Good design considers units and treatments first, and then allocates treatments to
units. It does not choose from a menu of named designs. This approach requires a
notation for units that does not depend on the treatments applied. Most structure on the
set of observational units, or on the set of treatments, can be defined by factors. This
book develops a coherent framework for thinking about factors and their relationships,
including the use of Hasse diagrams. These are used to elucidate structure, calculate
degrees of freedom and allocate treatment subspaces to appropriate strata. Based on
a one-term course the author has taught since 1989, the book is ideal for advanced
undergraduate and beginning graduate courses. Examples, exercises and discussion
questions are drawn from a wide range of real applications: from drug development,
to agriculture, to manufacturing.

R. A. BAILEY has been Professor of Statistics at Queen Mary, University of London
since 1994. She is a fellow of the Institute of Mathematical Statistics and a past
president of the International Biometric Society, British Region. This book reflects her
extensive experience teaching design of experiments and advising on its application.
Her book Association Schemes was published by Cambridge University Press in 2004.
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Preface

This textbook on the design of experiments is intended for students in their final year of a
BSc in Mathematics or Statistics in the British system or for an MSc for students with a
different background. It is based on lectures that I have given in the University of London
and elsewhere since 1989. I would like it to become the book on design which every working
statistician has on his or her shelves.

I assume a basic background in statistics: estimation, variance, hypothesis testing, linear
models. I also assume the necessary linear algebra on which these rest, including orthogonal
projections and eigenspaces of symmetric matrices. However, people’s exposure to these
topics varies, as does the notation they use, so I summarize what is needed at various points in
Chapter 2. Skim that chapter to see if you need to brush up your knowledge of the background.

My philosophy is that you should not choose an experimental design from a list of named
designs. Rather, you should think about all aspects of the current experiment, and then decide
how to put them together appropriately. Think about the observational units, and what struc-
ture they have before treatments are applied. Think about the number and nature of the treat-
ments. Only then should you begin to think about the design in the sense of which treatment
is allocated to which experimental unit.

To do this requires a notation for observational units that does not depend on the treatments
applied. The cost is a little more notation; the gain is a lot more clarity. Writing Y»4 for the
response on the fourth unit with treatment 2 goes with a mindset that ignores randomization,
that manages the experiment by treatment, and that does not see the need for blindness. I label
observational units by lower-case Greek letters: thus ¥ () is the response on observational
unit ® and 7'(®) is the treatment on that unit. This notation merely mimics good practice in
data recording, which has a row for each observational unit: three of the columns will be the
one which names the units, the one which shows the treatments applied, and the one showing
the responses. In this book, randomization, blindness and management by plot structure are
recurring themes.

Most structure on the set of observational units, or on the set of treatments, can be defined
by factors. I have developed a method for thinking about factors and their relationships,
including the use of Hasse diagrams, which covers all orthogonal designs. The method uses
the infimum F A\ G of two factors (which almost everybody else, except Tjur [113], writes as
F.G) and the dual concept, the supremum F \/ G, which almost nobody else (again apart from
Tjur) sees the need for, until degrees of freedom mysteriously go wrong. Everyone that I have
taught this method to has reacted enthusiastically and adopted it. However, you need to have
some idea of simple structure before you can appreciate the generality of this approach, which
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xii Preface

is therefore delayed until Chapter 10.

The Hasse diagrams, and the insistence on naming observational units, are two features
of this book that do not appear in most other books on the design of experiments. The third
difference, which is relatively minor, is my notation for models in factorial designs. Expres-
sions such as u+ o+ B; + (af);; are compact ways of parametrizing several models at once,
but they do encourage the fitting of inappropriate models (what Nelder has called the neglect
of marginality in [83]). I take the view, explained in Chapter 5, that when we analyse data we
first choose which model to fit and then estimate the parameters of that model; we do not need
to know how to parametrize any of the models that we did not fit. Also in Chapter 5 I spell out
three principles of modelling. The first two (Sum and Intersection) are often implicit, but their
neglect can lead to contradictions. The third is Orthogonality: not everyone will agree with
this (see Mead [77], for example), but I believe that we should aim for orthogonality between
treatment factors wherever possible.

Another relatively minor difference in my approach is that my analysis-of-variance tables
always include the grand mean. This is partly to make all the calculations easier, especially
when using the Hasse diagram. A more important reason is to demonstrate that fitting a larger
model after a smaller one (such as a complete two-way table after an additive model) is in
principle no different from fitting treatment effects after removing the grand mean.

Unlike some topics in mathematics, Design of Experiments can set out its stall early. Thus
Chapter 1 introduces most of the issues, and points the way forward to where in the book they
are covered in more detail. Read this chapter to see if this book is for you.

Chapter 2 covers the simplest experiments: there is no structure on either the observational
units or the treatments. This gives an opportunity to discuss randomization, replication and
analysis of variance without extra complications, as well as to revise prerequisite knowledge.

Structure on the observational units is developed in Chapters 4 (simple blocking), 6 (row—
column designs) and 8 (observational units smaller than experimental units). Structure on
the treatments is developed in parallel, in two independent chapters. Chapter 5 deals with
factorial treatments (crossed factors) while Chapter 3 covers control treatments and other
ways of recursively splitting up the treatments (nested factors). Chapter 3 can be omitted
in a short course, but there are some areas of application where Chapter 3 is more relevant
than Chapter 5. The ‘mixed’ case of factorial treatments plus a control is covered in some
detail in Chapters 1, 5 and 10; this occurs surprisingly often in practice, and is frequently
misunderstood.

Chapter 8 deals with the situation when one or more of the treatment factors must be
applied to something larger than observational units. This topic is often misunderstood in
practice, as a glance at too many journals of experimental science shows. Every working
statistician should be aware of the danger of false replication.

Chapters 7 and 9 are somewhat light relief from the main development, and could be
omitted without making later chapters inaccessible. Chapter 7 applies the ideas so far to
experiments on people; it also describes issues peculiar to such experiments. The reader who
is concerned exclusively with such experiments is advised to continue with one of the more
specialized texts, such as those recommended in the Further Reading. Chapter 9 takes a single
combinatorial object—the Latin square—and uses it in several ways to design different types
of experiment. This demonstrates that there is no such thing as a ‘Latin-square design’, or,



Preface xiii

perhaps, that the phrase has many interpretations.

Chapter 10 is my favourite. It pulls all the preceding material together into a single general
approach. Because it is so general, the proofs are more abstract than those in the earlier
chapters, and you may want to omit them at the first reading.

Chapters 11-13 introduce three more advanced topics that a statistician needs to be aware
of: incomplete-block designs, confounded factorial designs, and fractional factorial designs.
Anyone who needs to use these techniques frequently should probably follow this with some
more advanced reading on these topics: some suggestions are made in Further Reading.

Finally, Chapter 14 is a rerun of Chapter 1 in the light of what has been covered in the rest
of the book. Confronted with an experiment to design, how should we think about it and what
should we do?

Each chapter is followed by questions for discussion. Because so many aspects of designing
an experiment have no single ‘right’ answer, I have used these discussion questions with
my students rather than requiring written homework. Each student is required to lead the
discussion at least once. Apart from the initial difficulty of persuading students that this is not
a terrifying ordeal, this technique has worked remarkably well. Other students join in; they
share ideas and offer helpful criticism. At the end, I comment on both the presenting student’s
work and the general discussion, commending what is good, correcting any outright mistakes,
and pointing out any important features that they have all missed. Every year a new set of
students finds new nuances in these questions.

Some instructors may want to supplement the discussion questions with written home-
works. The Exercises at the end are provided for this purpose. They are less closely linked to
the individual chapters than the questions for discussion.
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Chapter 1

Forward look

1.1 Stages in a statistically designed experiment

There are several stages in designing an experiment and carrying it out.

1.1.1 Consultation

The scientist, or other investigator, comes to the statistician to ask advice on the design of the
experiment. Sometimes an appointment is made; sometimes the approach is by telephone or
email with the expectation of an instant answer. A fortunate statistician will already have a
good working relationship with the scientist. In some cases the scientist and statistician will
both view their joint work as a collaboration.

Ideally the consultation happens in plenty of time before the experiment. The statistician
will have to ask questions to find out about the experiment, and the answers may not be
immediately available. Then the statistician needs time to think, and to compare different
possible designs. In complicated cases the statistician may need to consult other statisticians
more specialized in some aspect of design.

Unfortunately, the statistician is sometimes consulted only the day before the experiment
starts. What should you do then? If it is obvious that the scientist has contacted you just so that
he can write ‘Yes’ on a form in response to the question ‘Have you consulted a statistician?’
then he is not worth spending time on. More commonly the scientist genuinely has no idea that
statistical design takes time. In that case, ask enough questions to find out the main features
of the experiment, and give a simple design that seems to answer the purpose. Impress on the
scientist that this design may not be the best possible, and that you can do better if given more
notice. Try to find out more about this sort of experiment so that you are better prepared the
next time that this person, or one of her colleagues, comes to you.

Usually the scientist does not come with statistically precise requirements. You have to
elucidate this information by careful questioning. About 90% of the statistician’s input at
this stage is asking questions. These have to be phrased in terms that a non-statistician can
understand. Equally, you must not be shy about asking the scientist to explain technical terms
from his field if they seem relevant.

If the scientist does have a preconceived idea of a ‘design’, it may be chosen from an
artificially short list, based on lack of knowledge of what is available. Too many books and
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courses give a list of three or four designs and manage to suggest that there are no others.
Your job may be to persuade the scientist that a better design is available, even if it did not
figure in the textbook from which she learnt statistics.

Example 1.1 (Ladybirds) A famous company (which I shall not name) had designed an
experiment to compare a new pesticide which they had developed, a standard pesticide, and
‘no treatment’. They wanted to convince the regulatory authority (the Ministry of Agricul-
ture, Fisheries and Foods) that their new pesticide was effective but did not harm ladybirds.
I investigated the data from the experiment, and noticed that they had divided a field into
three areas, applied one pesticide (or nothing) to each area, and made measurements on three
samples from each area. I asked the people who had designed it what the design was. They
said that it was completely randomized (see Chapter 2). I said that I could see that it was not
completely randomized, because all the samples for each pesticide came from the same area
of the field. They replied that it must be completely randomized because there were no blocks
(see Chapter 4) and it was not a Latin square (see Chapter 6). In defence of their argument
they quoted a respectable textbook which gives only these three designs.

1.1.2 Statistical design

Most of this book is about statistical design. The only purpose in mentioning it here is to show
how it fits into the process of experimentation.

1.1.3 Data collection

In collaboration with the scientist, design a form for collecting the data. This should either
be on squared paper, with squares large enough to write on conveniently, or use the modern
electronic equivalent, a spreadsheet or a hand-held data-logger. There should be a row for
each observational unit (see Section 1.4) and a column for each variable that is to be recorded.
It is better if these variables are decided before the experiment is started, but always leave
space to include extra information whose relevance is not known until later.

Emphasize to the scientist that all relevant data should be recorded as soon as possible.
They should never be copied into a ‘neater’ format; human beings almost always make errors
when copying data. Nor should they be invented later.

Example 1.2 (Calf feeding) In a calf-feeding trial each calf was weighed several times, once
at birth and thereafter on the nearest Tuesday to certain anniversaries, such as the nearest
Tuesday to its eight-week birthday. The data included all these dates, which proved to be
mutually inconsistent: some were not Tuesdays and some were the wrong length of time apart.
When I queried this I was told that only the birthdate was reliable: all the other dates had been
written down at the end of the experiment by a temporary worker who was doing her best to
follow the ‘nearest Tuesday’ rule after the event. This labour was utterly pointless. If the dates
had been recorded when the calves were weighed they would have provided evidence of how
closely the ‘nearest Tuesday’ rule had been followed; deducing the dates after the event could
more accurately and simply have been done by the computer as part of the data analysis.

Sometimes a scientist wants to take the data from his field notebooks and reorganize them
into a more logical order for the statistician’s benefit. Discourage this practice. Not only does
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Plot 8 6 Plot 23 0
0 0
7 0
3 0
6 0
0 0
4 0
5 28
6 0
4 0

Average 41 Average 28

Fig. 1.1. Data sheets with intermediate calculations in Example 1.3

it introduce copying errors; reordering the data loses valuable information such as which plots
were next to each other or what was the time sequence in which measurements were made:
see Example 1.5.

For similar reasons, encourage the scientist to present you with the raw data, without
making intermediate calculations. The data will be going into a computer in any case, so
intermediate calculations do not produce any savings and may well produce errors. The only
benefit brought by intermediate calculations is a rough check that certain numbers are the
correct order of magnitude.

Example 1.3 (Leafstripe) In an experiment on leafstripe disease in barley, one measurement
was apparently the percentage of disease on each plot. A preliminary graph of the data showed
one outlier far away from the rest of the data. I asked to see the data for the outlying plot, and
was given a collection of pieces of paper like those shown in Figure 1.1. It transpired that the
agronomist had taken a random sample of ten quadrats in each plot, had inspected 100 tillers
(sideshoots) in each quadrat to see how many were infected, and averaged the ten numbers.
Only the average was recorded in the ‘official’ data. For the outlying plot the agronomist
rightly thought that he did not need a calculator to add nine zeros to one nonzero number, but
he did forget to divide the total by 10. Once I had corrected the average value for this plot, it
fell into line with the rest of the data.

Also try to persuade the scientist that data collection is too important to be delegated to
junior staff, especially temporary ones. An experiment cannot be better than its data, but a
surprising number of good scientists will put much effort into their science while believing
that the data can take care of themselves. Unless they really feel part of the team, junior or
temporary staff simply do not have the same motivation to record the data carefully, even if
they are conscientious. See also Example 1.2.

1.1.4 Data scrutiny

After the experiment is done, the data sheets or data files should be sent to the statistician
for analysis. Look over these as soon as possible for obvious anomalies, outliers or evidence
of bad practice. Can that number really be a calf’s birthweight? Experienced statisticians



