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| dedicate this book with love to
Melissa and Benjamin.



his book was written for those students who need
T a mathematics course to satisfy the general uni-

versity competency requirement in mathematics.
Because of the university requirement, many students
enrolling in a course that uses my book have postponed
taking this course as long as possible, are dreading the
experience, and are coming with a great deal of anxiety. I
wrote this book with one overriding goal: to create a posi-
tive attitude toward mathematics. Rather than simply pre-
senting the technical details needed to proceed to the next
course, I have attempted to give insight into what mathe-
matics is, what it accomplishes, and how it is pursued as a
human enterprise. However, at the same time, I have
included in this eighth edition a great deal of material to
help students estimate, calculate, and solve problems out-
side the classroom or textbook setting.

I frequently encounter people who tell me about their
unpleasant experiences with mathematics. I have a true
sympathy for those people, and I recall one of my ele-
mentary school teachers who assigned additional arith-
metic problems as punishment. This can only create
negative attitudes toward mathematics, which is indeed
unfortunate. If elementary school teachers and parents
have positive attitudes toward mathematics, their children
cannot help but see some of the beauty of the subject. I
want students to come away from this course with the feel-

viii

Preface

ing that mathematics can be pleasant, useful, and practi-
cal—and enjoyed for its own sake.

The prerequisites for this course vary considerably, as
do the backgrounds of students. Some schools have no
prerequisites, but other schools have an intermediate alge-
bra prerequisite. The students, as well, have heteroge-
neous backgrounds. Some have little or no mathematics
skills; others have had a great deal of mathematics. Even
though the usual prerequisite for using this book is inter-
mediate algebra, a careful selection of topics and chapters
would allow a class with a beginning algebra prerequisite
to study effectively from this book.

This book was written to meet the needs of all of these
students and schools. How did I accomplish that goal?
First, the chapters are almost independent of one another,
and can be covered in any order appropriate to a particu-
lar audience. Second, the problems are designed to be the
core of the course. There are problems that every student
will find easy and will provide the opportunity for success;
there are also problems that are very challenging. Much
interesting material appears in the problems, and students
should get into the habit of reading (not necessarily work-
ing) all the problems whether they are assigned or not.

A Problems: mechanical or drill problems

B Problems: require understanding of the concepts




Problem Solving Problems: require problem-solving
skills or original thinking

Individual Research: requires research or library
work

Group Research: requires not only research or
library work, but also group participation (See the
index for a list of group projects.)

The major themes of this book are problem solving and
estimation in the context of presenting the great ideas in
the history of mathematics. I believe that learning to solve
problems is the principal reason for studying mathematics.
Problem solving is the process of applying previously
acquired knowledge to new and unfamiliar situations.
Solving word problems in most textbooks is one form of
problem solving, but students also should be faced with
non-text-type problems. In the first section of this edition I
introduce students to Polya’s problem-solving techniques,
and these techniques are used throughout the book to
solve non-text-type problems. These problem-solving
examples are found throughout the book (marked as
Polya’s Method examples). Also new to this edition are
problems in each section that require Polya’s method for
problem solving.

Students should learn the language and notation of
mathematics. Most students who have trouble with mathe-
matics do not realize that mathematics does require hard
work. The usual pattern for most mathematics students is
to open the book to the assigned page of problems, and
begin working. Only after getting “stuck” is an attempt
made to “find it in the book.” The final resort is reading the
text. In this book the students are asked not only to “do
math problems,” but also to “experience mathematics.”
This means it is necessary to become involved with the
concepts being presented, not “just get answers.” In fact,
the slogan “Mathematics Is Not a Spectator Sport” is not
just an advertising slogan, but an invitation which suggests
that the only way to succeed in mathematics is to become
involved with it. Students will learn to receive mathemati-
cal ideas through listening, reading, and visualizing. They
are expected to present mathematical ideas by speaking,
writing, drawing pictures and graphs, and demonstrating
with concrete models. The problems in each section that

are designated In Your Own Words provide practice in
communication skills.

A Personal Note

Writing a mathematics textbook is both enjoyable and
challenging. To make mathematics come alive, 1 have
included many items not usually found in a textbook. For
example, I've included cartoons and quotations, and have
used the margins for news clippings and historical notes.
The historical notes are not strictly biographical reports,
but instead focus on the people to convey some of the
humanness of mathematics. Nearly every major mathe-
matician (and many minor ones) has some part of his or
her life to tell on the pages of this book. At the end of each
chapter there is an interview of a living mathematician. I
sat down and made a list of those persons who are the most
famous, or those whom I greatly respect. I did not know
how my request for an interview would be received, but to
my surprise each of these persons was most gracious in pro-
viding me not only with biographical information, but
with personal details of their lives so that I could share
some of their humanness with users of this book. I treasure
the correspondence I had with these people.

A Note for Instructors

Feel free to arrange the material in a different order from
that presented in the text. | have written the chapters to be
as independent of one another as possible. There is much
more material in this book than could be covered in a
single course. This book can be used in classes designed
for liberal arts, teacher training, finite mathematics, col-
lege algebra, or a combination of these.

I have written an extensive Instructors Manual to
accompany this book. It includes the complete solutions to
all the problems (including the “Problem Solving” prob-
lems) as well as teaching suggestions and transparency
masters. For those who wish to integrate the computer into
the entire course, there are computer problems in both
BASIC and LOGO to accompany each chapter.

Also available are sample tests, not only in hard copy
form, but also in electronic form for both IBM and Mac-
intosh formats.

Some of the significant features of the book are shown
on the following pages.




x Preface

Each chapter opens with INTHE REAL WORLD.
These sections ask some question or raise some issue
that requires the development of some material in
this chapter. The end of the chapter provides a com-

The Nature of Problem Solving

The idea that aptitude for mathematics is rarer than aptitude for other subjects
is merely an illusion which is caused by belated or neglected beginners.
- F. Werbart

mentary on this introduction.

Designed for your success,
this PREVIEW on the chapter
opener helps to anticipate
what follows in this chapter.

“Hey, Tom, what are you taking this semester?” asked
Susan. “I'm taking English, history, and math. T can’t

believe my math teacher,” responded Tom. “The first
day we were there, she walked in, wrote her name on
the board, and then she asked, ‘What is the millionth
counting number that is not the square or cube of a
counting number?’ Who cares!”

—ll S

1.1 Problem Solving A In this section, we look at
problem-solving techniques,
1.2 Problem Solving with Sets A One of the

2 CHAPTER ONE The Nature of Problem Solv{

19. Consider the following patenn:
i happy
10 happy because 12 +
135 happy because 11+ 31 = 10, which i happy.
19 s happy because [! + 91 = 82 and 8 + 21 = 68
304 68+ 8 = 100 and 174 01 + 0 = 1, which is happ

1. which is happy.

On the other hand,

12 is unhappy because 17 + 2

Find one unhappy number as well as one happy 1

20. Suppose you could write out 719%, What is the I

“Oh, 1 had that math ¢
isn't 50 bad. The whole id
problems outsde the class
graduate, and I've read th
ers are looking for people
that working smarter is m

4 Tomt WAL WORLD “Say, Tom, what are you taking this
semester?” asked Susan, “I'm taking English, history, and
math. I can't believe my math teacher,” responded Tom.
“The first day we were there, she walked in, wrote her name
‘on the board, and then she asked, ‘What s the millionth
counting number that s not the square or cube of a counting
number?’ Who cares!”

concepts we will use to explain many of
the ideas in this book is the idea and notation of sets,
which is introduced in this section.

“Oh, I had that math class last semester,” said Susan.
“Itisn't s0 bad. The whole idea is to give you the ability
to solve problems outside the class. I want to get a good
iob when I graduate, and I've read that because of the
economy, employers are looking for people with prob-
lem-solving skills. I hear that working smarter is more
important than working harder.”

s
Perspective
There are many reasons for reading a book, but the best
reason is because you want to read it. Although you are
probably reading this first page because you were required
to do so by your instructor, it is my hope that in a short
while you will be reading this book because you want to
read it. It was written for people who think they don't like
thematics, or people who think they can't work math

13 Reasoning A There
re i in this
both, Of particul

importance are the ideas involving order of opera.
tions and the substitution principle.

1.4 Sclentific Notation and Estimation A In 2
mathematics book, we necessarily work with ideas of
mathematics, and in this section we define some of
the essential building blocks of mathematics. In par-
ticular, we describe exponential notation, introduce
You to caleulator use, and then we discuss one of the
most important problem-solving skills, that of esti-
mation.

Chapter | Summary

Profile: Martin Gardner

In the Real World Commentary

Chapter | Group Research Projects

problems, or people who think they are never going to use
math. The common thread in this book is problem
solving — that is, strengthening your ability to solve
problems — not in the classroom, but outside the class-
room. This first chapter is designed to introduce you to
the nature of problem solving.

As you begin your trip through this book, I wish you a

BON VOYAGE! .

10° = 1,000 perfect squares less than or equal to 1,00
Next, find |C|: We also know that 1,000,000 = (10%)
cct cubes less than or equal to 1,000,000, Therefore,|
1f you think about crossing out all of the perfec
perfect cubes, you must notice that some numbers ar
numbers arc in the set S N C? These are the sixth pd

We will use Polya’s method to answer Tom's question.

Understand the Problem. Imagine a long list of the numbers: 1, 2, 3, . . |
999,999, 1,000,000, 1,000,001, 1,000,002. Suppose we asked for the millionth pas-
itive integer on this list — that's easy. It is 1,000,000, Do you understand what is
meant by “perfect squares” and “perfect cubes”?

Perfect squares: 12 = |; 2% = 4, 3 9; 4% = 16; 25; 36, 49; 64; 81;
I'= 1520 = 8,30 = 27: 4 = 64, 125, 216; 343; 512;

Perfect cubes:

Now, suppose we cross out the perfect squares; for each number crossed off, the
millionth number in the list changes, That s, cross off 1 and the millionth number
is 1,000,001; cross off 1 and 4 and the millionth number is 1,000,002, In this
problem, we need to cross out all the perfect squares and perfect cubes. After we
have done this, we look at the list and find the millionth number,

PERSPECTIVE overlooks the
chapter and puts the material
of the chapter into perspective
relative to the chapters that
precede and those that follow.

3 e 1 gy 3 e
SOVCIE = g = 3¢ T0, 48 = 4096, Devise 2 Plan. Tt should be clear that we need to know how many numbers are
crossed out.

LetU = (1,2,3, .. ., L0D0,000) § = (perfect squares) and C = {perfect
cubes). We wish to find |S|: We know that 1,000,000 = (10% so these are

There are 10 perfect sixth powers, 50 [S 1 G| = 10
Carry Out the Plan.  We use the formula from this d
ISuC|=IS|+[C|-IsnC|= 1,000+ 10

If you cross out 1,090 numbess then the millionth
1,001,090

Look Back. The answer 1,001,090 is not necessaril
out perfect squares, cubes, and sixth powers up to 1,000,000. But each time we
crossed out a number, the end number was extended by 1. Thus we need to know
whether there are any perfect squares, cubes, or sixth powers between 1,000,000
and 1,001,090 (the target range). Let's check the next number on each of our |

1,002,001, 50 it is not in the target range;
Perfect cubes: 101
Perfect sixth powers: 11 = 1,771,561, 50 it also is not in the target range.

1,030,301, 50 it is not i the target range;

The millionth number that is not a perfect square or perfect cube is 1,001,090,

Waorking in small groups is typical of most work environments, and able to work
with other to communicate specific ideas is an important skill o learn, Waork with threa
o four other students to submit a single report based on each of the following
questions.

The first question in the GROUP RESEARCH problems
at the end of the chapter asks a question related to the
REAL WORLD COMMENTARY.

1. What is the millionth positive integer that is not a square, cube, or §ith power?

Refarance Sec the IN THE REAL WORLD problem at the heginning of this chapter, as well B
at the GOMMENTARY t the end of this chapter.

- s stated in the text that “Mathematics i alive and constantly changing, As we
camplete the last decade of this century, we stand on the threshold of major changes
in the mathematies curriculum in the United States.” Report on some of thesc recent
changes.

Rafarances Lynn Stcen, Everybody Counts: A Report to the Nation on the Future of
Mathematies Education (Washinglon, D.C.: Nalional Academy Press, 1g8o). See alio
Currieulum and Evatuation Standards for School Mathenaties from the National Council
of Teachers of Mathematics (Reston, VA: NCTM, 198g).




a8 CHAPTER ONE The Nature of Problem Solving

Preface xi

It is important to be able to communicate your ideas.
This book gives you many such opportunities.

61

2775

Now, for the $100 offer: Find a 3 X 3 magic square with nine distinct square numbers
1 you find such a magic square, write to me and we will submit it to Martin Gardner
10 obtin our prize. Show that the following magic squares do not win the award.

| wos

2088 ‘ 30057

T B
62, Waite a short puper about the construction of magic squares. You

facts as: There is 1 smml.ml a
arder 4, and 275,

how tha

magic square with sum of 999,999,999,959. Sh
chude the properties of the .

sible, You might also i
wmin

it include such
square of order |, 0 of order 2, 8 of order 3, 440 of
5. According to the Guinness Book of World Rec-
rde Leom 11 Rt of S Antoriio, Texas, has discovered the largest known
such & magic square is not pos
je square discovered by Benja-

References
William H_Benson and Oswald Jacal
Dover Publications, 1076

Magic 4
Math
63 A proes o prdciog i
cle, “An il Application Using|
ot T Voo .
squae art pieces
. . News Clip

64, An alphamagic square, invented b
the mumbers spelled out in words
the words also form a magic squar

Mathematics is one component
of any plan for liberal education.
Mother of all the sciences, it is
builder of the imagination, a
weaver of pattems of sheer
thought, an intuitive dreamer, 2
poet. The study of mathematics
cannot be replaced by any other
activi v
American Mathematical Monthly
Volume 56, 1949, p. 19

A

five
twenty-cight
e

gives rise to fwo magic squares

The first magic square comes from|

CHAPTER ONE The Nature of Problem Solving

and reading the text only as a desperate attempt to find an answer. This procedure
is backward; do your homework only after reading the text

‘Writing Mathematics -

The fundamental objective of education always has been to prepare students for

in vour life. What arc the basics for your knowledge In this information
age with access to a warld of knowledge o we still would respond by
saying that the basics remain “reading, thmetic * As you progress
through the material in this book, we will give you opportunitics to read ma
matics and to consider some of the great ideas in the history of ¢
develop your problem-solving skills (‘rithmetic), and to communicat
ideas to others (‘riting). Perhaps you think of mathematics as “working problems”
and “gelting answers,” but it is so much more. Mathematics s a way of thought that
includes all three Rs, and to strengthen your skills you will be asked to communicate
your knowledge in written form

Journals

To begin building your skills in writing mathematics, you might keep a journal
summatizing cach day's work. Keep a record of your feclings and perceptions about
what happened in class. How long did the homework take? What time of the day
or nightdid Ispend working and studying mathematics? What is the most important
idea from the day’s lesson? To help you with your journals, or writing of mathe-
matics, you will find problems in this text designated “IN YOUR OWN WORDS
(For example, look at Problems 1-5 of the problem set at the end of this section.)
There are no right answers or wrong answers to this type of problem, but you arc
enconraged to look at these for ideas of what you might write in your journal

INDIVIDUAL RESEARCH problems,
included in almost every section, provide
original problems for your consideration.

It is often necessary to collaborate with others and agree on
a solution or reach a consensus. These GROUP RESEARCH
problems are designed to facilitate group work.

Chapter | Summary I

10° = 1,000 perfect squares less than or equal to 1,000,000, Therefore, |S
Next, find |C | We also know that 1,000,000 = (10%)" so there are 107
fieet cubes less than or equal to 1,000,000 Therefore, [C| = 100

1 you think about crossing out all of the perfect squares and then all of the
u must notice that some numbers are on both lists. That is, what
numbers are in the set S 1 C? These are the sisth powers

sne:e = 64; 30 = 729; 44 = 4,096; £ 106 = 1,000,000,

= 1,000
100 per-

There are 10 perfect sixth powers, s0 [S 1 C| = 10,

Carry Out the Plan.  We tise the formula from this chapter to find [$ U C|
[suc|=Isl+cl-Isncl

1000 + 100 ~ 10 = 1,090

1f you cross out 1,090 numbers then the millionth number not crossed out is
1,001,090

Look Back. The answer 1,001,090 is not necessarily correct because we crossed
out perfect squares, cubes, and sixth powers up to 1,000,000, But each time we
crossed out a number, the end number was extended by 1. Thus we need to know
whether there are any perfect squaes, cubes, or sixth powers between 1,000,000
and 1,001,090 (the target range). Let's check the next number on each of our lists:

Perfect squares: 10012 = 1,002,001, so it is not in the target range;

Perfect cubes: 101" = 1,030,301, 50 it is not in the target range;

Perfect sixth powers: 119 = 1,771,561, s0 it also is not in the target range

“The millionth number that is not a perfect square or perfect cube is 1,001,090,

Working in small groups is typical of mast work environmencs, and being able to work
with other to communicate specific ideas is an important skill o learn. Work with three
or four other students to submit a single report based on each of the following

The first question relates to the
introductory remarks in the chap-
ter called IN THE REAL WORLD.

questions.
[ 1. What is the millionth postive integer thal is not a square, cube, or fifth power?
Reference Sce the IN THE REAL WORLD problem at the beginning of this chaper, as well

at the COMMENTARY at the end of this chapter
. it is stafed in the text that “Mathematics is alive and constantly changing. As we
complete the last decade of this century, we stand on the threshold of major changes
in the mathematics curriculum in the United States.” Report on some of these recent
changes
References Lynn Steen, Everybody Gounts: A Report to the Nation on the Future of
Mathematies Education (Washington, D.C.: National Academy Press, 198). See also
Currieulum and Evaluation Standards for School Mathematics from the National Council
of Teachers of Mathernatics (Reston, VA: NCTM, 1986).




Preface

First
You have to understand the
problem.

CHAPTER ONE The Nature of Problem Solving

Understanding the Problem®
What is the unknawn? What are the data? What is the condition? ls it

ssible to satisfy the condition? Is the condition sufficient to determine the
nt? Or redundant? Or contradictory?

pos
unknown? Or
Draw a figure. Introduce suitable notation

Separate the various parts of the condition, Can you write them down?

Devising a Plan
Second

Find the connecton becween d
dita and che unknown. You my
be obliged to consider sudiany
problems if an immediate
connecton canne be found.

Carrying Out the Pla
Third

Cany out your plan
Looking Back

Fourth

Examine the solution.

CHAPTER TWO The Nature of Logic

e Case3: F—T If7+5=15 then8+ 2
This is true, since the anteced;

d. Cased: F'—F If7+5=25 then7 =20
This is true, since the antecedent s false. -

Example 4 shows that the conditional, in mathematics, does not mean that
there is any cause-and-eflect relationship. Any two statements can be connected
with the connective of conditional and the result must be true or false
== EXAMPLE 5
The following sentence is found on a tax form:

Polya’s Method

If you do ot itemize deductions on Schedule A and you have charitable contri-
butions, then complete the worksheet on page 14 and enter the allowable part

PROBLEM SOLVING is an important
theme of this book. The introduction
is on page 8 and is presented in
Polya’s own words.

Examples throughout the book
reinforce Polya’s method of
problem solving:

1. Understand the problem.

2. Devise a plan.

on line 341

Interpret this sentence

example

Solution  We use Polya’s problem-solving guidelines for this

3. Carry out the plan.
4. Look back.

.

HENRY WADSWORTH
LONGFELLOW

ONGFELL
(1807-1882)
Well kniown a5 a poet, Longfel
low was also an accomplished
mathematician.  He  resigned
from Harvard University to find
time 1o write, and that writing in-
cluded some works in mathemat-
ics. The problems in this section
marked for ProblemSolving
were solved by Langfellow, See

The real world motivates many
of the problems in the book.

CHAPTER FIVE The Nature of Algebra

troit. If the total highway distance of a New Orleans—Memphis—Cincinnati~Detroit
trip i 1140 miles, find the length of the Gincinnati-Detroi leg of the trip,

Traveling from San Ar

mio to Dallas, you first pass through Austin and then Waco

before reaching Dallas, a total distance of 250 miles. From Austin to Waco is 30 miles

farther than from San Antonio to Austin, and also 20 miles farther than from Waco to
Dallas. How far is it from Waco to Dallas?

]

. Two persons are to run a race, but one can run 10 meters per second, whereas the
other can run 6 meters per second. If the slower runner has a SO-meter b .
how long will it be before the faster runner catches the slower rnner, if they begin at
the same time?

- IFthe rangefinder on the Enterprise shows a shuttlecraft 4,500 kn away, how long will
it take to catch the shuttle if the shuttle travels at 12,000 kph and the Enterprise is
traveling at 15,000 kph?

A specding car is traveling at 80 mph when a police car stats pursuit at 100 mph
How long wil i take the police car to catch up to the speeding car? Asstme that the
speeding car has o 2-mile head start and that the cars travel al constant rates

- Two people walk daily for exercise. One is able to maintain 4.0 mph and the other
only 3.5 mph, The slower walker has a mile head start when the other begins
finish together. How far did each walk?

. A child walks along a river bank and a friend rafts on the current beginning an hour
later from the same point. If one walks at 3 mph and the other floats at 9 mph, how
far do they travel before one overtakes the other?

an artic les . Mitchell
in the May 1089 issuc of The | 3. Two joggers set out at the same time from their homes 21 miles apart. They agree to
Mathematicd Toacher, meet at a point somewhere an hour and a half. If the rate of one is 2
A mph faster than the rate of the other, find the rate of each.
P
35. Two joggers set out at the same time in opposite directions. If they were to ma

tain
their normal ates for 4 hours, they would be 68 miles apart. If the rate of one is 1.5
mph faster than the rate of the other, find the rate of each.

el they

A Problem solving

6. HISTORICAL QUESTION (from Bh
Hily was observed, one cubit above]
sunik in the water at two cubits’ di 860

37. HISTORICAL QUESTION (from Bhj
beautiful water lilies is offered to

APPENDIX A Problem Solving

APPENDIX A Problem Solving

e-fourth to Devi, and the six wh
‘ind the total number of liies.

HISTORICAL NOTES include
not only the expected
mathematicians, but some
surprises.

. MISTORICAL QUESTION (from B

HISTORICAL QUESTION (from Bh|
flew to the Kadamba flower; one-!
ence of these two mumbers flew

tracted on cach side by the fragar

high is distant from a well two h
down the tree and gocs to the well

PROBLEM SOLVING problems are found in almost every
section of the book. Appendix A provides a mixture of
problems to test your problem-solving ability.

|

News Clip
Dear Marilyn,
1 recently purchased a tube of
caulking and it saysa Linch bead
will yield about 30 feet. But it
saysa binch bead will yield sbout
9%

a5 much. 'm not a math genius,
but it seems that because § inch
is half of ch, the smaller bead

One of the major themes of this text has been problem solving, Here is a potpourri of problems
that you should be able to solve after completing this book. None of these pmoblems is to be
considered moutine
1. How many cards must you draw from a deck of 52 playing cards to be sure that at
least two are from the same suit?
How many people must be in a oo to be sure that at least four of them have the
same birthday (not necessarily the same year)?

ind the units digit of 31721

4. Ifa year had two consecutive months with a Friday the thirteenth, which months

must they be?

. How many months have 28 days?

B

What s the largest number that is a divisor of both 210 and 3307

lsea, Deidre is 5
t can be said of

1 Ann s 3 years older than Brittany, Brittany is 2 years older than
years older than Elysse, and Elysse is a year older than Fawn, th
Deidre’s age as compared to Chelsea's age?

The News Clip shows a letter printed in the “Ask Marilyn” column of Parade maga-
zine (Sept. 27,1992). How would you answer it? Hint:~ We won't give you the an-
swer, but will quote onc line from Marilyn's answer; “So the question should be not
why the smaller one yields that much, but why it yields that lttle.”

9. Ifa megamile is one million
Kilomiles are there in 2.376 n

and a kilomile is one thausand miles, how many

gamiles?

10. A long steight fence having a pole every § feet is 1,440 fect long. How many fence
poles are used in the fence?

VLI (a,b) = a X b+ a + b, what is the value of ({1, 2), (3, 4))?

12. 1f it is known that all Angel Ve d all Venusians are Los Angeles resi-

NEWS CLIPS motivate many of the problems.

Here is a “Dear Marilyn” problem.
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Problems, Problems, Problems, Problems.

121 Systems of Linear Equations 801

y=12
0.5(12)

3,4 5= 1541
. { 2, + 160

ey HISTORICAL QUESTIONS are

x=Sy4 16 5 “
Solve the systems in Problems 24-33 by the taken from anthmty.
25. {" Ty

x—y =4
Py { v 5 {h‘ + day 802 CHAPTER TWELVE The Nature of Mathematical Systems
v=-7- (\u Say + Tay 7] B
o il 51 e ey e S ko o ) e o Common-sense and estimation
30. { 2= 3 {5y 4 20 o f nes as quickly as humans Uxmg this assumption, when will Karen and Mug)

5 [ e pl’ObleITlS are comimaorn.
fran 2 52, Assume that you oblain a dog that was bom today. When will this dog be older (in
dog-years) than you are’
A B Proviems 53, HisToRICAL QuESTION The Louvre Tablet from the Babylonian civilization is dated | B
Solve the systems in Problems 3449 for all about 1500 .. It shows a system equival
. w=1
25 {x + {x Ty =
- {v Solve this system for x and y in terms of a. This is not a linear system, and you will
£ need 1o use the quadratic formula after substituting. 4
3 54, HisToRICAL QUESTION The following problem was written by Leonhard Euler: COUld you fal] fOl’ thlS
{2 ey o ety i g b e s, e o o T :
ol enable him, singy, <o discharge this common debt. The first debtor says therefore to the second, C[edlt Card trap?
. {m “if you give me § of your money. Iunmehw,p:ydved:bL The second answers that he
X the debe, his money. Required, how many
g +d=147 x4 picoles each had!
. {nzsq +ol0d=2415 {w
y=2ux-1
wfrenel 122
6.2 Instaliment Buying 401
4 Prodiem setving Problem sol
50. J0URNAL PROBLEM (From “When Do in Chapter 9. 1 you purchase an item for 1,295 at an interest rate of 9.8% and you fort
h apauli b cquivalent years, then the amount of add-on interest is about News Clip
substitution| A SIB00 B.SSO0 C.$130 [
e poi look at syste| 10, 1 you purchase a new car for $10,000 and finance it for 4 years, the amownt of infer- Crudic Card Trap
Karen wanted to delermine euc\\y on some of the, est you would expect to pay is about Suppase you “max out” your
and her dog, Sydney, so that they could we will in : credit card charges at $1,500 and
A 54000 B.$400  C. $24.000
facts. Karen was bom on December 7, oquations. decide that you will not use it
ed. S, g 11, A reasonable APR to pay for a 3-year installment loan is again antl 1t i pad off How
Coin Prd A% B 2% C32% Tong do you think it will take you
As we have] 12. A reasonable APR to pay for a 3-year automobile loan is to pay it off if ;gm miake :h(c -lvm;'
imum required payment (which
problems. A 6% B.A0%  C. $2.000 would be $30 for the beginning
variables. T 13. 1f you wish to purchase a car with a sticker price of $10,000, a reasonable offer to balance of $1,500 and would de-
an applied make o the dealer is; crease as the remaining balance
LS A $10000 B $9000  C. $11,000 decreases)?
14. A reasonable APR for a credit card is A5 months
2: A 1% B.30%  C.12% B. 2 years
3.8 C. 8 years
: Sub 15. 101 do ot pay off my credit card cach month, the most important cost factor is 22 veis,
bl A the an fee  B.the APR  C. the grace period E. 20 years
The firf 16. 1F1 pay off my credit card balance each month, the most important cost factor is FEven though we cannot mathe-
begin here A the annual fee B, the AP
17. The method of calculation most
* A pistole s A. previous balance method
B. adjusted balance method 400 CHAPTER SIX The Nature of Sequences, Series, and Financial Management
€. average daily balance method|
18 T an application of the average Method  Previous Balance  Adjusted Balance Average Daily Balance
Ak BH CH P: $1,000 SLO00 — $50 = $950  Balance is $1,000 for 10 days of 31-day
19, When using the average daily ba montl 1l1nu: s §950 for 21 days of
Ad BE Cd 31-day month;
x Y i 10 % 1000 + 21 X 5950
20, 1f your eredit card balance is $65) T = s
3 card interest charge is 2
JOURNAL PROBLEMS—for hints e B S G - 018 018 018
s 21, 1f your credit card balance is $95) t n h W
or SO]Ut]Ol’lS you can resea[ch the interest is caleulated according t I=Pt. SLODDOIS)E)  S950(0.18)(4) §966.13 (0.18)(3%)
f h i T"I;ggslz\ B $902  C. & =$15.00 =§1425 = 1477 -
answers from the given source. 22, 1f your credit card balance is $95] You can sometimes make good use of credit cards by taking advantage of the
interest s caleulated according period during which no finance charges are levied. Many credit cards charge no
charge is interest if you pay in full within a certain period of time (usually 20 or 30 days)
A 952 B 8902 G 8 This is called the grace period. On the other hand, if you borrow cash on your
23. 1t your credit cand balance i $99 t card, you should know that many credit cards have an additional charge for
invest I ealouliid aceonding by cash advances — and these can be as high as 4%. This 4% is in addition to the
clage normal finance charges

A 8952 B 902 C. 8

PROBLEM SET 6.2

Problems are graded: & A probem
1. 1N Your own worDs What is add-on interest?

A Problems 2. 1N YOUR OWN WoRDS What is APR?

3. N YOUR oWk woRes Compare and contrast open-ended and closed-ctded eredit

B Problems 4, 1N YoUR OWN WORDS Discuss the methods of calculating credit card interest

Bl 5. e vour own wonos Describe a good procedure for saing money w

Problem Solving Problems claseofan atormabile

Use estimation to select the best response in Problems 6-23. Do not caleulate.

Individual Research

6. 1f you purchase a $2,400 item
‘monthly payment is
A $100 per month
1 $100 per month
$100 per month

W pay for it with monthly installments for 2

C

7. 1 you purchase a $595.95 item and pay for it with monthly installments for | year, the

IN YOUR OWN WORDS are writing ontly e s

A about $50  B. more than §50 . less than $50

exercises. These appear in almost 5. 1f you purchase an e for $1.295 at an ineret rte of 9%, and you e i for |

year, then the at of add-on interest is about

every section. ASIB00 B 500 C $130
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Spreadsheet Application T
The following spreadsheet was written to give an amortization schedule for Example 4. . . .
Optional TECHNOLOGY sections are integrated
into the text when appropriate by using SPREAD-
SHEET, CALCULATOR, and COMPUTER WINDOWS.
Using these spreadsheet entries for payments 1 to 360 we find the following entries:
Amortization Schedule
Endof Outstanding ~ End of
period _ Payment __Interest _ Principal __balance _ period P
0 $162,000.00 348 $1
Lo S1SH276 SI48500  $57.76 SI6l94224 M9 ) 83 Vokua.and Copaciiy, m
2 $1,54276  $148447  $58.29 $161,883.95 350  §1 2
3 SIS4276 SIA6394  SSEE2  SIGLE2S3 31 8 C]ear gl’ﬂpthS are used
4 $1,542.76 5148340  $59.36 $161,765.76 o alih 11 h l N h .
5 $1,54276  $1,48285  $5991  $161,705.86 353 $1,
6 $1,542.76  $1,48230  $60.46 $161,645.40 354 81 to teac re atlons lps'
7 SISZT6 SIABLTS S6lLOL SIGlsB 355§
8 $1,542.76  $1.481.19  $61.57 $161,522.82 356 $1,
9 $1,54276  $1480.63  $62.13  $161,460.69 357 8],
10 $1,542.76  $1480.06  $62.70 $161,397.98 358 $1
1 3154276 $147948  $63.28 $161,334.70 359 $1
12 $154276 147890  $6386  $16127085 360 §1
1ydd=27 1 1= 1728 in? 1int
‘about 200 gallons 7.48 gallons 1 gal =231 in
A Figure 015 U.5. messurement relationship betwaen volume and capacky
In the U.S. system of measurement, the relationship between volume and ca- Definiiti i
pacity is not particularly convenient, One gallon of capacity oceupies 231 in . This nition r i
means that, since the bo in part ¢ of Example 2 has a volume of 231 in.), we know c tions, properues,
that it will hold exactly | gallon of water.
To find the capacity of the 2-ft by 2-ft by 124t box mentioned earlier, we must and pl’OCCdureS are
change 48 f©’ to cubic inches: .
SR =45 (10X (18 (1B AT e 1< 750 clearly marked with
=48 X 12in. X 12in. X 12 in. 481~ 50 k7
Since 1 gallon is 231 in., the final step is to divide 82944 by 231 to obtain
approximately 359 gallons.
434 CHAPTER SIX The Nature of Sequences, Ctleulebof Commane 584 CHAPTER EIGHT The Nature of Measurement
Converting from volume to capacity in the U.S. measuremed
4o The amount you would have at age 65 from 2 foe his problem can b combined n one sequence of calcul the same as a milliliter. For this reason, you will sometimes see cc used to mean
s et dtage 40 i 5265,36.68, IHDEEm 5@ em’ or ml. These relationships are shown in Figure 8.16
s o Look Back. ~ Retirement Options I and 11 are kb i o
opagm Clearly, it s to your advantage to choose Oy =
-l # i Diplay: 359.0649351 I
! —— EXAMPLE 3 ===lll
g . e s thi T
W 6w v The previous example gave you a choice: The relationship between volume and eapacity in t) i
Option I: Pay yourself $200 per mont to remember, One cubic centimeter is one-thousandth o e
A Figurs 611 Comparison of it e o [T H
ety o 1 years old (this is comparable to the c: i
Option II: Wait until age 40, then m| 5
yourself for the next 25 years. =Inu..
If you were to select one of these options, whi B
ment monthly income assuming you v
the interest rate is 10%? Volume: 1 m* = 1,000 dm* 1 dm*= 1,000 em? Lem'=1cc
Sohuth o 1 fund of $752,850.86. Th " d Capacity: 1,000L =1kl 1 L= 1,000 ml Iml=1ce
olution  Option I gives you a retirement fund of $752,850.86. This will provide
a monthly income as determined by the simple interesl formula (because the in. Aflpwe e capucley
terest is not left to accumulate
P=pr Sivple ircarast formue Relationship Between Volume and Capacity B—
- 752,“5(1_86(0.!0)( ] ) Substuse vals. 1 lter = 1,000 em?
Vgallon = 231 in% 18~ 7.48 gal
~ 627376 Simpity,
Option I gives you a retrement fnd of $265,366.68. This will provide a monthly
income found as follows —EANPLE
I=pn Rapeat ch st from Opsion | How much water would each of the following containers hold?
| )
265,366.68(0. = 2
66.68(0.10) (12)
~2,211.39
“The better choice (Option 1) would mean that you would have about $4,000 more B
cach and every month that you live beyond age 65. Did you ever ask the question
“Why should I take math?” -
:mml leml hich we need o havea 1 i ey
Ve now consider the situation in which we need (or want) to have a lump sum of ESTIMATE for part b; Container s 5 i
moncy (a future value) in a certain period of time, The presentalue formula will soproximately [ X 2% | = * Vo= A Pl by, b
tell us how much we need to have today, but we frequently do not have that amount iR~ x75) gl =375 gl 88,000 cm =924 in
available. Suppose your goal is $10,000'in 5 years. You can obtsin 8% compounded Since each 1,000 emis Lliter,  Since each 231 in."is | gallon,
monthly, so the present value formula yields 288,000 924
L0, 244
P=A(+i)y% = 510000 (1 + 208} $6,712.10 4000 o =l
=eAl41) A= §10 ( AT ) z This container would hold 288 “This container would hold 4 gallons
iters.

Examples are clearly marked;
author’s notes are provided to

explain steps.

or $2,211.39/mo?” Here is how!

“Why should I take math?” or, in terms of this
question, “Would I rather have $6,273.76/mo

Author’s notes are frequent.




Preface

452 CHAPTER SIX The Nature of Sequences, Series, and Financial Management

Problems 5760 are based on @ 30:vear fixed rate home loan of $418.500 with an interest rate
of $.375%
57, What s the monthly payment”

58, What is the total amount of interest paid?

59 Use a computer to print out an amortization schedule

60. Suppose you reduce the term to 22 years. What is the fotal amount of mterest paid,
and what is the savings over the 3-year loan?

News Clip.
Fields Medal
The Fields Medal is often referred to as the “Nobel Prize of Mathematics.” The
existence of the award is related to the fact that Alfred Nobel chose not fo in-
clude mathematics in his areas of recognition. There is no documentary evi-
dence to explain this exclusion, but the general gosip atiibutes it o a personal
conflict between Nabel and Mittag-Leffler. John Charles Fields (1863-1932) was
disturbed by the lack of such a mathematical award, so he worked toward the
establishment of these awards from 1922 untl his death in 1932. It was Fields' last
will and testament that provided the necessary funds for the establishment of the
award, which was finalized on January 4, 1934. The first Fields Medals were
awarded it 1936 to L. V. Ahlfors (Harvard) and Jesse Douglas (MIT). Because of
World War I1 the next award was not until 195y it has been awarded every 4
years at the Interational Corgress of Mathematics
My thanks to Henry §. Tropp, Humboldt State University, for this information.
Professor Tropp was my first mathematics professor and was instrumental in my
interest in mathematics. | thank him not only for his research on the Fields
Medal, but also for his influence in my life.

Fields Medals b

Mathematics involves real people.

This interview with Jaime Escalante,

subject of the movie Stand and Deliver
(whose birthday, by the way, is December 31),
speaks directly to the readers of this book.

This book conforms to
the NCTM Standards.

“Students should be able to construct cogent arguments in support of their claims.”
DECEMBER WCTH Standards

Biographical Sketch

Jaime Escalante

Jaime Alfonso Escalante Gutierrez was born
it Lt Paz, Bolivia, on December 31, 1930, and
after teaching for 12 years in Bolivia, he
moved to the United States, After carning a
degree in mathematics and a teaching creden-
tial, he was hired as a basic mathematics
teacher at Carfield High School in East Los
| Angeles, a troubled inner-city school. His
spectaculat success teaching advanced mathe-
‘matics to gang members and other students
who had been considered “unteachable” at-
“You do not enter the future— tracted national attention. When his story was
you create it." told in the acclaimed film Stand and Deliver
{1988), Escalante became a national hero.
Lun:nlly in addition to teaching at Hiram Johnson High School in Saera- -
ento, Califomnia, Jaime is working with the Foundation for Advancements in
Scunce and Education (FASE) and the Public Broadcasting Sewvice (PBS) to
create u variety of videos on mathematics. His enthusiasm about teaching
mathematics is obvious. When asked about the future of mathematics educa-
tion, he responded. “We are all concerned about the future of American edu-
cation. But as 1 tell my students, you do not enter the future — you create the
future. The future is created through hard work. This means teachers must
teach, students must do the work, and parents must take an active interest in
their children’s schoolwork.”

You have heard of the Nobel Prize,
but have you ever heard of the Fields
Medal? The text uses a variety of
techniques to make mathematics alive
and contemporary.

Book Reports .
Write a 500-word repart on one of the following baoks:
\ Overcoming Math Anxiety, Sheila Tobias (Boston: Houghton Mifflin
Cov, 1978),

Birthdates of famous mathematicians
are shown, month by month.

Mathematical Puzsles for Beginners & Enthusiasts, Geoffrey Mott-Smith
(New York: Dover, 1954).

. Escalante, The Best Teacher in Anerica, Jay Mathews (New York: Halt,
1988).

129

Reading about mathematics is
encouraged with suggested book —
reports at the end of each chapter.
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Changes from the Previous Edition

You will find this edition substantially unchanged from
the seventh edition. I have added group research projects
at the end of each chapter, included z-scores in statistics,
and you will find many new and interesting problems, as
well as a glossary of terms. I have retained all of the famil-
iar features that were in the previous edition.
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To the Student

A Fable

Once upon a time, two young ladies, Shelley and Cindy, came to a town called Math-
ematics. People had warned them that this is a particularly confusing town. Many
people who arrived in Mathematics were very enthusiastic, but could not find their
way around, became frustrated, gave up, and left town.

Shelley was strongly determined to succeed. She was going to learn her way
through the town. For example, to learn how to go from her dorm to class, she con-
centrated on memorizing this clearly essential information: she had to walk 325
steps south, then 253 steps west, then 129 steps in a diagonal (southwest), and final-
ly 86 steps north. It was not easy to remember all of that, but fortunately she had a
very good instructor who helped her to walk this same path 50 times. To stick to the
strictly necessary information, she ignored much of the beauty along the route, such
as the color of the adjacent buildings or the existence of trees, bushes, and nearby
flowers. She always walked blindfolded. After repeated exercising, she succeeded in
learning her way to class and also to the cafeteria. But she could not learn the way
to the grocery store, the bus station, or a nice restaurant; there were just too many
routes to memorize. It was so overwhelming! Finally she gave up and left town;
Mathematics was too complicated for her.

Cindy, on the other hand, was of a much less serious nature. To the dismay of
her instructor, she did not even intend to memorize the number of steps of her
walks. Neither did she use the standard blindfold that students need for learning.
She was always curious, looking at the different buildings, trees, bushes, and near-
by flowers or anything else not necessarily related to her walk. Sometimes she
walked down dead-end alleys to find out where they were leading, even if this was
obviously superfluous. Curiously, Cindy succeeded in learning how to walk from
one place to another. She even found it easy and enjoyed the scenery. She eventu-
ally built a building on a vacant lot in the city of Mathematics.

"My thanks to Emilio Roxin of the University of Rhode Island for the idea for this fable.
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