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Preface

This book is devoted to the 6th International Conference on Theory and Ap-
plications of Satisfiability Testing (SAT 2003) held in Santa Margherita Ligure
(Genoa, Italy), during May 5-8, 2003. SAT 2003 followed the Workshops on Sat-
isfiability held in Siena (1996), Paderborn (1998), and Renesse (2000), and the
Workshop on Theory and Applications of Satisfiability Testing held in Boston
(2001) and in Cincinnati (2002). As in the last edition, the SAT event hosted a
SAT solvers competition, and, starting from the 2003 edition, also a Quantified
Boolean Formulas (QBF's) solvers comparative evaluation.

There were 67 submissions of high quality, authored by researchers from all
over the world. All the submissions were thoroughly evaluated, and as a result
42 were selected for oral presentations, and 16 for a poster presentation. The
presentations covered the whole spectrum of research in propositional and QBF
satisfiability testing, including proof systems, search techniques, probabilistic
analysis of algorithms and their properties, problem encodings, industrial appli-
cations, specific tools, case studies and empirical results. Further, the program
was enriched by three invited talks, given by Riccardo Zecchina (on “Survey
Propagation: from Analytic Results on Random k-SAT to a Message-Passing Al-
gorithm for Satisfiability”), Toby Walsh (on “Challenges in SAT (and QBF)”)
and Wolfgang Kunz (on “ATPG Versus SAT: Comparing Two Paradigms for
Boolean Reasoning”). SAT 2003 thus provided a unique forum for the presenta-
tion and discussion of research related to the theory and applications of propo-
sitional and QBF satisfiability testing.

The book includes 38 contributions. The first 33 are revised versions of some
of the articles that were presented at the conference. The last 5 articles present
the results of the SAT competition and of the QBF evaluation, solvers that won
the SAT competition, and results on survey and belief propagation. All 38 papers
were thoroughly reviewed.

We would like to thank the many people who contributed to the SAT 2003
organization (listed in the following pages), the SAT 2003 participants for the
lively discussions, and the sponsors.

September 2003 Enrico Giunchiglia
Armando Tacchella
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Satisfiability and Computing van der Waerden
Numbers

Michael R. Dransfield!, Victor W. Marek?, and Mirostaw Truszczyriski?

! National Security Agency, Information Assurance Directorate,
Ft. Meade, MD 20755
2 Department of Computer Science, University of Kentucky, Lexington,
KY 40506-0046, USA

Abstract. In this paper we bring together the areas of combinatorics
and propositional satisfiability. Many combinatorial theorems establish,
often constructively, the existence of positive integer functions, without
actually providing their closed algebraic form or tight lower and upper
bounds. The area of Ramsey theory is especially rich in such results.
Using the problem of computing van der Waerden numbers as an exam-
ple, we show that these problems can be represented by parameterized
propositional theories in such a way that decisions concerning their satis-
fiability determine the numbers (function) in question. We show that by
using general-purpose complete and local-search techniques for testing
propositional satisfiability, this approach becomes effective — competi-
tive with specialized approaches. By following it, we were able to obtain
several new results pertaining to the problem of computing van der Waer-
den numbers. We also note that due to their properties, especially their
structural simplicity and computational hardness, propositional theories
that arise in this research can be of use in development, testing and
benchmarking of SAT solvers.

1 Introduction

In this paper we discuss how the areas of propositional satisfiability and combi-
natorics can help advance each other. On one hand, we show that recent dramatic
improvements in the efficiency of SAT solvers and their extensions make it pos-
sible to obtain new results in combinatorics simply by encoding problems as
propositional theories, and then computing their models (or deciding that none
exist) using off-the-shelf general-purpose SAT solvers. On the other hand, we
argue that combinatorics is a rich source of structured, parameterized families
of hard propositional theories, and can provide useful sets of benchmarks for
developing and testing new generations of SAT solvers.

In our paper we focus on the problem of computing van der Waerden num-
bers. The celebrated van der Waerden theorem [20] asserts that for every pos-
itive integers k and [ there is a positive integer m such that every partition
of {1,...,m} into k blocks (parts) has at least one block with an arithmetic
progression of length [. The problem is to find the least such number m. This

E. Giunchiglia and A. Tacchella (Eds.): SAT 2003, LNCS 2919, pp. 1-13, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 Michael R. Dransfield, Victor W. Marek, and Mirostaw Truszczynski

number is called the van der Waerden number W (k,l). Exact values of W (k,1)
are known only for five pairs (k,[). For other combinations of k£ and [ there are
some general lower and upper bounds but they are very coarse and do not give
any good idea about the actual value of W (k,[). In the paper we show that
SAT solvers such as POSIT [6], and SATO [21], as well as recently developed
local-search solver walkaspps [13], designed to compute models for propositional
theories extended by cardinality atoms [4], can improve lower bounds for van
der Waerden numbers for several combinations of parameters & and (.

Theories that arise in these investigations are determined by the two pa-
rameters k and [. Therefore, they show a substantial degree of structure and
similarity. Moreover, as k and [ grow, these theories quickly become very hard.
This hardness is only to some degree an effect of the growing size of the theories.
For the most part, it is the result of the inherent difficulty of the combinatorial
problem in question. All this suggests that theories resulting from hard combi-
natorial problems defined in terms of tuples of integers may serve as benchmark
theories in experiments with SAT solvers.

There are other results similar in spirit to the van der Waerden theorem.
The Schur theorem states that for every positive integer k there is an integer
m such that every partition of {1,...,m} into k blocks contains a block that
is not sum-free. Similarly, the Ramsey theorem (which gave name to this whole
area in combinatorics) [16] concerns the existence of monochromatic cliques in
edge-colored graphs, and the Hales-Jewett theorem [11] concerns the existence of
monochromatic lines in colored cubes. Each of these results gives rise to a partic-
ular function defined on pairs or triples of integers and determining the values of
these functions is a major challenge for combinatorialists. In all cases, only few
exact values are known and lower and upper estimates are very far apart. Many
of these results were obtained by means of specialized search algorithms highly
depending on the combinatorial properties of the problem. Our paper shows that
generic SAT solvers are maturing to the point where they are competitive and
sometimes more effective than existing advanced specialized approaches.

2 Van der Waerden Numbers

In the paper we use the following terminology. By Z* we denote the set of
positive integers and, for m € Z*, [m] is the set {1,...,m}. A partition of a set
X is a collection A of nonempty and mutually disjoint subsets of X such that
UA = X. Elements of A are commonly called blocks.

Informally, the van der Waerden theorem [20] states that if a sufficiently
long initial segment of positive integers is partitioned into a few blocks, then
one of these blocks has to contain an arithmetic progression of a desired length.
Formally, the theorem is usually stated as follows.

Theorem 1 (van der Waerden theorem). For every k,l € Z*, there is
m € Z* such that for every partition {A1,..., Ax} of [m], there isi, 1 <i <k,
such that block A; contains an arithmetic progression of length at least |.
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We define the van der Waerden number W (k, 1) to be the least number m for
which the assertion of Theorem 1 holds. Theorem 1 states that van der Waerden
numbers are well defined.

One can show that for every k and [, where [ > 2, W(k,[) > k. In particular,
it is easy to see that W(k,2) = k + 1. From now on, we focus on the non-trivial
case when [ > 3.

Little is known about the numbers W (k,[). In particular, no closed formula
has been identified so far and only five exact values are known. They are shown
in Table 1 [1,10].

[ 3| 4 5
k
2 | 9|35(178
3 |27
4 |76

Table 1. Known non-trivial values of van der Waerden numbers

Since we know few exact values for van der Waerden numbers, it is important
to establish good estimates. One can show that the Hales-Jewett theorem entails
the van der Waerden theorem, and some upper bounds for the numbers W (k, )
can be derived from the Shelah’s proof of the former [18]. Recently, Gowers
[9] presented stronger upper bounds, which he derived from his proof of the
Szemerédi theorem [19] on arithmetic progressions.

In our work, we focus on lower bounds. Several general results are known. For
instance, Erdés and Rado [5] provided a non-constructive proof for the inequality

W(k,1) > (2(1 — 1)k =1)1/2,

For some special values of parameters k and [, Berlekamp obtained better bounds
by using properties of finite fields [2]. These bounds are still rather weak. His
strongest result concerns the case when £ = 2 and [ — 1 is a prime number.
Namely, he proved that when [ — 1 is a prime number,

W(2,0) > (I - 1)2'7 L.

In particular, W(2,6) > 160 and W (2,8) > 896.

Our goal in this paper is to employ propositional satisfiability solvers to find
lower bounds for several small van der Waerden numbers. The bounds we find
significantly improve on the ones implied by the results of Erdés and Rado, and
Berlekamp.

We proceed as follows. For each triple of positive integers (k, [, m), we define
a propositional CNF theory vdWy ; ,, and then show that vdWy, ; ,, is satisfiable
if and only if W(k,l) > m. With such encodings, one can use SAT solvers (at
least in principle) to determine the satisfiability of vdWy ; ., and, consequently,
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find W (k,!1). Since W (k,l) > k, without loss of generality we can restrict our
attention to m > k. We also show that more concise encodings are possible,
leading ultimately to better bounds, if we use an extension of propositional logic
by cardinality atoms and apply to them solvers capable of handling such atoms
directly.

To describe vdWy ;,m we will use a standard first-order language, without
function symbols, but containing a predicate symbol in_block and constants
1,...,m. An intuitive reading of a ground atom in_block(i,b) is that an inte-
ger 7 is in block b.

We now define the theory vdWy ; », by including in it the following clauses:

vdW1: —in_block(i,b1)V —in_block(i,bs), for every i € [m] and every by, bs €
[k] such that by < ba,

vdW2: in_block(i,1) V...V in_block(i, k), for every i € [m],

vdW3:  —in_block(i,b) V —in_block(i + d,b) V ...V —in_block(i + (I — 1)d,b),
for every i,d € [m] such that i 4+ (I — 1)d < m, and for every b such
that 1 <b <k.

As an aside, we note that we could design vdWy ; », strictly as a theory in
propositional language using propositional atoms of the form in_block;  instead
of ground atoms in_block(i,b). However, our approach opens a possibility to
specify this theory as finite (and independent of data) collections of proposi-
tional schemata, that is, open clauses in the language of first-order logic without
function symbols. Given a set of appropriate constants (to denote integers and
blocks) such theory, after grounding, coincides with vdWj ;. In fact, we have
defined an appropriate syntax that allows us to specify both data and schemata
and implemented a grounding program psgrnd [4] that generates their equivalent
ground (propositional) representation. This grounder accepts arithmetic expres-
sions as well as simple regular expressions, and evaluates and eliminates them
according to their standard interpretation. Such approach significantly simplifies
the task of developing propositional theories that encode problems, as well as
the use of SAT solvers [4].

Propositional interpretations of the theory vdWy ; », can be identified with
subsets of the set of atoms {in_block(i,b): ¢ € [m], b € [k]}. Namely, a set
M C {in_block(i,b): i € [m], b € [k]} determines an interpretation in which
all atoms in M are true and all other atoms are false. In the paper we always
assume that interpretations are represented as sets.

It is easy to see that clauses (vdW1) ensure that if M is a model of vdWy ; m
(that is, is an interpretation satisfying all clauses of vdWyg ; ), then for every
it € [m], M contains at most one atom of the form in_block(i,b). Clauses (vdW2)
ensure that for every i € [m] there is at least one b € [k] such that in_block(i,b) €
M. In other words, clauses (vdW1) and (vdW2) together ensure that if M is a
model of vdWy ; m, then M determines a partition of [m] into k blocks.

The last group of constraints, clauses (vdW3), guarantee that elements from
[m] forming an arithmetic progression of length [ do not all belong to the same
block. All these observations imply the following result.



