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PREFACE

The utility of scientific knowledge is judged according to the degree to which
it permits understanding of past events and prediction and control of future
events. Description of events, being a historical record of past experience,
cannot be used directly for future prediction and control. Rather, expecta-
tions of future events are generated within a logical system consisting of two
or more abstract variables and the rules for specifying their interdependence.
This logical system is called a model.

A logical system in which the variables are mathematical symbols and the
structural relations between variables consist of a set of equations is called a
mathematical model. Formulation of models in mathematical rather than
literary or verbal form is often advantageous in that (1) mathematical lan-
guage is often more concise and analytic than verbal language, (2) the
relations between variables must be explicitly stated, thereby facilitating
public scrutiny and evaluation of explanations, (3) the model builder has
access to supportive mathematical theories, and (4) an explanatory structure
can be readily generalized to the n-variable case.

This book introduces the mathematical methods most frequently used in
the behavioral and social sciences. The mathematical content follows closely
the recommendations made by the Committee on the Undergraduate
Program in Mathematics of the Mathematical Association of America for
students in the behavioral, management, and social sciences. Whenever
possible, usage of mathematical content is illustrated by models drawn from
the scientific literature. In other cases, hypothetical models are offered
which attempt to capture the essence, if not the actuality, of the use of
mathematical models.

The book is written for both those reasonably competent in mathematics
who are seeking to relate mathematics to the social and behavioral sciences
and those who have yet to develop their mathematical skills. Admittedly the
task is easier for the former. To make it more feasible for the latter, the
material is presented so as to facilitate an intuitive understanding of the
mathematical concepts that govern useful techniques in the analysis of
social and behavioral problems.
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For those interested in pursuing applications in specific content areas
literature references are footnoted within the textual material. Mathematical
readings are listed at the end of each chapter.

Topics in the book are arranged according to a meaningful order of
mathematical material rather than a hierarchy of models. Part I considers
the finite mathematics relevant to the concept of system as a group of related
entities. Matrices and linear algebra are discussed in Part II and applied to
the analysis of systems containing » variables. Part III introduces differential
and integral calculus and includes a parallel discussion of difference equations
and their use in studying the dynamics of system behavior. Part IV deals
with probability theory and its application to the development of random
models in the social and behavioral sciences.

For each mathematical topic, we have included examples and problems
from each discipline in proportion to usage. For instance, there are relatively
more examples and problems drawn from classical economics in Part III
(Calculus), whereas Part IV (Probability) contains proportionately more
material drawn from psychology and management science.

The book contains more than 1500 problems, some within the main
textual discussion to allow immediate verification of understanding. In
addition, most sections contain problems which call for “proofs.” Although
these problems do not contain results required for an understanding of later
material, it is our feeling that such problems facilitate the development of
mathematical skills.

The following diagram shows how the book may be used in one-, two-, or
three-semester courses. A solid line indicates dependence on the preceding
chapter; a dashed line indicates use of only a portion of the preceding
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material. For example, a one-semester course emphasizing matrix algebra and
its applications would survey the necessary parts of Chapters 1 through 6
before concentrating on Chapters 8 through 10. A one-semester course
emphasizing basic discrete probability can be taught using parts of Chapters
1 through 7, together with Chapters 18 and 19. (In each of these cases, some
selection is necessary from Chapters 1 through 7. In our experience, a
typical class will be able to cover 200 text pages when meeting three times
per week for one semester.)

A two-semester course emphasizing the general ideas of “finite mathe-
matics” including matrix algebra and Markov chains would use Chapters 1
through 9 and 18 through 20. (The material need not be covered in order.)
A two-semester course emphasizing techniques of calculus consists of
Chapters 1 through 6, and 11 through 17, with options of including none,
some, or all of Chapters 13, 15, 16, and 17. Finally, the entire book may be
covered in three semesters. In this case, the large number of problems and
the presence of Chapters 10, 17, and 21 allow considerable latitude for the
individual preferences of the instructor.

It is a pleasure to thank the many people who have contributed so much
to the completion of this book. Special thanks go to Mrs. Carol Little, Mrs.
Debra Currin, and Mrs. Sherry Ford for their many hours of careful typing;
to Miss Jane Woodbridge of Harcourt, Brace and World for a superb job
of editing; to Dr. Nicholas Rose, Chairman of the Department of Mathe-
matics at North Carolina State University, for his assistance and encourage-
ment; to Professor David Rosen of Swarthmore College for a careful
review which led to substantial improvement of Part III on calculus; and
especially to our wives for their encouragement and understanding through
the seemingly endless job of writing.

John W. Bishir
Donald W. Drewes

PREFACE / vii






CONTENTS

PART I

Finite Mathematics

Chapter 1

Set Theory

1.1
1.2
1.3
14

Chapter 2

Set Membership
Subsets and Set Equality
Complement, Union, and Intersection

Algebra of Sets—Combining Union, Intersection, and

Complement
Supplementary Reading

Symbolic Logic

21
2.2
2.3

Chapter 3

Statements and Their Truth Sets
Equivalence and Implication
Valid Arguments
Supplementary Reading

Relations

31
3.2
33
34

Binary Relations
Equivalence Relations

Weak Ordering Relations and Preference Relations

Partial and Simple Orderings

CONTENTS /

26

26
34
40
47

48

48
52
57
61

ix



3.5 Graphic Representation of Order Relations 67

Supplementary Reading 74
Chapter 4
Functions and Real Numbers 75
4.1 Functions 75
4.2 Absolute Value Function 83
4.3 Bounded Sets of Real Numbers 88
Supplementary Reading 91
Chapter 5
Sequences 92
5.1 Basic Concepts 92
5.2 Sequences of Statements—Mathematical Induction 97
5.3 Convergent Sequences of Real Numbers 104
5.4 Convergence of Monotone Sequences 112
Supplementary Reading 118
Chapter 6
Infinite Series 119
6.1 Summation Notation 119
6.2 Convergence of Infinite Series 125
6.3 Bases for the Real Number System 133
6.4 Techniques for Summing Infinite Series 138
6.5 Double Sums and Double Series 146
Supplementary Reading 151
Chapter 7
Combinatorial Analysis 152
7.1 Two Basic Principles of Counting 152
7.2 Counting Numbers of Samples 159
7.3 Binomial Coefficients 167
Supplementary Reading 176
PART II
Matrices and Linear Algebra 179
Chapter 8
Addition and Multiplication of Matrices 180
8.1 Addition of Matrices 180
8.2 Multiplication of Matrices 187

x / CONTENTS



8.3
84

Chapter 9

Basic Properties of Multiplication; Block Multiplication

Applications: Matrices and Directed Graphs and Input-
Output Analysis

Supplementary Reading

Linear Equations and Linear Programming

9.1
9.2
9.3
9.4
9.5

Linear Equations

Elementary Operations on Matrices
The Inverse of a Matrix

Linear Inequalities and Convex Sets
Linear Programming
Supplementary Reading

Chapter 10
Characteristics Equations— Quadratic Forms

10.1
10.2
10.3

Determinants

Characteristic Roots and Characteristic Vectors
Symmetric Matrices and Quadratic Forms
Supplementary Reading

PART Il

Calculus

Chapter 11
Functions, Limits, and Continuity

11.1
11.2
11.3
114

Real-Valued Functions
Limits

More About Limits
Continuous Functions
Supplementary Reading

Chapter 12
Differential Calculus

12.1
12.2
12.3
124
12.5
12.6
12.7
12.8
12.9

The Derivative

Derivatives of Sums, Products, and Quotients

Mean Value Theorem

Composite Functions and the Chain Rule

Derivatives of Trigonometric Functions

Inverse Functions—The Inverse Trigonometric Functions
Logarithmic and Exponential Functions

Applications of Differentiation—Optimization and Stability
Higher-Order Derivatives: Taylor’s Theorem
Supplementary Reading

197

205
213

214

214
219
224
231
237
246

247

247
253
260
269

271

272

272
276
285
288
293

294

294
301
307
314
319
325
333
339
347
354

CONTENTS / «xi



Chapter 13
Difference Equations

13.1
13.2
13.3
13.4
13.5

13.6

Concept of a Difference

Basic Properties of Differences

Applications

The Simplest Difference Equations

General Linear Difference Equations with Right-Hand
Side Zero

Method of Complementary and Particular Solutions

Supplementary Reading

Chapter 14

Integral

14.1
14.2
14.3
144
14.5
14.6
14.7
14.8
14.9
14.10

Calculus

Area

The Integral

Antiderivatives

Fundamental Theorem of Calculus or Integration Made Easy
Basic Properties of Integrals

Applications

Integration by Parts

Integration by Substitution

Rational Functions and Partial Fraction Methods
Improper Integrals

Supplementary Reading

Chapter 15
Differential Equations

15.1
15.2

Separation of Variables
Linear Differential Equations
Supplementary Reading

Chapter 16
Power Series

16.1
16.2

Taylor Series
Differentiation and Integration of Power Series
Supplementary Reading

Chapter 17
Functions of Several Variables

17.1
17.2
17.3
17.4
17.5

Partial Derivatives

Chain Rule for Functions of Several Variables
Taylor’s Formula—Optimization

Optimization with Restraints—Lagrange Multipliers
Iterated Integrals

Supplementary Reading

xii / CONTENTS

355

355
360
366
370

375
382
389

390

390
396
402
406
411
415
421
426
433
438
442

443

443
447
454

455

455
463
468

469

469
477
482
492
498
506



PART IV
Probability

Chapter 18
Basic Concepts of Probability

18.1
18.2
18.3
18.4
18.5
18.6
18.7

Sample Spaces

Events

The Axioms of Probability

Basic Theorems

Conditional Probability

Applications of Conditional Probability
Independent Events and Independent Trials
Supplementary Reading

Chapter 19
Discrete Random Variables

19.1
19.2
19.3
194
19.5
19.6

Random Variables and Probability Functions
Random Variables Associated with Bernoulli Trials
Expected Value of a Random Variable

Jointly Distributed Random Variables

Sums of Random Variables

Generating Functions

Supplementary Reading

Chapter 20
Markov Chains

20.1
20.2
20.3
204
20.5
20.6

Basic Concepts
Classification of the States
Regular Chains

Chains with Open Classes
Applications in Sociology
Applications in Psychology
Supplementary Reading

Chapter 21

Continuous Time Processes and Continuous
Random Variables

211
21.2
21.3
214

The Poisson Process

Continuous Time Random Processes
Continuous Random Variables

The Normal Distribution
Supplementary Reading

Answers to Selected Exercises

Index

509

510

510
513
516
523
531
536
547
557

558

558
564
574
586
596
607
614

615

615
624
629
634
641
646
650

651

651
660
669
680
689

691
707

CONTENTS / «xiii



PART |

Finite Mathematics






SET THEORY l

1.1 SET MEMBERSHIP

The language and techniques of set theory provide the basic tools for many
branches of mathematics of significance to the behavioral and social scien-
tist. Sets also appear in mathematical models developed for the behavioral
sciences. Thus we begin our mathematical discussion with a look at sets.

A set is any collection of objects. We may speak, for example, of the set
of closing quotations on the New York Stock Exchange for September 23,
or the set of possible dominance relations among a group of ten people, or
the set of all solutions of the equation x2 — 1 = 0, or the set of all purple
cows. Other terms, such as class or collection, are sometimes used as syn-
onyms for set.

The objects in a set are called elements, or members, of the set. We say that
elements belong to the set. The notation x € A4 is used to indicate that the
object x is a member of the set A. If, for example, P is the set of all psy-
chotics, we might indicate that Mr. X is psychotic by writing X € P.

One way of describing a set is to enclose, in braces, letters or numbers
separated by commas to represent the members of the set. Thus, the set S
of all solutions of the equation x> — 1 = 0 could be writtenas S = {I, —1}.
If R and L denote, respectively, “the rat turns right” and ““the rat turns left,”
then the set of possible choices made in a single run through a 7-maze is
C = {R, L}. Similarly, {Adams, Jefferson, Monroe} denotes the set of U.S.
Presidents who died on July 4.

PROBLEMS

1. Write the following sets.

(a) The set of countries lying in both the Eastern and Western hemi-
spheres.

11 SET MEMBERSHIP / 3



(b) The set of living former Presidents of the United States.

(c) The set of States having only one representative in the House of
Representatives.

(d) The set of possible combinations of coins which amount to 41¢.

A set may also be described by stating a criterion which members of the
set must satisfy. For instance, the set S = {l, —1} may be denoted in the
alternative form S = {x: x? — 1 = 0} read “S is the set of all objects x
having the property that x2 — 1 = 0.” In general, the notation 4 =
{x: p(x)} means that A is the set of all objects x about which the proposi-
tion p(x) is true. It is common to use this method of representing a set when
the members are not known exactly or are too numerous to list. Thus we
represent the set of all millionaires by M = {x: x is a millionaire} and the set
of all real numbers larger than 4 by G = {y: y is a real number and y > 4}.
We have, for example, Onassis € M and 9 € G.

PROBLEMS

2. Denote the following sets.
(a) The set of citizens of Canada.
(b) The set of stocks listed on the American Stock Exchange.
(c) The set of positive, even integers.

Some sets, such as the set of all English words that begin with the letters
ga, contain no elements. Such sets are called empty sets, or are referred to as
the null set, and are denoted by the symbol 0. Other empty sets are the set of
U.S. Presidents who have lived to be 100 years old and the set of all audible
tones greater than 20,000 cps.

PROBLEMS

3. Which of the following sets are empty ?
(a) {0;
(b) The set of integer solutions of the equation x2 — 3 = 0.

(©) 0]

The members of a set may themselves be sets. A social club represents a
certain set of people, and it may be of interest to speak of the set of social
clubs in a given town. However, we never allow a set to be a member of
itself. The following example, due to Bertrand Russell, shows why.

Example 1 Russell’s Paradox Suppose we wish to divide the collection of
all sets into two smaller collections one of which, M, is to contain all those
sets which are members of themselves while the other, &, is to contain those
sets which are not members of themselves. Obviously, every set is assigned
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