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Preface

This is an introductory textbook on optimization—that is, on mathematical program-
ming—intended for undergraduates and graduate students in management or
engineering. The principal coverage includes linear programming, nonlinear program-
ming, integer programming, and heuristic programming; and the emphasis is on model
building using Excel and Solver.

The emphasis on model building (rather than algorithms) is one of the features
that makes this book distinctive. Most textbooks devote more space to algorithmic
details than to formulation principles. These days, however, it is not necessary to
know a great deal about algorithms in order to apply optimization tools, especially
when relying on the spreadsheet as a solution platform.

The emphasis on spreadsheets is another feature that makes this book distinctive.
Few textbooks devoted to optimization pay much attention to spreadsheet implemen-
tation of optimization principles, and most books that emphasize model building
ignore spreadsheets entirely. Thus, someone looking for a spreadsheet-based treatment
would otherwise have to use a textbook that was designed for some other purpose, like
a survey of management science topics, rather than one devoted to optimization.

WHY MODEL BUILDING?

The model building emphasis is an attempt to be realistic about what business and
engineering students need most when learning about optimization. At an introductory
level, the most practical and motivating theme is the wide applicability of optimization
tools. To apply optimization effectively, the student needs more than a brief exposure
to a series of numerical examples, which is the way that most mathematical program-
ming books treat applications. With a systematic modeling emphasis, the student can
begin to see the basic structures that appear in optimization models and as a result,
develop an appreciation for potential applications well beyond the examples presented
in the text.

Formulating optimization models is both an art and a science, and this book pays
attention to both. The art can be refined with practice, especially supervised practice,
just the way a student would learn sculpture or painting. The science is reflected in the
structure that organizes the topics in this book. For example, there are several distinct
problem types that lend themselves to linear programming formulations, and it makes
sense to study these types systematically. In that spirit, the book builds a library of
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templates against which new problems can be compared. Analogous structures are
developed for the presentation of other topics as well.

WHY SPREADSHEETS?

Now that optimization tools have been made available with spreadsheets (i.e., with
Excel), every spreadsheet user is potentially a practitioner of optimization techniques.
No longer do practitioners of optimization constitute an elite, highly trained group of
quantitative specialists who are well versed in computer software, or their former pro-
fessor’s own code. Now, anyone who builds a spreadsheet model can call on optim-
ization techniques, and can do so without the need to learn about specialized software.
The basic optimization tool, in the form of Excel’s Standard Solver, is now as readily
available as the spelichecker. So why not raise modeling ability up to the level of soft-
ware access? Let’s not pretend that most users of optimization tools will be inclined to
shop around for matrix generators and industrial-strength “solvers” if they want to pro-
duce numbers. More likely, they will be drawn to Excel.

Students using this book can take advantage of an even more powerful software
package called Risk Solver Platform (RSP) that was developed by the creators of
Excel’s built-in Standard Solver. The educational version of RSP is available at no
cost (see Appendix 1), and it introduces students to the capabilities of a sophisticated
optimization package. Although this book is not organized as a user’s manual, it
nevertheless provides most of the information the student needs to become a sophis-
ticated user of RSP.

WHAT’S SPECIAL?

Mathematical programming techniques have been invented and applied for more than
half a century, so by now they represent a relatively mature area of applied mathemat-
ics. There is not much new that can be said in an introductory textbook regarding the
underlying concepts. The innovations in this book can be found instead in the delivery
and elaboration of certain topics, making them accessible and understandable to the
novice. The most distinctive of these features are as follows.

* The major topics are not illustrated merely with a series of numerical examples.
Instead, the chapters introduce a classification for the problem types. An early
example is the organization of basic linear programming models in Chapter 2
along the lines of allocation, covering, and blending models. This classification
strategy, which extends throughout the book, helps the student to see beyond
the particular examples to the breadth of possible applications.

» Network models are a special case of linear programming models. If they are
singled out for special treatment at all in optimization books, they are defined
by a strict requirement for mass balance. Here, in Chapter 3, network models
are presented in a broader framework, which allows for a more general form
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of mass balance, thereby extending the reader’s capability for recognizing and
analyzing network problems.

« Interest has been growing in Data Envelopment Analysis (DEA), a special kind
of linear programming application. Although some books illustrate DEA with a
single example, this book provides a systematic introduction to the topic by
providing a patient, comprehensive treatment in Chapter 5.

¢ Analysis of an optimization problem does not end when the computer displays
the numbers in an optimal solution. Finding a solution must be followed with a
meaningful interpretation of the results, especially if the optimization model
was built to serve a client. An important framework for interpreting linear pro-
gramming solutions is the identification of patterns, which is discussed in detail
in Chapter 4.

« The topic of heuristic programming has evolved somewhat outside the field of
optimization. Although a variety of specialized heuristic approaches have been
developed, generic software has seldom been available. Now, however, the
advent of the evolutionary solver in Solver and RSP brings heuristic program-
ming alongside linear and nonlinear programming as a generic software tool for
pursuing optimal decisions. The evolutionary solver is covered in Chapter 9.

« The topic of stochastic programming has been of interest to researchers for
quite a while but promises to become a factor in applications now that the
latest versions of RSP contain such capabilities as the solution of stochastic
programs with recourse. Appendix 4 provides an introduction to this topic
area and a glimpse of how to use RSP to solve problems of this type.

Beyond these specific innovations, as this book goes to print, there is no optim-
ization textbook exclusively devoted to model building rather than algorithms that
relies on the spreadsheet platform. The reliance on spreadsheets and on a model-
building emphasis is the most effective way to bring optimization capablhty to the
many users of Excel.

THE AUDIENCE

This book is aimed at management students and secondarily engineering students. In
business curricula, a course focused on optimization is viable in two situations. If there
is no required introduction to Management Science at all, then the treatment of
Management Science at the elective level is probably best done with specialized
courses on deterministic and probabilistic models. This book is an ideal text for a
first course dedicated to deterministic models. If instead there is a required introduc-
tion to Management Science, chances are that the coverage of optimization glides
by so quickly that even the motivated student is left wanting more detail, more con-
cepts and more practice. This book is also well suited to a second-level course that
delves specifically into mathematical programming applications.

In engineering curricula, it is still typical to find a full course on optimization,
usually as the first course on (deterministic) modeling. Even in this setting, though,
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traditional textbooks tend to leave it to the student to seek out spreadsheet approaches
to the topic, while covering the theory and perhaps encouraging students to write code
for algorithms. This book will capture the energies of students by covering what they
would be spending most of their time doing in the real world—building and solving
optimization problems on spreadsheets.

This book has been developed around the syllabi of two courses at Dartmouth
College that have been delivered for several years. One course is a second-year elective
for MBA students who have had a brief, previous exposure to optimization during a
required core course that surveyed other analytic topics. A second course is a required
course for Engineering Management students in a graduate program at the interface
between business and engineering. These students have had no formal exposure to
spreadsheet modeling, although some may previously have taken a survey course in
Operations Research. Thus, the book is appropriate for students who are about to
study optimization with only a brief, or even nonexistent exposure to the subject.
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Chapter 1

Introduction to Spreadsheet
Models for Optimization

This is a book about optimization with an emphasis on building models and using
spreadsheets. Each facet of this theme—models, spreadsheets, and optimization—
has a role in defining the emphasis of our coverage.

A model is a simplified representation of a situation or problem. Models attempt to
capture the essential features of a complicated situation so that it can be studied and
understood more completely. In the worlds of business, engineering, and science,
models aim to improve our understanding of practical situations. Models can be
built with tangible materials, or words, or mathematical symbols and expressions. A
mathematical model is a model that is constructed—and also analyzed—using math-
ematics. In this book, we focus on mathematical models. Moreover, we work with
decision models, or models that contain representations of decisions. The term also
refers to models that support decision-making activities.

A spreadsheet is a row-and-column layout of text, numerical data, and logical
information. The spreadsheet version of a model contains the model’s elements,
linked together by specific logical information. Electronic spreadsheets, like those
built using Microsoft Excel®, have become familiar tools in the business, engineering,
and scientific worlds. Spreadsheets are relatively easy to understand, and people often
rely on spreadsheets to communicate their analyses. In this book, we focus on the use
of spreadsheets to represent and analyze mathematical models.

This text is written for an audience that already has some familiarity with Excel.
Our coverage assumes a level of facility with Excel comparable to a beginner’s level.
Someone who has used other people’s spreadsheets and built simple spreadsheets for
some purpose—either personal or organizational—has probably developed this skill
level. Box 1.1 describes the Excel skill level assumed. Readers without this level of
background are encouraged to first work through some introductory materials, such
as the books by McFedries (1) and Reding and Wermers (2).

Optimization is the process of finding the best values of the variables for a particu-
lar criterion or, in our context, the best decisions for a particular measure of perform-
ance. The elements of an optimization problem are a set of decisions, a criterion, and

Optimization Modeling with Spreadsheets, Second Fdition. Kenneth R. Baker
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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CIONNI  Excel Skills Assumed as Background for this Book

Navigating in workbooks, worksheets, and windows.

Using the cursor to select cells, rows, columns, and noncontiguous cell ranges.
Entering text and data; copying and pasting; filling down or across.
Formatting cells (number display, alignment, font, border, and protection).
Editing cells (using the formula bar and cell-edit capability [F2]).

Entering formulas and using the function wizard.

Using relative and absolute addresses.

Using range names.

Creating charts and graphs.

perhaps a set of required conditions, or constraints, that the decisions must satisfy.
These elements lend themselves to description in a mathematical model. The term
optimization sometimes refers specifically to a procedure that is implemented by soft-
ware. However, in this book, we expand that perspective to include the model-building
process as well as the process of finding the best decisions.

Not all mathematical models are optimization models. Some models merely
describe the logical relationship between inputs and outputs. Optimization models
are a special kind of model in which the purpose is to find the best value of a particular
output measure and the choices that produce it. Optimization problems abound in the
real world, and if we’re at all ambitious or curious, we often find ourselves seeking
solutions to those problems. Business firms are very interested in optimization because
making good decisions helps a firm run efficiently, perform profitably, and compete
effectively. In this book, we focus on optimization problems expressed in the form
of spreadsheet models and solved using a spreadsheet-based approach.

1.1. ELEMENTS OF A MODEL

To restate our premise, we are interested in mathematical models. Specifically, we are
interested in two forms—algebraic and spreadsheet models. In the former, we use
algebraic notation to represent elements and relationships, and in the latter, we use
spreadsheet entries and structure. For example, in an algebraic statement, we might
use the variable x to represent a quantitative decision, and we might use some function
f(x) to represent the measure of performance that results from choosing decision x.
Then we might adopt the letter z to represent a criterion for decision making and con-
struct the equation z = f(x) to guide the choice of a decision. Algebra is the basic
language of analysis largely because it is precise and compact.

As an introductory modeling example, let’s consider the price decision in the
scenario of Example 1.1.
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Price, Demand, and Profit

Our firm’s production department has carried out a cost accounting study and found that the unit
cost for one of its main products is $40. Meanwhile, the marketing department has estimated the
relationship between price and sales volume (the so called demand curve for the product) as
follows:

y = 800 — 5x 1.1

where y represents quarterly demand and x represents the selling price per unit. We wish to deter-
mine a selling price for this product, given the information available. |

In Example 1.1, the decision is the unit price, and the consequence of that
decision is the level of demand. The demand curve in Equation 1.1 expresses the
relationship of demand and price in algebraic terms. Another equation expresses the
calculation of profit contribution, by multiplying the demand y by the unit profit con-
tribution (x — 40) on each item

z=(x—40) (1.2)

where z represents our product’s quarterly profit contribution.
We can substitute Equation 1.1 into 1.2 if we want to write z algebraically as a
function of x alone. As a result, we can express the profit contribution as

z = 1000x — 5x* — 32,000 (1.3)

This step embodies the algebraic principle that simplification is always desirable. Here,
simplification reduces the number of variables in the expression for profit contribution.
Simplification, however, is not necessarily a virtue when we use a spreadsheet model.

Example 1.1, simple as it is, has some important features. First, our model con-
tains three numerical inputs: 40 (the unit cost), —5 (the marginal effect of price on
demand) and 800 (the maximum demand). Numerical inputs such as these are
called parameters. In some models, parameters correspond to raw data, but in many
cases, parameters are summaries drawn from a more primitive data set. They may
also be estimates made by a knowledgeable party, forecasts derived from statistical
analyses, or predictions chosen to reflect a future scenario.

Our model also contains a decision—an unknown quantity yet to be determined.
In traditional algebraic formulations, unknowns are represented as variables.
Quantitative representations of decisions are therefore called decision variables.
The decision variable in our model is the unit price x.

Our model contains the equation that relates demand to price. We can think of
this relationship as part of the model’s logic. In that role, the demand curve prescribes
a relationship between two variables—price and demand—that must always hold.
Thus, in our model, the only admissible values of x and y are those that satisfy
Equation 1.1.

Finally, our model contains a calculation of quarterly profit contribution, which is
the performance measure of interest and a quantity that we wish to maximize. This
output variable measures the consequence of selecting any particular price decision
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in the model. In optimization models, we are concerned with maximizing or minimiz-
ing some measure of performance, expressed as a mathematical function, and we refer
to it as the objective function, or simply the objective.

1.2. SPREADSHEET MODELS

Algebra is an established language that works well for describing problems, but not
always for obtaining solutions. Algebraic solutions tend to occur in formulas, not num-
bers, but numbers most often represent decisions in the practical world. By contrast,
spreadsheets represent a practical language—one that works very effectively with
numbers. Like algebraic models, spreadsheets can be precise and compact, but there
are also complications that are unique to spreadsheets. For example, there is a differ-
ence between form and content in a spreadsheet. Two spreadsheets may look the same
in terms of layout and the numbers displayed on a computer screen, but the underlying
formulas in corresponding cells could differ. Because the information behind the dis-
play can be different even when two spreadsheets have the same on-screen appear-
ance, we can’t always tell the logical content from the form of the display. Another
complication is the lack of a single, well accepted way to build a spreadsheet represen-
tation of a given model. In an optimization model, we want to represent decision vari-
ables, an objective function, and constraints. However, that still leaves a lot of
flexibility in choosing how the logic of a particular model is incorporated into a
spreadsheet. Such flexibility would ordinarily be advantageous if the only use of a
spreadsheet were to help individuals solve problems. However, spreadsheets are per-
haps even more important as vehicles for communication. When we use spreadsheets
in this role, flexibility can sometimes lead to confusion and disrupt the intended
communication.

We will try to mitigate these complications with some design guidelines. For
example, it is helpful to create separate modules in the spreadsheet for decision vari-
ables, objective function, and constraints. To the extent that we follow such guidelines,
we may lose some flexibility in building a spreadsheet model. Moving the design pro-
cess toward standardization will, however, make the content of a spreadsheet more
understandable from its form, so differences between form and content become less
problematic.

With optimization, a spreadsheet model contains the analysis that ultimately pro-
vides decision support. For this reason, the spreadsheet model should be intelligible to
its users, not just to its developer. On some occasions, a spreadsheet might come into
routine use in an organization, even when the developer moves on. New analysts may
inherit the responsibilities associated with the model, so it is vital that they, too, under-
stand how the spreadsheet works. For that matter, the decision maker may also move
on. For the organization to retain the learning that has taken place, successive decision
makers must also understand the spreadsheet. In yet another scenario, the analyst
develops a model for one-time use but then discovers a need to reuse it several
months later in a different context. In such a situation, it’s important that the analyst
understands the original model, lest the passage of time obscure its purpose and
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logic. In all of these cases, the spreadsheet model fills a significant communications
need. Thus, it is important to keep the role of communication in mind while develop-
ing a spreadsheet.

A spreadsheet version of our pricing model might look like the one in Figure 1.1.
This spreadsheet contains a cell (C9) that holds the unit price, a cell (C12) that holds
the level of demand, and a cell (C15) that holds the total profit contribution. Actually,
cell C12 holds Equation 1.1 in the form of the Excel formula =C44C5%C9. Similarly,
cell C15 holds Equation 1.2 with the formula =(C9-C6)*C12. In cell C9, the unit
price is initially set to $80. For this choice, demand is 400. The quarterly profit con-
tribution is $16,000.

In a spreadsheet model, there is usually no premium on being concise, as there is
when we use algebra. In fact, when conciseness begins to interfere with a model’s
transparency, it becomes undesirable. Thus, in Figure 1.1, the model retains the
demand equation and displays the demand quantity explicitly; we have not tried to
incorporate Equation 1.3. This form allows a user to see how price influences profit con-
tribution through demand because all of these quantities are explicit. Furthermore,
it is straightforward to trace the connection between the three input parameters and
the calculation of profit contribution.

To summarize, our model consists of three parameters and a decision variable,
together with some intermediate calculations, all leading to an objective function
that we want to maximize. In algebraic terms, the model consists of Equations 1.1
and 1.2, with the prescription that we want to maximize Equation 1.2. In spreadsheet
terms, the model consists of the spreadsheet in Figure 1.1, with the prescription that we
want to maximize the value in cell C15.

Glii
Max. demand 800
Slope =5
Unit cost 40

Price
10 |

1},;Calculation
2| Demand 400

profit

4 » W] _Modelr [

Figure 1.1. Spreadsheet model for determining price.
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The spreadsheet is organized into four modules: Inputs, Decision, Calculation,
and Outcome, separating different kinds of information. In spreadsheet models, it is
a good idea to separate input data from decisions and decisions from outcome
measures, Intermediate calculations that do not lead directly to the outcome measure
should also be kept separate.

In the spreadsheet model, cell borders and shading draw attention to the decision
(cell C9) and the objective (cell C15) as the two most important elements of the optim-
ization model. No matter how complicated a spreadsheet model may become, we want
the decisions and the objective to be located easily by someone who looks at the
display.

In the spreadsheet of Figure 1.1, the input parameters appear explicitly. It would
not be difficult to skip the Inputs section entirely and express the demand function in
cell C12 with the formula =800-5xC9, or to express the profit contribution in
cell C15 with the formula =(C9-40)%C12. This approach, however, places the
numerical parameters in formulas, so a user would not see them at all when looking
at the spreadsheet. Good practice calls for displaying parameters explicitly in the
spreadsheet, as we have done in Figure 1.1, rather than burying them in formulas.

The basic version of our model, shown in Figure 1.1, is ready for optimization.
But let’s look at an alternative, shown in Figure 1.2. This version contains the four
modules, and the numerical inputs are explicit but placed differently than in
Figure 1.1. The main difference is that demand is treated as a decision variable, and
the demand curve is expressed as an explicit constraint. Specifically, this form of
the model treats both price and demand as variables in cells C9:C10, as if the two
choices could be made arbitrarily. However, the Constraints module describes a
relationship between the two variables in the form of Equation 1.1, which can

~l-’rice, Deménd, and Profit

| Inputs

Max. demand
Slope

Cost

10N OO WIN -

' Decisions

o

| Price
10 Demand
11

Constraints

Demand

Outcomes
Profit

4> W[ Modell | Model2 ]

Figure 1.2. Alternative spreadsheet model for determining price.



