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NEW PROGRAMMING APPROACH TO THE NEWLUN-RAPHSON LOAD-FLOW

N. Nabona
Imperial College of Science and Technology
London, Great Britain

ABSTRACT

There are several differences between the conven-
tional Newton-Raphson load-flow programs using sparsity
techniques and that described in this paper, the
principal one being the reuse of the location vectors
of the sparse clustered Jacobian after the first tri-
angularisation-factorisation.

In the first iteration the location vectors are
modified to take into account the new created elements
during triangularisation. In the subsequent iterations
a different and faster subroutine is used as no logical
instructions are necessary for the location of the new
created elements. It is shown that when this technique
is applied to large systems, computing time improvements
approaching 50% in comparison to conventional programs
are obtained.

INTRODUCTION

During the last few years the Newton-Raphson
(N.R.) technique has emerged as the most efficient
method for the solution of the load-flow problem in
power systems. This came about through the exploitation
of the sparsity of the matrices involved and through
ordered elimination. The resulting saving in storage
and computing time transformed the technique from what -
was considered initially as a non-starter to an extrem-
ely fast and powerful load-flow method.

The N.R. salgorithm itself is a simple enough tech-
nique but the advances in programming efficiency to
which the method owes its success are complex and
meagrely documented. The 'existing literature on the
exploitation of sparsity g1ves sganty details on
programming and organlsatlon 12 However, through
the information in this literature an oferall picture
can be put together of the features that these N.R.
programs have in common:

. 1) use of polar co-ordinates.

2) use of one slack bus - usually node*No. 1.

3) provision of storage for the Jacobian modified
with reference to a pre-established slack bus and to a
fixed pre-established set of voltage controlled nodes.

4) calculation of the injected currents and power
mismatches, formation, triangularisation and factoris-
ation of the Jacobian all carried out simultaneously
node by node. '

5) use of the same triangularisatipn subroutine
throughout the program.

At Imperial College an N.R. based program (refer-
red to henceforth as I.C.N.R.) was developad as a part
of a system optimisation program. The object of this
paper is. to describe the I.C.N.R. and show that consid-
erable savings in computing time are achieved through
the adoption of the following features:
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1) use of rectangular co-ordinates.

2) facility to employ as many slack nodess as one
wishes and distributed in any desired manner.

3) storage and location vectors of the Jacobian
can be adapted to any set of slack nodes  and voltage
controlled nodes during the execution of the pgogram.

L) the calculation of the injected currents and
power mismatches, formation, triangularisation and
factorisation of the Jacobian are carried out in three
separate stages.

5) a normal triangularisation subroutine is used
only in the first iteration with a different one in the
subsequent iterations.

It is shown later that feature 5 and to a lesser
degree feature 1, result in a considerable reduction of
computing time. In the N.R. programming technique
proposed in reference 2 the problem is solved in the
last-but-one iteration. However, this is not detected
until the end of the last iteration. This redundant
extra iteration is avoided through feature ‘4 which is
thus instrumental in the reduction of solution time.
Features 1, 2 and 3 enable the program to change the
type of node variables during the execution of the
program with the minimum of programming effort and comp-
utation time, a facility necessary for economic
optimisation techniques that employ change of type of
control variables.

Another factor influencing the speed of an-N.R.
algorithm is the ordering of the nodes. It has been
shown that the number of newly created elements and,
therefore, the number of operatjons can be minimised if
optimal ordering is implemented™. The programming
aspects considered in this paper are, however, indepen-
dent of the ordering scheme adopted and will reduce the
computation time whether the ordering is optimal or
otherwise.

THE STORAGE OF THE SPARSE JACOBIAN

The major programming task in the N.R. method
involves the handling, storing and manipulation of the
system Jacobian matrix, which is dimensionally large but
is sparse. For a large system, the Jacobian is far too
big to be stored in matrix form and the time to triangu-
larise it conventionally is far too long, Sgarsity
techniques have therefore been developed3 to store only .
a minimum number of elements and to triangularise per-
forming a minimum of operations.

It is computationally convenient not to operate on
the vector of constants during the triangularisation of
the Jacobian. Instegi; the factors which will eventu-
ally operate on and modify the vector of constants are
stored in the lower diagonal part*of the triangularised
Jacobian. The resulting matrix is topologically '
symmetrical and is referred to as the "Iable of
Factors".

Take, for example, the problem of storing the
matrix of Fig. 1. The non-zero upper-diagonal elements
can be efficiently stored in a vector EEFM together
with the location vectors 'CIN' and 'FPR' shown in
Table I. -

L3

Vector CLN gives the columm number of the element
and contains as many elements as there are non-zero
upper-diagonal elements., Vector FPR indicates the first
of the elements in ELEM that belongs to ‘a new row. The



1 2 3 L 5
1 (Al&a|la)] a
2 la|A] & a A: diagonal element
3 |lajal A -1 4: upper-diagonal elem.
L |a : A a: lower-diagonal elem.
. 3 =13 - .

Figure 1. Example of a small sparse matrix

NUM ELEM, CLN ROW FPR
1 a(1,2) 2 1 1
2 a(1,3) 3
3 a(l,4) L
L a(2,3) 3 2 L
5 a(2,5) 5
6 a(3,5) 5 3 6
7 = ~ b 7

8 - = 5 8

TABLE I. Compact storage of a sparse matrix

The diagonal elements are stored in a separate vector.
If the matrix is topologically symmetrical about the
diagonal the same pair of vectors CIN and FPR describe
the lower triangular matrix if the row and column
labelling is interchanged.

The following four points have to be taken into
account when planning the strategy for optimum storage
of -the Jacobian matrix:

a) as the Jacobian is a topologically symmetrical
matrix its table of factors is also symmetrical even
if new elements have appeared during the triangular-
isation-factorisation process. Therefore, any
location vectors used to describe the Jacobian before
or after triangularisation-factorisation only need to
describe the location of the upper-diagonal elements.

b) let S_=P_ + jQ_ be the complex power injec-
ted into nodePp anf (e ® jf ) the complex voltage at
bus g. The order of tHe varfables and of the eyuatione

which have the Jacobian as matrix of coefficients can
be arranged so as_ to segregate in clusters of four
elements the coefficients: 6P /be , 6P /6f , 6Q_/6e ,
8Q _/6f . In this way the locBtiofl vecRors%that? 9
deBerifBle any of theitopologically identical sub-
matrices or 'parts' of the Jacobian (&P,/Be, i,j = 1,.
eeesN), (BP./BF. 1,5 = 1yee0,N), (6Q./68, i¥j = 1,00..
N, (8Q./5¢, g,j'= 1,...,N) can alfo ddscribe the
whole JacObiafl since each cluster of elements corres-
ponding to the same node can be topologically consid-
ered as one element., This is illustrated in Fig, 2
where the Standard and the Clustered Jacobians of the
IEEE 14 bus system with bus number one as the slack
bus are shown. It is clear that the four parts of the
Jacobian are topologically identical and that by
changing the order of the equations and of the
variables the Clustered Jacobian is obtained. The
topology of the Clustered Jacobian, assuming that a
cluster represents a term, is identical to the topology
of one part of the original Jacobian. When the
triangularisation-factorisation is performed on the
Clustered Jacobian the newly created elements during
this process also appear in clusters of four. The
benefit resulting from this arrangement is illustrated
in Figure 3 where the newly created elements after

- triangularisation-factorisation of the Standard and

Standard Jacobian

12345678 910111213 1234567 8910111213
1 alala Blb|b|b
2 lalAla b{Blb
3 lala|Ala a a b|b|B|b b b
L fa] [alAla bl |b|B|b
5 alA alala b|B b| b b
6 a Alafa b Blb|b
6 alA b|B
8 a al |Ala a b b] |B]b b
9 [’ alAla b|B b
10 a alA b b| B
I a a b B b
Al b Blb
3 1 ald D 0}
YClclc]e Dld|d]d
A c|Clc d[D[d
AclciCle] |c]| [c d{d|D|d] (4] |d
Yl [c]C]lc da[ [a[D[d
5 c|C clec|c d|D dld| d
c Clcic d D|d|d
7 clC d[D
8 c c| |Cle c d d| |D]a d
9 c|Clc d|Df d
19 c c|C d 4| D
11 c Clc d D[ a
13 c c|Clc d d|D] d
13 c c|C d d[D
Clustered Jacobian
112233, 455665738 9,410,11,,12515
1 |A[Blajbla|b]alb
1iCi{Dic|d]jcld]cld
2 ja|v]A[Blalb
21cldlC|Dlc|d
3 Ja|bja|blA[Bla]b alb alb
3lc|dle]|d]C|D]c|d e él cld
L Jalb a|b|A[Blalb
Licld c|diCiDic|d
5 alblAlB a|blalb]alb
5 c|djCiD cldjcldjc|d
6 alb A[Bla[blalb
6 cld C|Dlcldlc|d
7 alb] A B
7 c|djC[D
8 alb alb A|[Blajb| alb
8 cld cld cidlcldl cld
9 a|bjA|Blajb
9 cld|C[Dic|d
10 alb a| o] AL D|
10 cld c Cl D
11 1 alb A[Blal|b
11 cld ClDIcld
12 alb = a|bl A|B]a[b
12 cid cldlC|Dlc
13 alb a|b| Al Bl
1 - cld c|d|C| D]
a: 6P, /be, b: 6Pi/6fj c: 6Qi/6ej d: 6Qi/6fj
A: 6Pk/6ek B: 6Pk/6fk C: BQ,k/Gek D: 6Qk/6fk

Figure 2. Standard Jacobian and Clustered Jacobian

the Clustered Jacobians of Figure 2 are shown. The
difference in the generation of new elements is
striking: in this case clustering results in a created
element number reduction of almost 2 to 1.

c)-the topological structure of any part of "the
Jacobian and, therefore, of the whole Jacobian is the
same as that of the nodal admittance matrix. As a
result, the same location vectors can be used to
describe in a compact manner both matrices. In a load




flow however, there is at least one slack bus, there- Standard
fore, at least two of the Jacobian rows and columns
have to be removed. The resulting reduced Jacobian 1234567 8910111213
requires a new set of location vectors. For every new 12345678 910111213
set of slack buses chosen a modified set of location 11. .
vectors is required. : 2 B n . n
d) although the nodal-admittance matrix can be 3 . .
stored in its most compact form, this is not possible L nf |. n| |n n . n in
with the Jacobian because triangularisation will 5 .|n{ |n njnin .{nf |n
create new elements for which space should be reserved. 6 n[nf. n{nin| |n|n| |n|n|. n{nfn
Furthermore, the number and location of the new elements 7 .|n| |n|n[n| In|n|{n|n|n| |.|n| |ninn
will depend on the choice of the slack bus or buses. 8 n|n| [nf. nin{n| |n{n| |n{n| |n|. ninjn
For example, Figure L4 shows the table of factors 9 . n[{n[nfn{n[{n[n|n|n{n . nfnin
corresponding to the matrix of Figure 1 and Table II 10 n[n[n . |n|[n|{nn|n[n{n| [n|njn o|n|/nln
shows the compactly stored matrices before and after 11 n{n|nin{n}|. nin(n{nin n|n{n{n|nf|. n
triangularisation. Table IIT illustrates the effect on 12 n[nfnin[n o n|n|nfn n|n|n[n{n .
the triangularised Jacobian of removing the line and 13 ninn| [.In[n|n|n|n[n|n| |[n[n{n} |.
column corresponding to a slack bus; this is done for 1 n[n[n{n[nin[ninin]. n|n|n[n[n[nfn[nln
all possible locations of the slack bus. This table 2 » n|n[n{n{n[nin[n{n|n 2 n(n[nfn{n[n[n[n[n[n
shows that irrespective of the bus or buses chosen, the 3 ¥ n| [nl [n{n]|nfn[n . n| [n| |n|n|n|n|n
resulting set of elements after the triangularisation 4 n . nin|nin{n|n{nin n . n|in{n|n{n{n|n|n
is always a subset of the triangularised full matrix. 5 .[nfn[n|n nin|n|n .|n|nfn{n n
n[nf. n[n|n|n|{n|n|n| |n|n]|. n[n|n[n|n
LOCATION VECTORS FOR THE REDUCED JACOBIAN . [n|n[n|n{n[n|n[n[n{n|n .|n{n[n|ninfn
8 nfn| [n]. ninin| |n{n| |nin{ [n|. n|n{n
The location vectors of the nodal admittance 9 . nin[n|n|n|nf{n{nin|n| |. n{nfn
matrix and the set of slack buses chosen for the load- 1 n|n|n «|n|nin]n|n|{n|n| |[n{n[n .|ninjn
flow study determine the structure of the location 14 n[n|n{nnj|. nin|nin|n| [n|n[{n|nfnj. n
vectors of the reduced Jacobian before triangularisa- 12 nin[n[n[n| |. nin|nin| |nin{ninin .
tion. Table IV shows the triangularised full and 135 ninin .In/nininininin| |ninin .
reduced Jacobian with node 3 chosen as the slack bus.
A new set of location vectors CLN:* and FPR}‘ can be
worked out for the storage of the reduced Jacobian.
From the table it can be deduced that for any choice of Clustered s
slack bus or buses FPR* will be the same as FPR with e i
the difference that FPR* has no elements corresponding 1 & 2 e 3 3 L b 5 > 6 6 7 7 8 8 9 91010111112121313
to the row of the slack bus. 1 [T
1f.].
1 2 3 L4 5 2 ol]ie n(n
. . . 2 ofe n|n
1,142 ? ? . A: diagonal element. 3 =4
2 a Al afuag & a: element of the triangu- 3 =
3 |la|a| Alna| & larised matrix. b nin 21 w2 njn
. . L nin oo nin nin
4 fa [na na | A na a: factor for the forward 5 o|s|nin nfn
5 ) 2 alma ® substitution. 5 .|.|n[n n|n
= . . na: newly created element. 6 Bimpuilsie pinjniognn
; 6 n|n|nin}.]. n{n|n[n|n{n
Figure L. Example of triangularised-factorised matrix 4 o 1equin monininin
7 .l.lnin n{n{ni{n|n|n
n|nin|n ninf.f. nin|n|nfn[n
Before Triangularisation After Triangularisation 98 Lk B ES e EXI oLz 2 2 ﬁ 2 —=
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(the underlined numbers in vector CIN correspond to
the newly created elements)

TABLE II. Compactly Stored Matrix Before and After
Triangularisation.

At the beginning of the load-flow the elements
about to be created are not known because the reduced
Jacobian has not yet been triangularised, (these new
elements are underlined in the CILN vector of Table IV).
During the first triangularisation the new elements
corresponding to the particular reduced Jacobian will
be created. Determining new elements and fitting these:’

triangularisation-factorisation

Figure 3. Created Elements for the Standard
Clustered Jacobian.

and

in the location vectors entails a considerable amount
of logical computation in the first triangularisation.
As shown in Tables V and VI this computation can be
appreciably reduced in the subsequent triangularis-
ations.




full 1 out 2 out ~ 3 out L out 5 out
NUM| ELEMNT, | ELEMNT.| ELEMNT, |ELEMNT, |ELEMNT, |ELEMNT,
1| a(1,2)| - - a(1,2)| a(1,2)| a(1,2)
2| a(1,3)| - a(1,3) - a(1,3)| a(1,3)
3| a1, = a(l, )| a(1,) - a(l, L)
L1 a(2,3)[a(2,3) - - a(2,3)] a(2,3)
5 |na(2,4)| - - na(2,4) - na(2,L4)
6| a(2,5)a(2,5) - a(2,5)| a(2,5)| -
7 [na(3, W) - na(3,4) - - na(3,4)
8 | a(3,5)]a(3,5) | a(3,5) - a(3,5) -
9 |na(h4,5)] - na(4,5) [na(4,5) [ - -
10 - - - - - -

TABLE III. Triangularised Full and Reduced

Matrices

NUM| ELEMNT. CLﬁ EPR ELEMN.3 CLN3 CLNB' FPR3 FPRB*
1 a(1,2)| 2| 1 a(1,2)| 2 2 1 (-1
2 a(1,3)| 3 a(l,)| 4 3

31 a1, b 0 0 0

L al(2,3)| 3| 4 [na(2,b)| 4 3 | & N
5| na(2,0)| & a(2,5)| 5 L

6] a(235)[ 5 0 0 0 2

7 na(Z,W| &7 0 0 0 [0

81 a(3,5)] 5 0 0 0

9 | na(4,5)[ 51 9 | na(l,5) |5 L9 9
10 - - | - - - - - -

TABLE IV, Comparison of Storage for

Triangularised Full and Reduced Matrix

RECTANGULAR VERSUS POLAR CO-ORDINATES

In power system networks there are some nodes at
which a certain level of voltage must be maintained by
appropriate injection of reactive power. If rectangu-
lar co-ordinates are used, the reactive power mismatch
equation is replaced by a voltage magnitude mismatch
equation. The row representing this equation in the
Jacobian will have terms only in the position -
corresponding to the diagonals of the two lower parts
of the Standard Jacqbian. As a result, the topological
location vectors foa a normal reactive power mismatch
equation can be used provided that the non-diagonal
elements of the row are made zero. In this way the
topological symmetry of the four parts of the Jacobian
is preserved. :

If instead, polar co-ordinates were used, the
voltage magnitude mismatch equation for a voltage
controlled bus Would disappear with the resulting break-
up of the symmetry of the four parts of the Jacobian.
The problem of course can still be successfully solved
but at the expense of many logical instructions which
are time consuming.

THE I.C.N.R. PROGRAM

Assuming that some optimum or sub-optimum ordering
of the buses has been chosen, enough storage is provid-
ed in the location vectors so that a Jacobian with every
possible row and column can be stored. This involves a
few redundant storage places corresponding to the nodes
BSubsequently chosen as slack buses but with the
advantage that the program is very flexible and capable
of dealing with any number and any position of slack
and voltage controlled buses.

The ‘first part of the N.R. subroutine contains the
logical instructions to adapt the generalised location
vectors of the nodal admittance matrix to the particular
location vectors corresponding to.the set of slack
buses . chosen.

The subsequent steps are as follows:

a) the currents and powers injected into each node¢
are calculated using the last estimates of the node
voltages. The mismatch at each node is checked as soon
as the power is calculated. If the mismatches are less
than a predeterminated tolerance the computation is
terminated.

b) the Jacohian is built up using the last estim-
ates of the node voltages.

c) the Jacobian is triangularised and left in its
factored form. During the first iteration a
conventional sparse triangularisation subroutine is
used. This subroutine will create some new elements
thus filling some zeros in the Jacobian and consequently
modifying the location vectors. From the second
iteration onwards a different triangularisation
subroutine is employed. The available modified location
vectors are used and zeros are placed in the positions
of the non-triangularised Jacobian where the new
created elements are about to appear. This implies that
some useless multiplications by zero will be performed
but the gain in time due to the reduced logic
instructions far outstrips this loss.

d) the voltage increments are found by forward and
backward substitution of the triangularised and
factorised Jacobian in the vector of power mismatch.

The bus voltages are then updated and the process is
started again.

RESULTS AND CONCLUSIONS

The I.C.N.R. program was tried very successfully
on several systems. The results of load-flow studies
on six of these systems ranging from 14 to 118 nodes
are presented in Table VI,

In Table V the calculation times for the 118 node
system without and with a pseudo-optimal ordering are
shown. It can be concluded that:

a) most of the itegation time is taken by the
triangularisation-factorisation.

b) there is a considerable saving in computing
time from the first to the subsequent iterations due to
the omission of the logical steps associated with the
location of the new created elements.

Table VI gives pertinent information of the six
systems solved and the saving in time involved when
I.C.N.R. is used instead of conventional N.R.

The solution times for the pseudo-optimally ordered
118 bus system show a gain of 32% of the I.C.N.R. over
the N.R. as against a 4O% for the1l8 bus system without
reordering. This was to be expected pecause the closer
a system is to its optimal ordering, the fewer elements
are created during triangularisation thergfore, there
is less improvement in saving the computation to find
the new created elements.

Using the improved N.R. programming technique
described, improvements on computation time of 20% on
small systems to figures approaching 50% on large
systems were obtained.
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Times in seconds.

Programs written in Fortran IV run on the Imperial College CDC 6400.

After the first iteration a subroutine to triangularise-factorise the Jacobian without finding the new

created elements is used.

Ordinary 118 bus system: calculation time for the load-rlow 10.852 seconds.

Iteration Time per Calculation of new
number iteration currents and powers
5 6.131 0.209
2 2.310 0.052
3 2.317 0.055
L 0.094 0.094

Reordered 118 bus system:

Formation
of Ja¢obian
0.341
0.339
0.340

-

Triangularisation
and factorisation

5. 435
1.775
1.777

calculation time for the load-flow 3.011 seconds.

The maximum P,Q mismatch at the end of the load-flow was 2.1 x 10~

Forward, back. subs.
Updating of voltages

0.146
0,144
0.145

MVA for both cases.

Iteration Time per Calculation of new Formation Triangularisation Forward, back. subs.
number iteration currents and powers of Jacobian and factorisation Updating of voltages
1 1.569 0.215 0.119 0.874 0.061
2 0.688 0.057 0.413 0.157 0.061
3 0.678 0.052 0. Lo6 0.159 0.061
L 0,076 0.076 1 o= -
TABLE V. Computation Times for the IEEE 118 Bus Test System
System bus humber 1h* 23 30* L3 Be* 118+ 118+
Workspace required (words) 9L6 1,298 2,159 2,334 6,374 13,943 6,393
Number of lines/Number of buses 2.14 1.3 1437 0.98 1.37 1.52 1.52
No. of non-zero, non-diag. Jacobian : i
elements after triang./idem before triang. 2.1 2,07 3.12 el 6.06 i 1.47
Newton-Raphson iterations to converge 3 3: 3 6 3 3 3
Per unit meximum P,Q mismatch (base 100MVA) | 5x10°C | 8x1072 | 1070 | 2x107% | 30075 | 2a0™ | 2ao* |
Triang.-factostn. time with normal subrtn. 0.656 0,070 0.248 0.225 1.768 5. 435 0.874
Triang.-factostn. time with subroutine
not finding the new created elements 0.036 0,052 0.146 0:100 0.865 1.775 0.158
Total solution time using N.R. method 0,261 0,341 0.953 1.789 5.872 18.170 L, 443
Total solution time using I.C.N.R. method 0.227 0,227 0.761 1.164 4. 066 10.852 3,011
% time saving of I.C.N.R. over N.R. 13.0 18,8 20.0 34,9 30.7 4o.2 32.1

All times in seconds.

® IEEE test system without reordering

* %

IEEE test system reordered

TABLE VI.

Characteristics of Six Test Systems

Programs written in Fortran IV run on the Imperial College CDC 6L00.










