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Preface

Matrix theory and linear algebra is a subject whose material can, and is, taught at a
variety of levels of sophistication. These levels depend on the particular needs of
students learning the subject matter. For many students it suffices to know matrix
theory as a computational tool. For them, a course that stresses manipulation with
matrices, a few of the basic theorems, and some applications fits the bill. For others,
especially students in engineering, chemistry, physics, and economics, quite a bit more
is required. Not only must they acquire a solid control of calculating with matrices, but
they also need some of the deeper results, many of the techniques, and a sufficient
knowledge and familiarity with the theoretical aspects of the subject. This will allow
them to adapt arguments or extend results to the particular problems they are
considering. Finally, there are the students of mathematics. Regardless of what branch
of mathematics they go into, a thorough mastery not only of matrix theory, but also of
linear spaces and transformations, is a must.

We have endeavored to write a book that can be of use to all these groups of
students, so that by picking and choosing the material, one can make up a course that
would satisfy the needs of each of these groups.

During the writing, we were confronted by a dilemma. On the one hand, we
wanted to keep our presentation as simple as possible, and on the other, we wanted to
cover the subject fully and without compromise, even when the going got tough. To
solve this dilemma, we decided to prepare two versions of the book, this version for the
more experienced or ambitious student, and another, A Primer on Linear Algebra, for
students who desire to get a first look at linear algebra but do not want to go into itin as
great a depth the first time around. These two versions are almost identical in many
respects, but there are some important differences. Whereas in A Primer on Linear
Algebra we excluded some advanced topics and simplified some others, in this version
we go into more depth for some topics treated in both books (determinants, Markov
processes, incidence models, differential equations, least squares methods) and
included some others (triangulation of matrices with real entries, the Jordan canonical
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form). Also, there are some harder exercises, and the grading of the exercises
presupposes a somewhat more experienced student.

Toward the end of the preface we lay out some possible programs of study at these
various levels. At the same time, the other material is there for them to look through or
study if they desire.

Our approach is to start slowly, setting out at the level of 2 x 2 matrices. These
matrices have the great advantage that everything about them is open to the eye—that
students can get their hands on the material, experiment with it, see what any specific
theorem says about them. Furthermore, all this can be done by performing some simple
calculations.

However, in treating the 2 x 2 matrices, we try to handle them as we would the
general n x n case. In this microcosm of the larger matrix world, virtually every
concept that will arise for n x n matrices, general vector spaces, and linear trans-
formations makes its appearance. This appearance is usually in a form ready for
extension to the general situation. Probably the only exception to this is the theory of
determinants, for which the 2 x 2 case is far too simplistic.

With the background acquired in playing with the 2 x 2 matrices in this general
manner, the results for the most general case, as they unfold, are not as surprising,
mystifying, or mysterious to the students as they might otherwise be. After all, these
results are almost old friends whose acquaintance we made in our earlier 2 x 2
incarnation. So this simplified context serves both as a laboratory and as a motivation
for what is to come.

From the fairly concrete world of the n x n matrices we pass to the more abstract
realm of vector spaces and linear transformations. Here the basic strategy is to prove
that an n-dimensional vector space is isomorphic to the space of n-tuples. With this
isomorphism established, the whole corpus of concepts and results that we had
obtained in the context of n-tuples and n x n matrices is readily transferred to the
setting of arbitrary vector spaces and linear transformations. Moreover, this transfer is
accomplished with little or no need of proof. Because of the nature of isomorphism, it is
enough merely to cite the proof or result obtained earlier for n-tuples or n x nmatrices.

The vector spaces we treat in the book are only over the fields of real or complex
numbers. While a little is lost in imposing this restriction, much is gained. For instance,
our vector spaces can always be endowed with an inner product. Using this inner
product, we can always decompose the space as a direct sum of any subspace and its
orthogonal complement. This direct sum decomposition is then exploited to the hilt to
obtain very simple and illuminating proofs of many of the theorems.

There is an attempt made to give some nice, characteristic applications of the
material of the book. Some of these can be integrated into a course almost from the
beginning, where we discuss 2 x 2 matrices.

Least squares methods are discussed to show how linear equations having no
solutions can always be solved approximately in a very neat and efficient way. These
methods are then used to show how to find functions that approximate given data.

Finally, in the last chapter, we discuss how to translate some of our methods into
linear algorithms, that is, finite-numerical step-by-step versions of methods of linear
algebra. The emphasis is on linear algorithms that can be used in writing computer
programs for finding exact and approximate solutions of linear equations. We then
illustrate how some of these algorithms are used in such a computer program, written
in the programming language Pascal.
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There are many exercises in the book. These are usually divided into categories
entitled numerical, more theoretical: easier, middle-level, and harder. One even runs
across some problems that are downright hard, which we put in the subcategory very
hard. It goes without saying that the problems are an intrinsic part of any course. They
are the best means for checking on one’s understanding and mastery of the material.
Included are exercises that are treated later in the text itself or that can be solved easily
using later results. This gives you, the reader, a chance to try your own hand at
developing important tools, and to compare your approach in an early context to our
approach in the later context. An answer manual is available from the publisher.

We mentioned earlier that the book can serve as a textbook for several different
levels. Of course, how this is done is up to the individual instructor. We present below
some possible sample courses.

1. One-term course emphasizing computational aspects.

Chapters 1 through 4, Chapters 5 and 6 with an emphasis on methods and a
minimum of proofs. One might merely do determinants in the 3 x 3 case with a
statement that the n x n case follows similar rules. Sections marked “optional”
should be skipped. The sections in Chapter 11 entitled “Fibonacci Numbers” and
“Equations of Curves” could be integrated into the course. Problems should
primarily be all the numerical ones and a sampling of the easier and middle-level
theoretical problems.

2. One-term course for users of matrix theory and linear algebra in allied fields.
Chapters 1 through 6, with a possible deemphasis on the proofs of the properties of
determinants and with an emphasis on computing with determinants. Some
introduction to vector spaces and linear transformations would be desirable.
Chapters 12 and 13, which deal with least squares methods and computing, could
play an important role in the course. Each of the applications in Chapter 11 could
be touched on. As for problems, again all the numerical ones, most of the middle-
level ones, and a few of the harder ones should be appropriate for such a course.

3. One-term course for mathematics majors.
Most of Chapter 1 done very quickly, with much left for the students to read on
their own. All of Chapters 2 through 7, including some of the optional topics.
Definitely some emphasis should be given to abstract vector spaces and linear
transformations, as in Chapters 8 and 9, possibly skipping quotient spaces and
invariant subspaces. The whole gamut of problems should be assignable to the
students.

4. Two-term course for users of matrix theory and linear algebra.
The entire book, but going easy on proofs for determinants, on the material on
abstract vector spaces and linear transformations, totally omitting Chapter 10 on
the Jordan canonical form and the discussion of differential equations in Chap-
ter 11, plus a fairly thorough treatment of Chapters 12 and 13. The problems can be
chosen from all parts of the problem sections.



Preface

5. Two-term course for mathematics majors.
The entire book, with perhaps less emphasis on Chapters 12 and 13.

We should like to thank the many people who have looked at the manuscript,
commented on it, and made useful suggestions. We want to thank Bill Blair and Lynne
Small for their extensive and valuable analysis of the book at its different stages, which
had a very substantial effect on its final form. We should also like to thank Gary Ostedt,
Bob Clark, and Elaine Wetterau of the Macmillan Publishing Company for their help
in bringing this book into being. We should like to thank Lee Zukowski for the excel-
lent typing job he did on the manuscript. And we should like to thank Pedro Sanchez
for his valuable help with the computer program and the last chapter.

I. N. H.
D.J. W



ses
ScT
SuT
S,u-us,
ST
S N NSy
M,(R)
A+ B

List of Symbols

the element s is in the set S

the set S is contained in the set T

the union of the sets S and T

the union of the sets S,,...,S,

the intersection of the sets S and T

the intersection of the sets S, ..., S,

the set of all real numbers, 2

the set of all 2 x 2 matrices over R, 2, 90

the sum of matrices 4 and B, 3, 91

the difference of matrices 4 and B, 3, 91

the zero matrix, 3, 91

the negative of the matrix A4, 4, 91

the matrix obtained by multiplying the matrix 4 by the scalar u, 4, 92
the product of matrices 4 and B, 4, 93

the identity matrix, 5, 92

the inverse of the matrix A4, when it exists, 5, 92

the scalar matrix corresponding to the scalar a, 6, 93

the summation of a, from 1 to n, 10

the double summation of a,., 10

rs>

the product of the matrix A with itself m times, 12, 97

the identity matrix, 12, 97

the product of the matrix 4! with itself m times, when it exists, 12, 97
the trace of the matrix 4, 16, 109

the transpose of the matrix 4, 18, 116

XV



Xvi List of Symbols

det(A), |A4]
19

[

s

R

v+ w

dv

Av

P,(x)
a=a+ bi
C
a=a—bi
||

M,(C)

(v, w)

A*

Ilvll

Add (r, s; u)
Interchange (r, s)
Multiply (r; u)
F

M, (F)

I.‘(n)

v+ w

tv
Av

v
A~B
cl(A)

dim (V)
V+ W
Ve w
W.L

the determinant of the matrix 4, 21, 215

the product or composite of functions f, g, 30

the inverse of a 1 — 1 onto function f, 30

product of the function f with itself n times, 32

the set of all vectors in the Cartesian plane, 35, 98

the sum of vectors in R?, 35

the vector v in R® multiplied by the scalar d, 35

the vector obtained by applying 4 € M,(R) to v e R, 36
the characteristic polynomial of the matrix A4, 39, 266

the complex number, «, with real part a and pure imaginery part bi, 46
the set of all complex numbers, 46

the conjugate of the complex number a = a + bi, 49

the absolute value of the complex number «, 49

the set of all 2 x 2 matrices over C, 52, 90

the inner product of column vectors v, w, 55, 124

the Hermitian adjoint of A, 57, 116

the length of vector v, 58, 127

the operation of adding u times row s to row r, 8, 257

the operation of interchanging rows r and s, 80, 257

the operation of multiplying row r by the scalar u, 80, 257
the set of all scalars: F = Ror F = C, 91

the matrix whose (r, s) entry is 1 and all of whose other entries are 0, 94
the set of all n x n matrices over F, 90

the set of all column vectors with n coordinates from F, 98
the sum of vectors in F™, 99

the zero vector in F™, 99

the negative of the vector v in F™, 99

the vector v multiplied by the scalar ¢, 99

the vector obtained by applying the matrix or transformation 4 € M,(F)
to the vector v e F™, 101

the set of all vectors orthogonal to v, 125

the vector whose rentryis Oif r #sand 1 if r = s, 131
the matrices A and B are similar, 154

the set of all matrices B such that A ~ B, 155

the dimension of V, 167, 310

the sum of subspaces, V, W, 170

the direct sum of subspaces V, W, 172, 225

the subspace of vectors orthogonal to W, 173, 325



n(A)
{V1yeeas )
r(A)

qa(x)

¥
M,
Aps

A
A(r,s;9)
M(r;q)
I(r,s)
v+ w

0

av

Ker ¢
VW
(v, w)
lloll
T,+ T,
aT

List of Symbols xvii

the nullity of the matrix 4, 181

the subspace spanned by the vectors vy,...,v,, 134

the rank of the matrix A4, 181

the minimum polynomial of the matrix 4, 184

the set of characteristic vectors of A associated with a, 194
the (r, s) minor of the matrix A4, 215

the (r, s) cofactor of the matrix A4, 246

the classical adjoint of the matrix A4, 253

the elementary matrix corresponding to Add (r, s; q), 257

the elementary matrix corresponding to Multiply (r; g), 257
the elementary matrix corresponding to Interchange (r,s), 257
the sum of vectors v, w in a vector space V, 293

the zero vector in a vector space V, 293

the vector v multiplied by the scalar a in a vector space V, 186
the kernel of the homomorphism ¢ from V to W, 305

there exists an isomorphism from V to W, 305

the inner product of elements v, w in an inner product space, 314
the length of a vector in an inner product space, 314

the sum of linear transformations T, T,, 334

the linear transformation obtained by multiplying the linear trans-
formation T by the scalar a, 335

the zero linear transformation, 335

the negative of the linear transformation T, 335

the set of all linear transformations of V over F, 335

the product of linear transformation Ty, T,, 337

the identity linear transformation, 338

the inverse of the linear transformation T, when it exists, 339

the matrix of a linear transformation in a given basis, 342

the trace of the linear transformation T, 346

the determinant of the linear transformation T, 346

the characteristic polynomial of the linear transformation T, 346

the inner product (¢(v), (w)) corresponding to a given isomorphism
¢, 352

the Hermitian adjoint of the linear transformation T, 354
the set of all vectors v + w with w in W, 357
the quotient space of V by W, 357

the linear transformation on a subspace W of V' induced by the linear
transformation T of V when W is invariant under T, 366

the linear transformation on the quotient space V/W induced by the
linear transformation T on V when W is invariant under T, 367



xviii

Vo(T)
V(T)
Va(T)

e

x'(t)

S(k)
Proju(y)
A"

<Us W>P

llvllp

A

List of Symbols

the generalized nullspace of the linear transformation T of V, 380
the intersection of T¢(V) over all positive integers e, 380

the generalized characteristic space of T at a, 381

the exponential of an n x n real or complex matrix 4, 394

the derivative of the vector function x(t), 400

the kth state in a Markov process, 416

the projection of the vector y on the subspace W, 440

the approximate inverse of the m x n matrix A, 444

the inner product (P(v), P(w)) corresponding to a given invertible matrix
P, 455

the length of v, given the inner product (v, w)p, 455

the weighted approximate inverse of an m x nmatrix A, given invertible
weighting matrices P € M,,(R), Q € M,(R), 456



MATRIX THEORY AND
LINEAR ALGEBRA



Contents

Preface Vil
List of Symbols XV—XViil
The 2 X 2 Matrices 1

INTRODUCTION 1

DEFINITIONS AND OPERATIONS 2
SOME NOTATION 10

TRACE, TRANSPOSE, AND ODDS AND ENDS 15
DETERMINANTS 21

CRAMER'S RULE 26

MAPPINGS 29

MATRICES AS MAPPINGS 35

THE CAYLEY-HAMILTON THEOREM 38
.10 COMPLEX NUMBERS 45

111 My(C) 52

1.12 INNER PRODUCTS 55

ek ek o e ke
CoNOO R W =

Systems of Linear Equations 62

2.1 INTRODUCTION 62

2.2 EQUIVALENT SYSTEMS 74

2.3 ELEMENTARY ROW OPERATIONS. ECHELON MATRICES 79
2.4 SOLVING SYSTEMS OF LINEAR EQUATIONS 85

xi



Contents

The n X n Matrices

3.1 THE OPENING 90

3.2 MATRICES AS OPERATORS 98

3.3 TRACE 109

3.4  TRANSPOSE AND HERMITIAN ADJOINT
3.5  INNER PRODUCT SPACES 124

3.6 BASES OF F'" 131

3.7  CHANGE OF BASIS OF F'" 140

3.8  INVERTIBLE MATRICES 145

3.9 MATRICES AND BASES 148

3.10 BASES AND INNER PRODUCTS 157

More on n# X n Matrices

4.1 SUBSPACES 164
4.2 MORE ON SUBSPACES 170

4.3 GRAM-SCHMIDT ORTHOGONALIZATION PROCESS 176

4.4 RANK AND NULLITY 180
4.5 CHARACTERISTIC ROQTS 183
4.6 HERMITIAN MATRICES 192

4.7 TRIANGULARIZING MATRICES WITH COMPLEX ENTRIES 199

4.8 TRIANGULARIZING MATRICES WITH REAL
ENTRIES (OPTIONAL) 208

Determinants

5.1  INTRODUCTION 214

5.2  PROPERTIES OF DETERMINANTS: ROW OPERATIONS 221
5.3  PROPERTIES OF DETERMINANTS: COLUMN OPERATIONS 233

5.4 CRAMER'S RULE 243

5.5 PROPERTIES OF DETERMINANTS: OTHER EXPANSIONS 246

5.6  THE CLASSICAL ADJOINT (OPTIONAL)
5.7  ELEMENTARY MATRICES 256

5.8  THE DETERMINANT OF THE PRODUCT
5.9 THE CHARACTERISTIC POLYNOMIAL

Rectangular Matrices.
More on Determinants

6.1 RECTANGULAR MATRICES 273
6.2 BLOCK MULTIPLICATION (OPTIONAL)

; 266
5.10 THE CAYLEY-HAMILTON THEOREM 270

90
116
164
214
253
262
273

275

6.3 ELEMENTARY BLOCK MATRICES (OPTIONAL) 278
6.4 A CHARACTERIZATION OF THE DETERMINANT

FUNCTION (OPTIONAL) 280



Contents xiii

More on Systems of Linear Equations 282

7.1 LINEAR TRANSFORMATIONS FROM F'™ to F™ 282
7.2 THE NULLSPACE AND COLUMN SPACE OF AN m x n
MATRIX 287

Abstract Vector Spaces 292

8.1 INTRODUCTION, DEFINITIONS, AND EXAMPLES 292

8.2 SUBSPACES 296

8.3 HOMOMORPHISMS AND ISOMORPHISMS 300

8.4 ISOMORPHISMS FROM V TO F") 307

8.5 LINEAR INDEPENDENCE IN INFINITE-DIMENSIONAL VECTOR
SPACES 311

8.6 INNER PRODUCT SPACES 314

8.7 MORE ON INNER PRODUCT SPACES 321

Linear Transformations 330

9.1 INTRODUCTION 330

9.2 DEFINITIONS, EXAMPLES, AND SOME PRELIMINARY
RESULTS 331

9.3 PRODUCTS OF LINEAR TRANSFORMATIONS 337

9.4 LINEAR TRANSFORMATIONS AS MATRICES 342

9.5 A DIFFERENT SLANT ON SECTION 9.4 (OPTIONAL) 349

9.6 HERMITIAN IDEAS 351

9.7 QUOTIENT SPACES (OPTIONAL) 357

9.8 INVARIANT SUBSPACES (OPTIONAL) 366

9.9 LINEAR TRANSFORMATIONS FROM ONE SPACE TO
ANOTHER 372

The Jordan Canonical Form (Optional) 376

10.1 INTRODUCTION 376

10.2 GENERALIZED NULLSPACES 380

10.3 THE JORDAN CANONICAL FORM 386

10.4 EXPONENTIALS 393

10.5 SOLVING HOMOGENEOUS SYSTEMS OF LINEAR DIFFERENTIAL
EQUATIONS 400

Applications (Optional) 408

FIBONACCI NUMBERS 408
EQUATIONS OF CURVES 414
MARKOV PROCESSES 416
INCIDENCE MODELS 423
DIFFERENTIAL EQUATIONS 430



X1v

12

13

Contents

Least Squares Methods (Optional) 434

12.1

12.2
12.3

12.4
12.5

APPROXIMATE SOLUTIONS OF SYSTEMS OF LINEAR
EQUATIONS 434

THE APPROXIMATE INVERSE OF AN m x n MATRIX 443
SOLVING A MATRIX EQUATION USING ITS NORMAL
EQUATION 446

FINDING FUNCTIONS THAT APPROXIMATE DATA 450
WEIGHTED APPROXIMATION 455

Linear Algorithms (Optional) 458

13.1
13.2
13.3
13.4
13.5
13.6

INTRODUCTION 458

THE LDU FACTORIZATION OF A 461

THE ROW REDUCTION ALGORITHM AND ITS INVERSE 467
BACK AND FORWARD SUBSTITUTION. SOLVING Ax = y 476
APPROXIMATE INVERSE AND PROJECTION ALGORITHMS 482
A COMPUTER PROGRAM FOR FINDING EXACT AND
APPROXIMATE SOLUTIONS 488

Index 501



