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Introduction

This volume contains mainly the lectures delivered by the participants of the
International Conference: Operator Theory and its Applications in Mathematical
Physics — OTAMP 2004, held at Mathematical Research and Conference Center
in Bedlewo near Poznan. The idea behind these lectures was to present interesting
ramifications of operator methods in current research of mathematical physics. The
topics of these Proceedings are primarily concerned with: functional models of non-
selfadjoint operators, spectral properties of Dirac and Jacobi matrices, Dirichlet-to-
Neumann techniques, Lyapunov exponents methods and inverse spectral problems
for quantum graphs.

All papers of the volume contain original material and were refereed by ac-
knowledged experts.

The Editors thank all the referees whose critical remarks helped to improve
the quality of this volume.

The Organizing Committee of the conference would like to thank all session
organizers for taking care about the scientific programm and all participants for
making warm and friendly atmosphere during the meeting.

We are particulary grateful to the organizers of SPECT, without whose finan-
cial support the OTAMP 2004 would never been so successful. We also acknowl-
edge financial support of young Polish participants by Stefan Banach International
Mathematical Center and thank the staff of the Conference Center at Bedlewo for
their great support which helped to run the conference smoothly.

Finally, we thank the Editorial Board and especially Professor I. Gohberg for
including this volume into the series Operator Theory: Advances and Applications
and to Birkh&user-Verlag for help in preparation of the volume.

Birmingham — Krakow — Lund August 2006
St. Petersburg — Stockholm The Editors
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Finiteness of Eigenvalues of
the Perturbed Dirac Operator

Petru A. Cojuhari

Abstract. Finiteness criteria are established for the point spectrum of the
perturbed Dirac operator. The results are obtained by applying the direct
methods of the perturbation theory of linear operators. The particular case
of the Hamiltonian of a Dirac particle in an electromagnetic field is also con-
sidered.

Mathematics Subject Classification (2000). Primary 35P05, 47F05; Secondary
47TAB5, 4TATS.

Keywords. Dirac operators, spectral theory, relatively compact perturbation.

1. Introduction

The present paper is concerned with a spectral problem for the perturbed Dirac
operator of the form

n
H:Zaka+an+1 +Q, (1.1)
k=1
where Dy, = ia%k (k=1,...,n),ar (k=1,...,n+1) are mxm Hermitian matrices
which satisfy the anticommutation relations (or, so-called Clifford’s relations)
ojog + ooy = 205k (4, k = 1,...,n+1), (1.2)

m = 2% for n even and m = 2”3 for n odd. Q is considered as a perturbation of
the free Dirac operator

n
Hy = Zaka + opi1 (1.3)
k=1
and represents the operator of multiplication by a given m x m Hermitian matrix-
valued function Q(z),z € R™. In accordance with our interests we assume that
the elements ¢;,(x) (j,k = 1,...,m) of the matrix Q(x) are measurable functions
from the space Lo (R™). The operators Hy and H are considered in the space
Ly(R™;C™) with their maximal domains of definition. Namely, it is considered
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that the domain of the operator Hy is the Sobolev space W4 (R™; C™) and, because
Q is a bounded operator, the perturbed Dirac operator H is defined on the same
domain W4 (R™; C™) as well. The Dirac operators Hy and H are selfadjoint on this
domain. For the free Dirac operator Hy is true the following algebraic relations

n n
HZ = Z oaiD} + Z(ajak + agay)Dj Dy + Z(an+1ak + k1) Dy + af gy
k=1 Frh k=1

k=1

so that
H? = (-A +1)E,,. (1.4)

Here A denotes the Laplace operator on R™ and E,,, the m x m identity matrix. It
follows from (1.4) that the spectrum of the operator HZ covers the interval [1, co]
and, since the spectrum of the operator Hy is a symmetric set with respect to
the origin, it results that its spectrum coincides with the set o(H) = (—o0, —1] U
[1, 4+00). We note that the symmetry of the spectrum of Hy can be shown easily by
invoking, for instance, another matrix 8 which together with oy, (k=1,...,n+1)
the anticommutation conditions (1.2) are satisfied. Then

(Ho +A)B =—B(Ho — \)

for each scalar A, and so the property of the symmetry of o(Hy) becomes to be
clear. The unperturbed operator Hy has no eigenvalues (in fact the spectrum of
H is only absolutely continuous). If the entries of the matrix-valued function Q(z)
vanish at the infinite, the continuous spectrum of the perturbed Dirac operator
H coincides with o(Hp) and the perturbation @ can provoke a non-trivial point
spectrum. Our problem is to study the point spectrum of the perturbed Dirac
operator H. This problem has been studied by many researchers in connection
with various problems (note that the most of the results were concerned with the
case n = 3 and m = 4). A good deal of background material on the development
and perspectives of the problem can be found in [1], [2], [3], [5], [7], [10], [12],
[13], [14]. Apart from the already mentioned works, we refer to the [15] and the
references given therein for a partial list.

In this paper, we give conditions on Q(z) under which the point spectrum
of H (if any) has +1 as the only possible accumulation points. Specifically, we
assume that Q(z) satisfies the following assumption.

(A) Q(z) = [gjr(2)], € R", is an m x m Hermitian matriz-valued function
the entries of which are elements from the space Loo(R™) and

‘TI‘iglool:r]qjk(x) =0(,k=1,...,m).

The main results are obtained by applying the abstract results from [6] (see
also its refinement results made in [9]). Below, we cite the corresponding result.
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Let H be a Hilbert space. Denote by B(H) the space of all bounded operators
on H and by Bo (H) the subspace of B(H) consisting of all compact operators in H.
The domain and the range of an operator A are denoted by Dom(A) and Ran(A),
respectively.
Theorem 1.1. [9] Let A and B be symmetric operators in a space H and let the
operator A has no eigenvalues on a closed interval A of the real axis. Suppose that
there exists an operator-valued function T()) defined on the interval A having the
properties that
(i) T()\) € Bo(H) (A € A),
(ii) T(\) is continuous on A in the uniform norm topology, and
(iii) for each A\ € A and for each u € Dom(B) such that Bu € Ran(A — AI) there
holds the following inequality

I (A=AD)™"Bu <[ T(Vu || - (1.5)

Then the point spectrum of the perturbed operator A+ B on the interval A
consists only of finite number of eigenvalues of finity multiplicity.

Remark 1.2. The assertion of Theorem 1.1 remains true if in place of (1.5) it is
required the following one
N
| (A=ADT'Bu (<D | Te(Wu |, (1.6)
k=1
where the operator-valued functions Tx(\) (k =1,...,N) satisfy the conditions (i)
and (ii).
As we already mentioned we will apply Theorem 1.1 to the study of the
problem of the discreteness of the set of eigenvalues of the perturbed Dirac operator
H. The main results are presented in the next section.

2. Main results

Let H be the Dirac operator defined by (1.1) in which the matrix-valued function
satisfies the assumption (A). The unperturbed Dirac operator Hy represents a ma-
trix differential operator (of the dimension m xm) of order 1. The symbol of the op-
erator Hy is a matrix-valued function which we denote by hg(§),& € R™. Note that
by applying the Fourier transformation to the elements of the space La(R™;C™)
the operator Hy is transformed (in the momentum space) into a multiplication op-
erator by the matrix ho(£). The Fourier transformation is defined by the formula

a(€) = (Fu)(€) = @1)— / w(@)e <" dz (u € Ly(R™))

in which < z, £ > designates the scalar product of the elements z,& € R™ (here and
in what follows [ : [z.). The corresponding norm in R™ (or C™) will be denoted
as usually by | . |. The operator norm of m x m matrices corresponding to the
norm | . | in C™ will be denoted by | . |, as well.
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Our main result is the following

Theorem 2.1. Let H be the perturbed Dirac operator defined by (1.1) for which the
assumption (A) is satisfied. Then the point spectrum of the operator H has only
+1 as accumulation points. Fach eigenvalue can be only of a finite multiplicity.

Proof. That the spectrum in the spectral gap (—1,1) is only discrete without any
accumulation points in the interior of this interval follows at once due to Weyl type
theorems. Let A be an closed interval contained in the set (—oo, —1)U(1, +00) and
let A be an arbitrary point belonging to A. It will be shown that under assumed
conditions the operators Hy and H verify all of hypotheses of Theorem 1.1. To this
end, we estimate the norm of the element (Ho — AI)~1Qu for each u € Ly(R™;C™)
such that Qu € Ran(Hy — AI). Let @ be the Fourier transform of Qu, and denote

() == (ho(€) + N Qu(¢), & € R™.

According to (1.4), we may write
I (o= AD'Qu I = [ 1(ho(€) ~ ) Qu(e)de
= [1062 - rv?) oo Pag, (2.1)
where 7(\) := VA2 — 1.

Next, we let
QA) =Ureaf€ eR™ | € [=r(N)}
and we choose a sphere U of radius R with center of the origin such that U D Q(A)
and let V = R™ \ U. Then passing to spherical coordinates ¢ = |¢|w, p = |¢] (we
write ds,, for the area element of hypersurface S,_; of the unit sphere S in R™),
and denoting

flo,w) = Pz blpw) (0<p<o0, we Sp1),

p+r(X)
we have
|, 00() = ) Guie) e - / / " = V) o) s,
dpds..

Since Qu € Ran(Hy — AI), it follows that f(p, w) vanishes at p = r(\), and
we can continue

. /
-1

1

2

dpdSu}

2 3
p—1(A) +r(A),w)dt dpdsw}

n—1
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1
2

( (0 — (V) +r<A>,w>|2dpdsw] t

| AN

1
2

dpdsw}

[
[//
<[ 1

| /\

=P

2

=

07 (1 = 3)p -+ (n — Dr(N)(p + ()26 (o) dpdsw]
{/n 1/ ’ (p+r(N)~ 1(%19(@)) 2dpdswr
Taking into account that |6—pv(pw)| < |V, we get
[ [ |imoter-»-1quco) ae]
e o] o |

Since the expressions (n—3) | £ | +(n—1)r(A\), (| €| +r(V\)"t (A € A;€ € U)
and each element of the matrix-valued function ho(§) — A (A € A;€ € U) are
bounded on A x U there exist constants ¢; > 0 and ¢z > 0 such that

[ [ Ithote) 21 @uce 2

2 1z _ 3
<o ] €17 Gule)| de] +aa| [ I9Gu(e)Pa]

U

We claim that the integral operators with kernels
1€17" Q@)e @9, 2!Q(z)e ™) (|1 |= L,z e R, € V)
are compact operators in the space Lo(R™; C™). The compactness of them can be
proved by applying the criteria obtained in [4] (or, also, by applying the lemma
from [8], page 45).
In addition, we note that the integral operator Ky with the kernel

(ho(§) = V7' Q@)™ (z eR™ € € V)

represents also a compact operator. To see this fact, it suffices to show that
| (I —Pyn)Ky ||— 0as h— oo, (2.2)

where (Pyu)(z) = u(z) for | z |[< h and (Pyu)(z) = 0 for | z [> h.
Since each element of the matrix-valued function (ho(€) — A\)~! behaves as
| € |71 at the infinite, it follows the evaluation

(I = Pu)Kyu < C/ (141 € )7 Qu(&)Pde < c(1+h) ™2 || u |?,

|€1>h

1

|

and so (2.2) is realized.
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Thus, taking into account (2.1), we obtain an estimate like that from (1.6)
(see Remark 1.2) and, therefore Theorem 1.1 can be applied. This completes the
proof of Theorem 2.1. O

As an application of Theorem 2.1 we give a result concerning the particular
case of the Hamiltonian of a Dirac particle in an electromagnetic field. The Dirac
operator in this case is typically written in the physics literature (see, for instance,
[11], [15]) as follows

3
Hu=a;(D; — Aj(z))u + aqu + g(z)u, u € Wy (R* CY), (2.3)
j=1
where A(z) = (Ai(x), A2(z), As(z)) (the vector potential) and g(z) (the scalar
potential) are given functions on R3.

Theorem 2.2. If
lim |z|A;(z)=0(j= 1,2,3),| lim |z|¢(z) =0,

then the point spectrum of the Dirac operator defined by (2.1) is discrete having only
+1 as accumulation points. Fach eigenvalue can be only of a finite multiplicity.
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