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Preface

This volume contains the Proceedings of ICFCA 2007, the Fifth International
Conference on Formal Concept Analysis. The ICFCA conference series intends
to serve as a distinguished forum for state-of-the-art research from foundational
to applied lattice theory and related fields, all of which involve methods and
techniques in the realm of FCA. We believe this year’s conference provided a
continuation of the high standard of its predecessors.

Formal concept analysis ranges from restructuring general algebra and lattice
theory, on the one hand, to providing high-level conceptual analysis and knowl-
edge processing techniques in various applied disciplines, on the other hand. This
is due to the fact that FCA allows transforming relational data into implications
and dependencies and, vice versa, exploring plausible hypotheses, suggested im-
plications, or expected dependencies against data. This all is connected with the
investigation of hierarchical aspects of information—based on a mathematical
formalization of conceptual hierarchy. The field of FCA has been developing way
beyond its original scope and attracts a still-growing number of sophisticated re-
search scholars, who vary from theoreticians to more practical problem solvers.
This volume reflects the diversity between fundamental methods and applied
techniques, explored by an enthusiastic research community. Here, we only men-
tion research areas such as data visualization, information retrieval, machine
learning, data analysis and knowledge management.

ICFCA 2007 covered practical data analysis and problem solving as well as
foundational progress of the field. The algorithmic side was in balance with
theoretical discoveries. All regular papers in this volume were refereed by inde-
pendent domain experts, although the Program Chairs are responsible for the
final decision on publications in this volume. To assure a high-quality standard,
the close involvement of the Program Committee and the Editorial Board in any
decision making was crucial.

The General Conference Chair of ICFCA 2007, held in Clermont-Ferrand,
France, was Lhouari Nourine. The success of the conference was a result of all
involved, in particular, the General Conference Chair together with the Con-
ference Organizing Committee, and the Editorial Board in adjunction with the
Program Committee—to all of whom we express our warmest thanks. The ac-
tivity of the first Program Co-chair in preparing the volume was supported by
the DFG project “Concepts and Models” (COMO).

February 2007 Sergei O. Kuznetsov
Stefan E. Schmidt
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Relational Galois Connections

Bernhard Ganter

Institut fiir Algebra
Technische Universitéit Dresden

Abstract. Galois connections can be defined for lattices and for ordered
sets. We discuss a rather wide generalisation, which was introduced by
Weiqun Xia and has been reinvented under different names: Relational
Galois connections between relations. It turns out that the generalised
notion is of importance for the original one and can be utilised, e.g., for
computing Galois connections.

The present paper may be understood as an attempt to bring together
ideas of Wille [15], Xia [16], Domenach and Leclerc [3], and others and
to suggest a unifying language.

1 Galois Connections Between Relations

It is usual to define a Galois connection between two complete lattices (L1, <)
and (Lz, <) as a pair (yp,) of mappings

¢:L1— Ly, ¥:Ly— Ly
satisfying for all z € L; and all y € L,

<1 9Y(y) = y s 0(x).

It is well known that if this condition is satisfied, both mappings ¢ and 1 are
order reversing and that their compositions ¢ o1 and 1 o are closure operators
on Ly and Ly, respectively, with dually isomorphic lattices of closed sets (see,
e.g., [4]).

Not so obvious is how to construct Galois connections for given lattices (L1, <1)
and (Lq, <3). We shall address this question later. For the case that both lattices
are power set lattices, the answer was given by Birkhoff [2]: Let G and M be sets,
let I C G x M be some relation. Define

AI::{meMlglmforallgeA} ifACG

and
Blzz{geGlgImforallmeB} if BC M.

Then
e(X):=X! forxXcCaG and Yp¥):=Y! forYCM

S.0. Kuznetsov and S. Schmidt (Eds.): ICFCA 2007, LNAI 4390, pp. 1-17, 2007.
© Springer-Verlag Berlin Heidelberg 2007



2 B. Ganter

defines a Galois connection between the power set lattice of G and the power
set lattice of M. The set

B(G,M,I):={(A,B) | ACG,BC M,A" =B,A=B'},
ordered by
(Al,Bl) S (A27BQ) L= A1 g A2 = 32 g Bl

is a complete lattice, called the concept lattice'. The sets of the form Al
A C G, are called the intents of (G, M, I), and those of the form B/, B C M
are the extents. These are the closed sets of the two closure operators.

The notion of a Galois connection can be generalised to ordered sets and, even
further, to arbitrary binary relations I C G x M, J C H x N, as in the next
definition:

Definition 1. A Galois connection? between (G, M, I) and (H, N, J) is a pair
(¢, %) of mappings
p:G—>N, v:H->M

satisfying
gIy(h) <= hJo(g)

This definition is symmetric: if (¢, 1)) is a Galois connection between (G, M, I)
and (H, N, J), then (¢, ¢) is a Galois connection between (H, N, J) and (G, M, I).
This corresponds to the original, contravariant definition of Galois connections.
Some authors consider also the covariant version, which allows for composition of
Galois connections. This is achieved when (H, N, J) is replaced by the dual con-
text (N, H, J~!). These mappings are closely related to infomorphisms and to Chu
morphisms, see Section 6 for more.

One might argue that this definition deviates from the original one for lattices
or ordered sets. But it is only a natural generalisation. For two ordered sets
(P,<1) and (@, <2) the condition that (y,%) is a Galois connection between

(Pa P) Sl) a'nd (Q7Q7S2) is

<1 9(y) = y <2 p(x),

as usual.
We may generalise even further, replacing the pair of mappings by a pair of
relations ® C G x N and ¥ C H x M. The natural condition then is that

gIhY < hJg*

holds for all g € G and all h € H. We call this the (relational) Galois condition.
However, this condition by itself turns out to be not strong enough. We therefore
define

! Qur notation is that of Formal Concept Analysis [5], where (G, M,I) is called a
formal context. Other authors use names like classification [1], Chu-space [11],
etc.

? Called context—Galois connection by Xia [16].
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Definition 2. A relational Galois connection® between (G, M,I) and
(H,N,J) is a pair (D,¥) of relations
PCGXxN and YCHxXxM
satisfying

1. gIhY < hJg® forallgeGhe H (the Galois condition),
2. @ is the largest relation satisfying the Galois condition for the given ¥, and
conversely.

M N
G I b
H v J

Fig. 1. The Galois condition requires that the left hand part h¥ of a row from the
lower part is contained in a row g’ of the upper part iff the right hand side g% of the
latter is contained in the former, in A’

Proposition 1. The second condition of Definition 2 can be reformulated as
follows:

2. g% is an intent of (H, N, J) and h¥ is an intent of (G, M, I).

Proof. Fix ¥ C H x M. A relation & satisfies the direction “=” of the Galois
condition iff
9 C{heH|gIh"}.

The implication “<” is equivalent to
9*’ C{he H|gIhn"},

which implies
g¢§{h€ngIhW}J=g¢JJ.

Thus from & we obtain another relation satisfying the Galois condition for ¥ by
replacing each g% by its closure g%®77. This then is the largest possible choice.
The dual argument works for ¥. a

The next proposition shows that this is in fact a further generalisation.

® Called essential Galois bond by Xia [16]. Xia’s condition (iii) is implied.



4 B. Ganter
Proposition 2. If (¢, %) is a Galois connection between (G, M,I) and (H,N, J)
then (®,¥), given by
9% = p(g)’’ forge G, h¥:=vy(h)"! for heH,
s a relational Galois connection.

The proof of Proposition 1 shows that we get the second condition essentially
“for free”:

Proposition 3. Whenever RC G x N and S C H x M are relations with
gIh® < hJgF
then there is a unique relational Galois connection (P,¥) such that
gIh’S < gIh?Y < hJg® < hJg~

Proof. Define @ and ¥ as follows: for g € G let g% := (¢f)’7, and for h € H let
hY = (7)1, O

The next observation shows that our “radical” generalisation of Galois connec-
tions leads back to the original definition:

Lemma 1. If (¢,%) is a Galois connection between concepts lattices B(G, M, I)
and B(H, N, J), then

9* =Y = ¢(g",¢") = (YY)

and
RY = X : <= o(h?’,n7) = (X1, X)

defines a relational Galois connection between (G, M,I) and (H, N, J).

Conversely we obtain from each relational Galois connection (®,¥) between
(G,M,I) and (H,N,J) a Galois connection (¢,%) between the concept lattices
B(G,M,I) and B(H, N, J) by

o(X, XT) = (X? X% and o(Y,Y7):= (¥¥, XxY).
The two constructions are inverse to each other.
Proof. The proof is straightforward. |
The following proposition is no surprise:

Proposition 4. In a relational Galois connection, the two parts determine each
other. More precisely, if (P1,¥) and (P2,¥) are relational Galois connections
between (G, M,I) and (H,N,J), then &1 = &5, and dually.

Proof. For each g € G, we have
(9*) ={he H|gIh"} = (g%’

and therefore g% = g2, 0
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2 G-Relations and Dual Bonds

We have seen in Proposition 4 that it suffices to study only one of the two parts
of a relational Galois connection. So let us call ® C G x N a G-relation from
(G,M,I) to (H,N,J) if there is some ¥ such that ($,¥) is a relational Galois
connection (this term was coined by Xia [16] following Shmuely’s notion of a
G-ideal [12,13]). A G-relation is, loosely spoken, one half of a relational Galois
connection.

Proposition 5. A relation® C G x N is a G-relation from (G, M, I) to (H, N, J)
if and only if it satisfies

1. for each g € G, g% is an intent of (H,N,.J),

2. for each h € H, {g € G| hJ g%} is an extent of (G, M, I).

Proof. If (®,¥) is a relational Galois connection then the two conditions obvi-
ously have to be satisfied. Conversely, assume 1.) and 2.) and define ¥ by

hY :={g€G|hJg®}.
Clearly this is an intent and we have

gIhY — ge (h¥)!
<> ge{zeG|hJz?}!
< ge{reG|hJz?}
< hJ g% ]

Note that the set of relation pairs satisfying the Galois condition is closed under
(arbitrary) unions:

gIh" <= hJg® and gIh" < hJ g%

together imply
g I hW]UWQ N h Jg¢1U452.

Therefore, the relations @ C G x N for which there is some ¥ C H x M satisfying
the Galois condition, ordered by inclusion, form a complete lattice. Moreover,
Proposition 3 guarantees that for each such relation there is a smallest G-relation
containing it (its G-closure?). As a consequence, we obtain

Theorem 1 (Xia [16]). The G-relations from (G, M,I) to (H,N,J), ordered
by set inclusion, form a complete lattice. The supremum of G-relations is the
G-closure of their union.

Thas lattice is isomorphic to the complete lattice of Galois connections between
the corresponding concept lattices B(G, M, I) and B(H,N,J).

An example is given in Figure 4.
Another encoding of a relational Galois connection in only one relation is
analogous to Birkhoff’s construction:

4 " P . .
Note, however, that G-relations are not necessarily closed under intersections.
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Definition 3. A dual bond® from (G,M,I) to (H,N,J) is a relation R C
G x H for which it holds that

— for every g € G, g% is an extent of (H,N,J) and
— for every h € H, h® is an extent of (G, M, I).

Theorem 2. From each relational Galois connection (@,¥) between (G, M, I)
and (H, N, J) we obtain a dual bond R C G x H by means of

gRh <= gIhY (<= hJg%).
Conversely, if R is a dual bond between (G, M,I) and (H,N,J), then

g2 :=g¢"%  forgeg,
hY .=h®¥  forhe H

defines a relational Galois connection. The two constructions are inverse to each
other®.

Proof. If R is defined as above from a relational Galois connection (P, ¥) we get

gR=¢? and AE=h¥"" forgeG,heH.

Then obviously R is a dual bond. Conversely, if R is a dual bond, then gt = gftdJd

and thus

R

hJg® < heg? =gt =¢gf < gRh,

and analogously g I h¥ <= g R h. This shows that (&, ¥) is a relational Galois
connection. a

As a corollary, we obtain a generalised version of Birkhoff’s construction:
Corollary 1 ([5], Theorem 53). For every dual bond R C G x H,
o(X, X1 .= (XR, XB®), (v, Y7) = (YR YR

defines a Galois connection between B(G, M, I) and B(H, N, J). Conversely, for
every Galois connection (¢,),

R:={(g,h) | (g"",9") <w(h7,h")} = {(g,h) | (R77,h7) < ¢(g",9")}
is a dual bond. The two constructions are tnverse to each other.

Theorem 2 has several nice consequences. First of all, it shows that relational
Galois connections lead to closure operators:

5 Called biclosed relation by Domenach and Leclerc [3].
6 And induce a dual isomorphism between the lattice of all relational Galois connec-
tions and the lattice of all dual bonds.



