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Preface

This book is designed for final-year university students taking a first course in
insurance risk theory. Like many textbooks, it has its origins in lectures deliv-
ered in university courses, in this case at Heriot-Watt University, Edinburgh,
and at the University of Melbourne. My intention in writing this book is to pro-
vide an introduction to the classical topics in risk theory, especially aggregate
claims distributions and ruin theory.

The prerequisite knowledge for this book is probability theory at a level such
as that in Grimmett and Welsh (1986). In particular, readers should be familiar
with the basic concepts of distribution theory and be comfortable in the use of
tools such as generating functions. Much of Chapter 1 reviews distributions
and concepts with which the reader should be familiar. A basic knowledge of
stochastic processes is helpful, but not essential, for Chapters 6 to 8. Throughout
the text, care has been taken to use straightforward mathematical techniques to
derive results.

Since the early 1980s, there has been much research in risk theory in com-
putational methods, and recursive schemes in particular. Throughout the text,
recursive methods are described and applied, but a full understanding of such
methods can only be obtained by applying them. The reader should therefore
by prepared to write some (short) computer programs to tackle some of the
examples and exercises.

Many of these examples and exercises are drawn from materials I have used
in teaching and examining, so the degree of difficulty is not uniform. At the
end of the book, some outline solutions are provided, which should allow the
reader to complete the exercises, but in many cases a fair amount of work (and
thought!) is required of the reader. Teachers can obtain full model solutions by
emailing solutions @cambridge.org.

Some references are given at the end of each chapter for the main results in
that chapter, but it was not my intention to provide comprehensive references,
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Xii Preface

and readers are therefore encouraged to review the papers and books I have
cited and to investigate the references therein.

Work on this book started during study leave at the University of Copenhagen
in 1997 and, after much inactivity, was completed this year on study leave at
the University of Waterloo and at Heriot-Watt University. I would like to thank
all those at these three universities who showed great hospitality and provided a
stimulating working environment. I would also like to thank former students at
Melbourne: Jeffrey Chee and Kee Leong Lum for providing feedback on initial
drafts, and Kwok Swan Wong who devised the examples in Section 8.6.3.
Finally, I would like to single out two people in Edinburgh for thanks. First,
this book would not have been possible without the support and encouragement
of Emeritus Professor James Gray over a number of years as teacher, supervisor
and colleague. Second, many of the ideas in this book come from joint work
with Howard Waters, both in teaching and research, and I am most appreciative
of his support and advice.

David C.M. Dickson
Melbourne, August 2004
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1

Probability distributions and
insurance applications

1.1 Introduction

This book is about risk theory, with particular emphasis on the two major topics
in the field, namely risk models and ruin theory. Risk theory provides a mathe-
matical basis for the study of general insurance risks, and so it is appropriate to
start with a brief description of the nature of general insurance risks. The term
general insurance essentially applies to an insurance risk that is not a life insur-
ance or health insurance risk, and so the term covers familiar forms of personal
insurance such as motor vehicle insurance, home and contents insurance, and
travel insurance.

Let us focus on how a motor vehicle insurance policy typically operates from
an insurer’s point of view. Under such a policy, the insured party pays an amount
of money (the premium) to the insurer at the start of the period of insurance
cover, which we assume to be one year. The insured party will make a claim
under the insurance policy each time the insured party has an accident during the
year that results in damage to the motor vehicle, and hence requires repair costs.
There are two sources of uncertainty for the insurer: how many claims will the
insured party make, and, if claims are made, what will be the amounts of those
claims? Thus, if the insurer were to build a probabilistic model to represent
its claims outgo under the policy, the model would require a component that
modelled the number of claims and another that modelled the amounts of those
claims. This is a general framework that applies to modelling claims outgo
under any general insurance policy, not just motor vehicle insurance, and we
will describe it in greater detail in later chapters.

In this chapter we start with a review of distributions, most of which are
commonly used to model either the number of claims arising from an insurance
risk or the amounts of individual claims. We then describe mixed distributions
before introducing two simple forms of reinsurance arrangement and describing



2 Probability distributions and insurance applications

these in mathematical terms, We close the chapter by considering a problem
that is important in the context of risk models, namely finding the distribution
of a sum of independent and identically distributed random variables.

1.2 Important discrete distributions

1.2.1 The Poisson distribution

When a random variable N has a Poisson distribution with parameter A > O,
its probability function is given by
X

A
Pr(N = x) = e *—
x!

forx =0,1,2,... The moment generating function is

S M e () ‘
My(t) = Z;e' e = ; o =eple —DF (L)
and the probability generating function is
o0 A'x
Py(r) = Zr"e‘AX— =exp{Ar —1)}.

P =
x=0 :

The moments of ¥ can be found from the moment generating function. For
example,

My(t) = re' My(t)
and
M3 (2) = re' My (1) + (he' )’ My (2)

from which it follows that E [N] = A and E [N?] = A + A2 so that V [N] = A.
We use the notation P(A) to denote a Poisson distribution with parameter A.

1.2.2 The binomial distribution

When a random variable N has a binomial distribution with parameters n and q,
where 7 is a positive integer and 0 < g < 1, its probability function is given by

Pr(N = x) = (Z)qxu gyt
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forx =0,1,2,...,n. The moment generating function is
n n _
My () = Ze”( )q*(l — g
x=0 X
n n ~
=3 ( )(qe')*(l — g
x=0 X
= (qe' +1- q)"

and the probability generating function is

Py(r)=(qr +1—q)".

My@®)=n(ge' +1—4q)" " ge'
and
My =nn =1 (ge' +1-q)" " (¢¢) +n(qe' +1-q)" ' g’

it follows that E[N]=ng, E[N?|=n(n—1)¢>+ng and V[N]=
ng(l - gq).

We use the notation B(n, g) to denote a binornial distribution with parameters
nandg.

1.2.3 The negative binomial distribution

When arandom variable N has a negative binomial distribution with parameters
k > 0and p, where 0 < p < 1, its probability function is given by

k+x—1

for x=0,1,2,..., where g = 1 — p. When k is an integer, calculation of
the probability function is straightforward as the probability function can be
expressed in terms of factorials. An alternative method of calculating the prob-
ability function, regardless of whether & is an integer, is recursively as

k

PN =x + 1) = % pr(v = x)

x+1

forx =0,1,2,..., with starting value Pr(N = 0) = p*.
The moment generating function can be found by making use of the identity

Y PN =x)=1. (1.2)
x=0
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From this it follows that
o —1
> (k i )(1 — gege'y =1
X
x=0
provided that 0 < ge' < 1. Hence

ad k+x—1 .
My () = Ze’*( . )p"q

x=0

k+x 1k I\x
(1—qe'>kz< ) Taerae)

k
_(_»p
(1~qe’)

provided that 0 < ge' < 1, or, equivalently, ¢t < — log g. Similarly, the proba-
bility generating function is
k
p
Py(r) = ( ) .
1 —gr

Moments of this distribution can be found by differentiating the moment
generating function, and the mean and variance are given by E [N] = kq/p
and V [N] = kq/p?.

Equality (1.2) trivially gives

X (k+x—1 .
Z( . )pqul—pk, (13)

x=1

a result we shall use in Section 4.5.1.
We use the notation N B(k, p) to denote a negative binomial distribution
with parameters k and p.

1.2.4 The geometric distribution

The geometric distribution is a special case of the negative binomial distribu-
tion. When the negative binomial parameter k is 1, the distribution is called a
geometric distribution with parameter p and the probability function is

Pr(N =x) = pg*

for x =0, 1,2,... From above, it follows that E[N] = q/p, V[N] = q/p?
and

p
I —qge'

My@) =

fort < —logg.
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This distribution plays an important role in ruin theory, as will be seen in
Chapter 7.

1.3 Important continuous distributions

1.3.1 The gamma distribution

When a random variable X has a gamma distribution with parameters o > 0
and A > 0, its density function is given by
P xa—l e—)uc
X)= ————
S TS

for x > 0, where T'(«) is the gamma function, defined as

o
I'(a) =/ x4 e dx.
0

In the special case when « is an integer the distribution is also known as an
Erlang distribution, and repeated integration by parts gives the distribution
function as

a—1 i
Fx)=1-— Ze““w

=0 Jt

for x > 0. The moments and moment generating function of the gamma distri-
bution can be found by noting that

/ fx)dx =1
0
yields

/0 2o letx gy = 1@ (1.4)

The nth moment is
. Aaxa—le—kx

< ;\'U o0
E| X" = - dyx = nta~1_—ix
[x"] /0 5 dalvm /0 x e~ dx,

and from identity (1.4) it follows that

E[x] = 2 T@tn Tt

“T@ A7 T (1.5)

In particular, E [X] = a/A and E [X?] = a(a + 1)/A2, so that V [X] = /A2,
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We can find the moment generating function in a similar fashion. As

oo )\axu—]e—)\x 2 00 1 o
Mx@) = e dx= —/ x% g 0% gy (1.6)
x() fo I r@ Jo

application of identity (1.4} gives

My(t) = —— L@ :( A ) . a7

C(a) (A —1)* A—t

Note that in identity (1.4), A > 0. Hence, in order to apply (1.4) to (1.6) we
require that A — ¢ > 0, so that the moment generating function exists when
r < A

A result that will be used in Section 4.8.2 is that the coefficient of skewness
of X, which we denote by Sk[X], is 2/./c. This follows from the definition of
the coefficient of skewness, namely third central moment divided by standard
deviation cubed, and the fact that the third central moment is

)

3 « 2 oy’
E[X*] - 32ELX ]+2(I)

_ ol + D@ +2) = 3e(a + 1)+ 2a°
= =

2a

We use the notation y (e, 1) to denote a gamma distribution with parameters
a and A.

1.3.2 The exponential distribution

The exponential distribution is a special case of the gamma distribution. It is just
a gamma distribution with parameter @ = 1. Hence, the exponential distribution
with parameter A > 0 has density function

f(x) =re™
for x > 0, and has distribution function
Fx)=1—¢™
for x > 0. From equation (1.5), the nth moment of the distribution is

n!

E[X"]=—
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and from equation (1.7) the moment generating function is
Mx(t) = *
T

fort < A.

1.3.3 The Pareto distribution

‘When a random variable X has a Pareto distribution with parameters ¢ > 0 and
A > 0, its density function is given by

al®
(A + x)eH!
for x > 0. Integrating this density we find that the distribution function is

A a

for x > 0. Whenever moments of the distribution exist, they can be found from

fx)=

EIX" = /oox"f(x)dx
0

by integration by parts. However, they can also be found individually using
the following approach. Since the integral of the density function over (0, 00)
equals 1, we have

/ o dx 1
o (A+x)etl T ga®’
an identity which holds provided that & > 0. To find E [X], we can write

E[X] =/ xf(x)dx =/ (x4+2r-f(x)dx =/oo(x+k)f(x)dx — A,
0 0 0

and inserting for f we have
o0 }\‘Ot
E[X]:/ 2 dx—a
0 (A. -+ x)"‘

We can evaluate the integral expression by rewriting the integrand in terms of
a Pareto density function with parameters @ — 1 and A. Thus

oA /°° (@ — DHaet
a—1 0 ()\.+X)a

ElX]) = dx — A (1.8)

and since the integral equals 1,

E[X]=
o
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It is important to note that the integrand in equation (1.8) is a Pareto density
function only if ¢ > 1, and hence E [X] exists only for ¢ > 1. Similarly, we
can find E [ X?] from

E[X?*] = / N ((x + 1) —2hx — A%) f(x)dx
0

= /oo(x + A2 f(x)dx — 20LE[X] ~ A2
0

Proceeding as in the case of E [X] we can show that

222
E[x]= —""
[X°] (@ —D)(ax—2)
provided that « > 2, and hence that
ar?
ViXj]=—no———.
LX] (@ — Do —2)

An alternative method of finding moments of the Pareto distribution is given in
Exercise 4 at the end of this chapter.

We use the notation Pa(a, ) to denote a Pareto distribution with parameters
a and A

1.3.4 The normal distribution

When a random variable X has a normal distribution with parameters x4 and
o?, its density function is given by

fx)=

1 { (x ~ )y }
€X -
o+/2m P 202
for —0o < x < 0o. We use the notation N(u, o2) to denote a normal distribu-
tion with parameters » and o 2.

The standard normal distribution has parameters 0 and 1 and its distribution
function is denoted ® where

_ [ 1 2
<D(x)—/_oomexp{ z*/2} dz.

A key relationship is that if X ~ N(u,0?) and if Z = (X — p)/o, then
Z ~ N(0, 1).
The moment generating function is

My (r) = exp {ut + Jo?r} (1.9)

from which it can be shown (see Exercise 6) that E[X] = u and V[X] = ¢2.
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1.3.5 The lognormal distribution

When a random variable X has a lognormal distribution with parameters p and
o, where —00 < u < oo and o > 0, its density function is given by

1 (logx — p)?
Joxy= xo /2w P {_ 202 ]

for x > 0. The distribution function can be obtained by integrating the density
function as follows:

o1 (ogy — n)? ]
F(x) = expy——————tdy,
« /o yo/2r P { 202

and the substitution z = log y yields

log x 1 (Z—I«L)z
F()c):/_ao amexp{——z—az—}dz.

As the integrand is the N (u, 0'2) density function,
1 _
Foo) = @ (M) _
o

Thus, probabilities under a lognormal distribution can be calculated from the
standard normal distribution function.

We use the notation L N (i, o) to denote a lognormal distribution with param-
eters 44 and o. From the preceding argument it follows that if X ~ LN (u, o),
then log X ~ N(u, o'2).

This relationship between normal and lognormal distributions is extremely
useful, particularly in deriving moments. If X ~ LN(u,0) and ¥ = log X,
then

E[X"} = E[e"] = My(n) = exp {un + 30°n*}

where the final equality follows by equation (1.9).

1.4 Mixed distributions

Many of the distributions encountered in this book are mixed distributions. To
illustrate the idea of a mixed distribution, let X be exponentially distributed
with mean 100, and let the random variable Y be defined by

0 if X <20
Y= X —20 if20 < X < 300.
280 if X > 300



