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Preface

Trigonometry, once an almost exclusive science for navigators and sur-
veyors, has expanded into virtually all fields of science and engineering. As its
uses have become less specific, trigonometry has increasingly become an analytic
subject. Therefore, Modern Trigonometry, as its name implies, gives primary
consideration to the analytic aspects of the field, although the computational
aspects are not overlooked.

This book is a concise coverage of the subject designed for students who
have studied college algebra or its equivalent. It will fit nicely into a one-semes-
ter course meeting three times a week, or a quarter course that meets daily.
To cover the book in a shorter time would necessitate the omission of some
topics. A teacher’s manual that includes solutions for all exercises also gives
suggestions for pacing courses of different lengths.

The function concept is emphasized through the text. Periodic functions
are discussed in Chapter 0, and trigonometric functions are introduced in
Chapter 1. The concept of trigonometric functions of real numbers is discussed
in terms of “wrapping” the real number line around the unit circle. Inverse
trigonometric functions are the subject of Chapter 4. Chapter 5, on the solu-
tions of triangles, also relates the definitions of the trigonometric functions of
real numbers to the ratios of different sides of a right triangle.

Chapter 6 explores complex numbers through De Moivre’s theorem.
The rectangular and polar forms for the representation of a complex number
are compared.

Color is used throughout to stress basic concepts introduced in the text
and to focus attention on parts of graphs being emphasized.

Chapter 0, as its number implies, will be review material for many stu-
dents and, as such, may be covered very quickly in some classes. However, all
classes should cover the last two sections, which discuss the idea of periodic
functions.

The answer section for Chapter 2 contains proofs of some of the identities
in the exercises. There are many carefully worked identities included as examples
in the chapter. The emphasis in Chapter 3 is on the general solution of trigono-
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vi Preface

metric equations, but in a way that principal solutions could be emphasized
readily by the teacher who prefers to do so.

An abundance of exercises is provided in each chapter—more than could
be assigned to one class—to give teachers the opportunity to vary assignments
from class to class. Each chapter ends with a set of exercises for review.

I am indebted to Professors Rex Schweers and Forest Fisch of Colorado
State College for their help in class testing the material in this book and the
helpful suggestions that resulted from the testing. Thanks also go to James
L. Jackson, College of San Mateo, and Raymond C. Strauss, De Anza College,
who reviewed the manuscript, and Joseph Teeters, a graduate student at Colo-
rado State College who helped prepare the selected answers. Finally, I thank
Berniece Zimmerman and Susan Phelps for the many long hours they spent in
typing the manuscript.
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0

Sets, relations, and functions

0.1 Introduction

The science of trigonometry was originally concerned with computing
the unknown sides and angles of triangles. As such, trigonometry was an impor-
tant subject in colleges and universities during the early days of our country,
for many students later applied their mathematics to surveying and navigation.
So, even then, trigonometry, unlike some mathematical studies, had very prac-
tical applications. As science and mathematics have developed, trigonometric
concepts have been broadened, and trigonometry now is usually treated from
an analytic viewpoint. Trigonometric analysis today is an important tool
in most branches of science and engineering. Therefore, this book gives primary
consideration to the analytic aspects of the subject, but the computational
aspects are also considered.

0.2 Sets

One of the unifying ideas in mathematics is the idea of set. Basically,
we think of a set as being a collection of objects. We shall assume that there
is some way to tell whether a particular object is in the set under consideration.
The objects in sets are called elements.
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Here, lowercase letters, such as a, b, and x, and other symbols, will repre-
sent the elements in sets. Uppercase letters, such as 4, C, and Q, will represent
sets. The symbol €, derived from the Greek letter e, is used to indicate that
a particular element is in a set. Thus x € 4 means that the element x is in the set
A; and x € A may be read as x is in A or x belongs to A. If the set 4 consists
of several elements, such as a, *, and 6, we can indicateitbyac 4, x € 4, 6 € A.
Since this could become quite cumbersome, we use braces to indicate the same
idea and write A = {a, *, 6}, which states that A consists of a, , and 6.

It is important to consider the relationships between sets. One of these
is that of one set being a subset of another set.

A set A is a subset of a set B if and only if every element in the set A is
also in the set B. This is designated by A = B, and is read “A is a subset of B.”

There is a special kind of subset called a proper subset.

A is a proper subset of B if and only if A = B and there exists at least
one element in B which is not in A. This is designated by A — B.

Thus, every subset of B except B itself is a proper subset of B.

A diagonal slash, /, drawn through certain symbols expressing relation-
ships, is used to indicate that these relationships do not hold. Thus, 4 ¢ B
isread A is not a subset of B, and x ¢ A isread x does not belong to A.

{3, 0} C {3k, 0,0) (%, 0} = {0, &}
{(%,0,00) Z {*,0} {%,0,0) ¢ {0,030 %)
o€ {%, 0} O¢ (% 0) 0 # {0}

Figure 0.1

The idea of equality, important in all of mathematics, also expresses
an important relationship between sets. Two sets, A and B, could be said to be
equal if and only if they consist of exactly the same elements. This would be a
satisfactory definition of equality of sets, and it is a definition which is often
used. However, we shall use a different definition of equality of sets, although
it will carry the same meaning.

Two sets A and B are equal if and only if A = B and B < A. Equality
is designated by A = B.

We will observe that {x, o} = {o, *}. We also use A = B to indicate that
A is not equal to B. Thus, {*, o} # {x, o, o}, since {x, o, o} & {x, 0o}. Examples
of the symbols used to express relationships between sets are shown in
Figure 0.1.

A very special set in mathematics is called the empty set.
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The empty set is the set which does not contain any elements. It is designated
by 0, which is read “the empty set” or “the null set.”

The empty set is considered to be a subset of every set and a proper
subset of every set except itself.

Sometimes we refer to a relationship between two sets by saying that
the two sets are in one-to-one correspondence. Intuitively, this means that the
two sets have exactly the same number of elements. This idea is only appro-
priate for finite sets, so we define one-to-one correspondence in a different
way.

Two sets are in one-to-one correspondence if and only if the elements of
the two sets can be matched so that each element of one set corresponds
to exactly one element in the other set.

We can demonstrate that two sets are in one-to-one correspondence by
showing how the elements of the two sets are matched. This is illustrated in
Figure 0.2 with the sets 4 = {x,0,5,0} and B = {a, e, i, u}. Two different
ways of matching the elements in sets 4 and B are shown in the Figure. One
such matching would be sufficient to demonstrate a one-to-one correspondence
between the two sets. You can probably illustrate several other similar matchings
between the two sets.

I

{a. e i, u}

} {s,0,4,00)

N

{a, ei,u}

Figure 0.2

Another useful way of discussing sets is illustrated by {x | x is a whole
number between 2 and 6}, which is read the set of all x such that x is a whole
number between 2 and 6. This collection of symbols, called set-builder notation,
is used extensively in this book. It names a variable (x in this case) and states
a condition which the variable must satisfy (in this case, x is a whole number
between 2 and 6) in order to belong to the particular set under consideration.
We note that

{x| x is a whole number between 2 and 6} = {3, 4, 5}.
Another example of the set-builder notation is
{1,3,5,7} = {y| y is one of the first four odd natural numbers}.

The set-builder notation is particularly useful when one is dealing with large
finite sets or with infinite sets.
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Exercises 0.1

Let A = {1, 2}.

a. List all the subsets of 4 that contain 0 elements.
b. List all the subsets of 4 that contain 1 element.
c. List all the subsets of 4 that contain 2 elements.
d. How many subsets does 4 have?

e. List all the proper subsets of A.

Let B = {#r $, O}.

-0 a0 o

List all the subsets of B that contain 0 elements.
List all the subsets of B that contain 1 element.

List all the subsets of B that contain 2 elements.
List all the subsets of B that contain 3 elements.
How many subsets does B have?

List all the proper subsets of B.

LetC={4,5,6,7}.

@ e a0 op

Some of the information in the table below comes from Exercises 1-3. Fill in the

List all the subsets of C that contain 0 elements.
List all the subsets of C that contain 1 element.
List all the subsets of C that contain 2 elements.
List all the subsets of C that contain 3 elements.
List all the subsets of C that contain 4 elements.
How many subsets does C have?

List all the proper subsets of C.

rest of the table, if you can.

5. Consider the following sets: 4 = {1,2,3}, B={1,3}, C ={1,2,4}, 0.

a.

b.

number of elements
in set o 1 2 3

number of subsets 4 8 16

Indicate, with the appropriate symbols, all the subset relationships among

the four sets.

Indicate, with the appropriate symbols, all the proper subset relationships

among the four sets.

Indicate, with the appropriate symbols, all cases in which one set is not

a subset of another set.
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In Exercises 6-9, indicate, with the appropriate symbols, whether or not the two
given sets are equal.

6. A={5}, B=1{9}.

7. A=1517,11}, B={11,7,5}.

8. A=1{4,5,6,7}, B= {x|x is a natural number between 3 and 8}.

9. A4 =1{0},0.
Indicate whether a one-to-one correspondence exists between the two given sets.
10. A = {5}, B={9}.
11. A4=1{2,3,4}, B=1{2,4]

12. 4 =1{1,3,15}, B = {x|x is an odd natural number less than 6}.
13. 4=11,2,3}, B=0.

In Problems 14-17, replace the comma between set symbols with either € or ¢
so as to form a true statement.

14. 9, {1,2,3}
15. {7}, {4,5,6,7}
16. 6, {6,7, 8}

17. 5, {x|x is an odd natural number}
Designate each of the sets by using braces and listing the members.

Example

{x|x is a natural number between 3 and 7}

Solution

{4, 5, 6}

18. {x|x is a day in the week}

19. {x|x is a natural number between 15 and 21}
20. {z|zis a digit in your home address}

21. {y|yis a month in the year}

22. {t|tis a digit in your age in years}

23. {w|wis a natural number less than 7}

Designate each set by using the set-builder notation.
Example

{1,2,3}

Solution

{x|x is one of the first three natural numbers}

24. {2,4,6,8}
25. {5,6,7,8,9,10}
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26. {2,4,8, 16}
27. {April, June, September, November}

A

v A
0.3 Operations on sets
T
There are sgvgral opefations on sets which are used frequently. One
of these is the union of two sets.

The union of sets A and B is the set of all the elements which are in set
A, in set B, or in both sets A and B. This is designated by A U B and is read
“the union of A and B” or sometimes “A cup B.”

Thus, if 4 =1{1,3}, B={3,%,0}, and C={g, h}, then 4 U B= {1, 3, %, 0}
and 4 U C={1,3,g,h}. If Aisanyset, A U A=Aand 4 U ) = A. Why?
A second important set operation is the intersection of two sets.

The intersection of sets A and B is the set of all the elements which are in
both set A and set B. This is designated by A N B and is read “the intersec-
tion of A and B” or, sometimes, “A cap B.”

Thus, if A = {1, 3}, B= {3, %,0},and C = {g, h},then 4 N B={3}and4 N C
=@0.IfAisanyset, AN O=0and 4 N A =A. Why?

Two nonempty sets A and B are said to be disjoint if and only if A N B = 0.

Thus, in the above example, 4 and C are disjoint sets and B and C are disjoint
sets, but 4 and B are not disjoint sets.

In many cases we consider only subsets of some particular set. This par-
ticular set under consideration is called the universal set or, sometimes, the uni-
verse. The universal set is usually designated by U. Let A be any subset of a
universal set U. There is another subset of U which is closely related to A.
This set is called the complement of A.

If A is a subset of U, the set of all the elements in U which are not in A is
called the complement of A. The complement of A is designated by A'.

For example, if U = {1, 2, 3,4, 5}, A = {1, 5}, and B = {3}, then 4" = {2, 3, 4}
and B’ = {1, 2, 4, 5}.

Closely related to the complement of a set A4 is the idea of the difference of
two sets.

For any two sets A and B, the difference of A and B is the set of all the
elements which are in A and not in B. This is designated by A — B.
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If C=1{a,e,0}, D={o,u} and E = {a, e}, then C— D = {a,e}, D — C
= {u}, and D — E = {o, u}. Note that it is not necessary for B to be a subset
of A to discuss the difference of 4 and B. If 4 and B ase-subsets of a universal
set Uythen 4 — B=A N B'. Why?

Exercises 0.2

Let U={1,2,3,4,5,6,7,8}, 4=1{1,3,5,7}, B=1{2,4,6}, C={1,2,4,8}, and
D = {1, 2, 3}. Perform the following set operations.

1. A 2. B 3.

4. D’ 5. AUB 6. AN B

7. A—B 8. (4 U BY 9. (4n B

10. A" U B’ 11. A’ n B’ 12. AN B

13. AnC 14, A—-C 15. C— 4

16. C N B 17. C—B 18. A— D

19. C—-U 200 D—U 2. B—U

22. AU B 23. C'n D’ 24, D—-C

25. A —C’ 26, Cn A 27. (DY

28. (BY 29. AnBuUC 30 (O'—B)NC
3. 4AuUC)nBuUO 32. A—BUCY 33. BuoOnDb
3. (BnD)u(Cn D) 35. (A—B)Y U D’ 36. AuBNC

For problems 37-42, let A, B, and C be any sets.

37. Is4A U B=B U A? Why?

38. Is4A N B=Bn A? Why?

39. IsA— B=B — A? Why?

40. Can A — B= B — A? Why?

41. Is(AUB)UC=A4U BUC)?Why?
42. Is(AnNBNC=An BN C)?Why?

0.4 Our number system

You are familiar with real numbers from studying arithmetic and alge-
bra. Some real numbers are called natural numbers. Other subsets of the real
numbers are called integers, rational numbers, and irrational numbers. In this
section we shall briefly consider some of the different sets of numbers involved
in the development of the real-number system.
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1. The set of natural numbers, denoted by N, whose elements are the
familiar “counting” numbers.

N={1,23,...}

2. The set of whole numbers, denoted by W, which consists of the set
of natural numbers and 0.

W=1{0}UN={0,123,....

3. The set of integers, denoted by J, whose elements are the natural
numbers, their additive inverses, and 0.

J=1{..,—3,-2,-1,01,23,...}

4. The set of rational numbers, denoted by Q, which consists of all those
numbers that can be represented as the quotient of two integers where the divi-
sor is not 0. Among the elements of Q are such numbers as —2, 18, % —3,
and 2. Thus,

b

It can be proved, although we shall not do so here, that all rational num-
bers can be expressed as terminating decimals or as repeating decimals. Ex-
amples of these are 1/4 = .25, a terminating decimal, and 1/11 = .090909, a
repeating decimal. Conversely, every number that is a terminating decimal or
a repeating decimal is a rational number.

5. The set of irrational numbers, denoted by H, which consists of all
numbers with decimal expansions which are nonrepeating and nonterminating.
Among the elements of this set are such numbers as /2, —+/ 3, and =.

Q:{x|x: a,aeJ,beJ,b;éO}.

H = {x | x is an irrational number}.

6. The set of real numbers, denoted by R, which is the union of the
set of rational numbers and the set of irrational numbers.

R—QUH.

7. The set of complex numbers, denoted by C, which consists of all
numbers that can be_represented in the form x 4+ yi, where x and y are real
numbers and i = o/ —1. Thus,

C={zlz=x+yi,xecR ycR,i=/—1}.

Complex numbers with x = 0, which may be represented in the form yj, are
called pure imaginary numbers.

In a course in modern algebra or the structure of numbers, distinctions
would be made among the sets of numbers that have not been made here.
This is intended only as a quick review of material with which you should be
familiar, not as a thorough development of our number system.

A real-number line can be drawn as follows. Draw any line and pick
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two points on the line. Call the point on the left 0 and the point on the right 1.
The natural numbers can be assigned to the points at unit intervals past one,
and their additive inverses can be assigned to points at unit intervals to the
left of 0. 1t is easy to determine the point half-way between 0 and 1 and call that
point 1/2. In a similar fashion the other rational and irrational numbers can be
assigned to points on the line. It can be proved that there is a one-to-one cor-
respondence between the set of points on the line and the set of real numbers,
but we shall not do so here.

| |
—5 —4 —3 —2 —1 0 1 2 3 4 o)

1
2
Figure 0.3
Exercises 0.3
Express the following fractions as decimals.
1 3 2 5 3
1. 5 2. z 3. 3 4, s 5. ==
4 5 7 29 13
6. 15 7. Ea 8. s 9. 11 10. C

In Exercises 11-22, express the decimals as fractions. Reduce to lowest terms.

Examples
a. .375 b. .2323 c. 2.354354
Solutions
g 375 = 270 b Let x — 2333 & Let x — 2.354353
. i ) 2323, ) ; i
_ S(123) 100x = 23.23723, then 1000x = 2354.354354,
8(125)
= % 100x — x = 23.0000, 1000x — x = 2352,
~ 2352
99x = 23, X =999’
23 _3(784)
* =99 ~ 3(333)
_ 784
~ 333
1. .235 12 .3125 13. 16.1

14. 5.472 15. .4545 16. .2929



