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0 Introduction

This short book is based on a lecture-course on the randomly forced two-dimen-
sional Navier-Stokes Equation (2D NSE) and two-dimensional statistical hydrody-
namics which the author taught at ETH-Ziirich during the winter term of the year
2004/2005. The goal of the course was to review recent progress in the qualitative
theory of randomly forced nonlinear PDE (especially, the 2D NSE), and discuss
applications of the corresponding results to 2D statistical hydrodynamics, includ-
ing 2D turbulence. The book, as well as the lecture-course, is aimed at people
with some background in PDE, or in probability, or in physics. For the benefit of
the last two groups of readers we included in the book a section on deterministic
2D NSE.

Due to the strictures of time, the lectures did not, and and this book does
not, include all relevant material. The author restricts himself to results related to
his current scientific interests — the statistical hydrodynamics of randomly forced
two-dimensional fluids. Thus some important relevant topics are not represented
in the book. Probably, the most serious omissions are results on the free NSE with
random initial data. Concerning them we refer the reader to the books [VF88]
and [FMRTO01]. Some important results on randomly forced 2D fluids also are not
covered by the book. With the exception of the very short Section 6.5 we avoid the
randomly forced 3D NSE since not much is known about it, and what is known
differs in spirit from the 2D results we are interested in. See [Fla05].

The book contains only rigorously proven theorems. Connections with the
(heuristic) theory of turbulence are reduced to short discussions on relevance of
the obtained results to the theory of turbulence, made at the ends of the main sec-
tions. There we show that the theorems form a rigorous mathematical foundation
for the theory of 2D space-periodic turbulence. In particular, the results obtained
imply that:

i) when time grows, statistical characteristics of a turbulent flow stabilize to
characteristics independent of the initial velocity field (Sections 6, 7);
ii) for any characteristic of a turbulent flow, its time-average equals the en-
semble-average (Section 8);
iii) in large time-scale the turbulent flow is a Gaussian process (Section 9).

In the last two sections of the book we prove and discuss some recent results, that
seem to be unknown to experts in turbulence. Namely, we show that:

iv) when the coefficient of kinematic viscosity decays to zero and the random
force, applied to the fluid, is scaled to keep the energy of the fluid of order one,
the solution of the 2D NSE converges in distribution to a random field such
that each of its realizations satisfies the free 2D Euler equation (Section 10);

v) stationary in space and time solutions of randomly forced 2D NSE satisfy in-
finitely many explicit algebraic relations (i.e., “space-periodic 2D turbulence
is integrable”; Section 11).
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The results i)-v) follow from rigorous analysis of the randomly forced 2D NSE
ut—vAu+ (u-V)u+Vp=n(t,xz), divu=0, (0.1)

where 7 is a random field. Usually the equation is supplemented by the periodic
boundary conditions
r € T? =R?/2772.

Eq. (0.1) is the main object studied in this book. Sections 1-5 contain preliminaries,
and the rest of the book treats new results on the equation (which imply the
assertions i)—v) above).

Most of the results in Sections 6-9 hold true for eq. (0.1) in a bounded do-
main with suitable boundary conditions (say, Dirichlet), or in a two-dimensional
compact Riemann surface, e.g., in a sphere (if the action of the Laplacian on
vector-fields u(z) is defined accordingly). More generally, the results hold for solu-
tions of many nonlinear dissipative equations in bounded domains (or in a torus),
perturbed by a random force. In particular, for the reaction-diffusion equation

U — vAu+u® =t z); (0.2)
or for the Ginsburg-Landau equation
@ — vAu + iju*u = n(t, z), (0.3)
where u(t, z) € C and dim z < 3; or for the equation
U — (v + 1) Au+i|ul*u = n(t, ), (0.4)

where u(t, z) € C, dim z < 4. From time to time we briefly discuss these equations
and properties of their solutions, similar to those of 2D NSE.

In contrast, the results of Section 10 only hold for eq. (0.1) with some bound-
ary conditions. For example, they do not apply to (0.1) with the Dirichlet boundary
conditions, but they hold for the equation on a Riemann surface. Moreover, the
results are valid for some other equations. In particular — for eq. (0.4).

The results of Section 11 are the most rigid: they only hold for the 2D NSE
(0.1) under periodic boundary conditions (so only the periodic 2D turbulence is
integrable, cf. v) above).

In this book we do not discuss properties of equations (0.2)-(0.4) which have
no proven analogies for the 2D NSE (e.g., see [Kuk97, Kuk99] for a study of (0.3)
when v — 0). Similarly, we do not touch the problem of Burgers turbulence,
described by the randomly forced Burgers equation (see [EKMSO00]).

We consider two classes of random forces 7: they are either Gaussian ran-
dom fields, smooth in z and white as functions of ¢, or they are kick-processes
as functions of ¢, smooth in z. In the former case the equations define stochastic
(in Ito’s sense) differential equations in function spaces, while in the latter case
they define Markov chains in function spaces. All our results, apart from those in
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Section 11, hold for both classes of forces. We think that this is important since
it indicates that the results obtained for the 2D NSE (0.1) are not properties of a
specific model, but of 2D statistical hydrodynamics.

Notation. We define Z2 = Z?\{0}. For a Banach space X we set
Br(X) ={z € X|[lz|x <r}.

By D(&) we denote the distribution of a random variable £. Each metric space M is
provided with the o-algebra of its Borel sets B(M) (so ‘measurable’ means ‘Borel-
measurable’). We denote by C,(M) the space of bounded continuous functions
on M, by M(M) — the set of finite signed Borel measures, and by P(M) — the
probability Borel measures on M. For f € Cy,(M) and p € M(M) we define

(o) = (. ) = /M £ () ()

By I we denote the characteristic function of a set .
We adopt the Einstein rule of summation over repeated indexes.
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Lorent Goeregen and Tom Schmitz who helped to prepare a TEX-version of the
lecture notes. Finally, I wish to thank Gregory Falkovich for his remarks on a
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1 Function spaces

1.1 Function spaces for functions of z
Let Q be an open domain of R or the torus T¢ = R?/27Z¢.

Lebesque spaces. We denote by L,(Q;R™),1 < p < oo, the usual Lebesgue spaces
of vector-valued functions, abbreviated L,(Q;R) = L,(Q), and denote the Lj
scalar-product by (-, ).

Sobolev spaces W™P(Q;R™). Let C(Q;R™) be the space of infinitely differen-
tiable maps ¢ : Q — R™ with compact support in Q. Suppose u,v are locally
integrable functions on @ and a = (a,...,aq) is a multiindex. We say that v is
the ot"-weak partial derivative of u, written D% = v, provided fQ uD*pdx =
(—1)ll fQ vodz, for all test functions ¢ € C°(Q). Here || S o+ + g

Let m € Nand 1 < p < 0o. The space W™P?(Q,R™) consists of all locally
integrable functions u : @ — R™ such that for each multiindex a with |a| < m,
D%u exists in the weak sense and belongs to L,(Q;R™). We shall only use these
spaces with p = 2 and adopt the notations:

Wm2(Q;R") = H™(Q;R"), H™(QR')=H™Q).

If ue H™(Q;R™), we define its norm to be:

full = (3 ID"‘u|§>l/2~

la|<m
When analysing eq. (0.1), we will mostly restrict ourselves to the case where the
domain @ is the torus T2 < R?/72,

(S1) If @ = T%, then u € L can be written as u(z) = Y,z use’*”. It is then
possible to define H™(T%; R™) even for m € R. For this purpose, we define for any
real number m a norm which is equivalent to the norm above if m € N:

ull2, = Z (1+1s) " us|?>, meR.
seZd

Now for m > 0 we set H™(T%;R") = {u € L*(T%R") : ||u||i1 < o0}, and form < 0
we define the space H™(T¢;R") as the closure of Ly(T¢;R") in the || - ||, -norm.

Lemma 1.1. For any r € R and any multiindex «, the linear map D is continu-
ous from H"(T%R™) to H™~12I(T%; R™). Accordingly, the map A : H"(T4R™) —
H™—2(T4;R™) is continuous.

(S2) If (u) e Jpau(x) dz = 0, then uy = 0. Therefore in the space

HY (T RY) = {u € H™(TSR™) | (u) = 0},
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the norm can be equivalently defined by the relation
2 .
lullyy =D 1sPP™fusl?
s#0
In particular, Hu]]f = |Vuls.

(S3) Sobolev Embeddings. Let @Q be an open subset of R? with a Lipschitz boundary,
or the torus T¢.

1. Ifm<

—, q < 00, then

Hm(Q;R”) C Le(Q;R™). (1.1)
2. Ifm>%+a,0§a<l,then

H™(Q;R™) € C*(Q;R™). (1.2)

C*(Q), o > 0, denotes the space of a-Hélder continuous functions and C°
is the space of continuous functions.

3. If Q is an open bounded subset of R? with Lipschitz boundary, or if Q = T,
then the embedding (1. 2) is compact and the embedding (1.1) is compact

H"“(Q:R") € H™(Q;R") if my > ma. (1.3)

Exercise 1.2. Prove (1.2) for a =0 and Q = T¢.

Solution: We have to show that H™(Q;R™) C C°(Q;R™) if m > £. 1t is clear

that u = 3, 74 use™* with Y- Jug| < 0o is continuous. So it suffices to check that
> lus| < oo for u € H™(Q;R™) with m > . We have:

D sl (14 [s?) 7™/ 2(1 + |s?)™/
seZd
1/2 1/2

< | D P+ sy Do +|s)m

sezd sezZd

The first factor on the r.h.s. is finite since u € H™(Q;R™). The second factor is
finite because 2m > d and

Z A+[sH ™™ <14 Z |s| 2™ < e+ c'/ |z| 2™ dz < oo. O
sezd s€Z4\{0} [z|>1

Example: If Q = T?, then

H'(Q) € L,(Q) Vg < oo, (1.4)
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and .
Hz(Q) C La(Q). (1.5)
(S4) The spaces H™(T%;R") and H~™(T%;R") are dual:
Yu € C®°(T4R™), |ul,, = sup (u,v).

veCe || _,, <1
Exercise 1.3. Prove this relation.

In particular, the scalar product in L? extends to a continuous bilinear map
H™(T4;R") x H-™(T4;R") — R.

(S5) Interpolation inequality. Let a < band 0 < 6 < 1. Then
0 -6
ullgas (1—ays < llully - llully ™

Proof (for the case @ = T¢ and (u) = 0). We have

2 _
Hul|9a+(]—9)b = Z|us|2|5|2(9a+(1 0)b)

s#0
— Z |usIZHISI‘Z(M‘,UJSF(I*O)|s|2(1—9)b
s#0
0 1-6
< D usllsiP ) | D usllsf® )
s#£0 s#0

where in the last step we use the Holder inequality.

Example: In the example in (S3), using the interpolation with a =0,b=1,0 = %,

we get that |u|q < cHu||% <cy/|ul2 ||ull; -

1.2 Functions of ¢t and z

The solutions of the equations, mentioned in the introduction, are functions de-
pending on time ¢ and space z. We fix T' > 0 and view u(t,z) with 0 < ¢ < T as
a map
[0,T] — “space of functions of z”, t— u(t,-).
Accordingly, we can define spaces
def N def
L,(0,T5Ly(Q)) = Lp([0,T), Le(Q)), Lyp(0,T; H¥(Q)) = L,([0,T), H¥(Q)),

C(0,T; Ly(Q)) ¥ C([0,T], Ly(Q)),
and so on. Fubini’s theorem implies that
Ly(0,T; Lp(Q)) = Lp([0,T] x Q) ,

if p < oco. Discussion of these spaces can be found in [Lio69] and [FMRTO1].
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We shall denote
C* = {u(t,z) € C*°} or C* = {u(z) € C*},
depending on the context.

Exercise 1.4. Let Q = R? and T = 1. Consider the heat kernel:

u(t,z) = (2v/7t) "% exp <—|i’“'1—|:) .

Prove that
00, pd > 4,

lulz,(0,1;L,) = {

< 00, otherwise.



2 The deterministic 2D Navier-Stokes Equation

In the forthcoming, we write “2D NSE” for the “two-dimensional Navier-Stokes
Equation”, and often abbreviate 2D NSE to NSE. We will consider 2D NSE with
periodic boundary conditions. That is, we assume that the space-variable x is a

point in the torus T? def g2 /2mZ%. The Navier-Stokes Equation in a bounded
two-dimensional domain under the Dirichlet boundary conditions can be studied
in a very similar manner. In an unbounded domain, e.g., in the whole plane, the
equation becomes somewhat complicated since in this case the Sobolev embeddings
n (S3) are not compact.
The 2D NSE on the torus is the following system of three equations for three
unknown functions:
~ two components of the vector-function u(t,z) = (u'(¢, x), u?(t, x))t
(the velocity) and
— the scalar function p(t, ) (the pressure),

where z € T? and t € R:

{u(t,ar) —vAu(t,z) + (u(t,z) - V)u(t,z) + Vp(t, z) = f(t, z),

divu(t,z) =0. 21)

Usually we study the equation for ¢ > 0 and supplement it with the initial condition
at t = 0:
u(-,0) =uo(+) .

Standard references are, e.g., [Lio69, CF88], [BV92] and [FMRTO01].

2.1 Leray decomposition

Let u € Ly(T?;R?), then u can be written as a Fourier series: u(z) = > use*®,
with u, € C? and u_s = . If u(z) € C°(T*R?), then div u(z) = Y a5
use***. Denote by H the space

H = the closure in Ly(T?; R?) of {u(z) € C*(T?;R?)| div u = 0, (u) = 0}.
Then it holds that

= {u(zx Z use”* € Ly(T%R?) | uey = @, § - us = 0}, (2.2)
s€zZ2

where Z2 = Z?\ {0}. The norm in H will be denoted by |- |, and the inner product
by <.‘ .)_

Exercise 2.1. H can be defined as H = {u € Ly|(u) = 0, div u = 0}, where the
derivatives are viewed in the sense of generalised functions.
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We next introduce a basis of H. Let us define Z2 = {(s1,s2) | (s1 >
0) or (s; =0,s2 > 0)}. Then
23 =730 (-Z%), ZPn-Z% =0,

and we define the following set of vectors {es | s € Z3}:

csstsin(s-x), s€Z?,
€s = A
# csstcos(s-x), se€—-Z2,

where ¢, = \/§+|s|’ and if s = (s1,2)!, then s = (—s2,51)". The set {es} is a
Hilbert basis of H, formed by eigenvectors of —A:

—Ae, = |s|%es Vs.
We further introduce the space
VH' € (V](2)|f € H\(T)}.

Equivalently,
VH! = {Z sase™ € Ly(T% R?)}, (2.3)
SGZ%
so VH! is a closed subspace of H.
The relations (2.2) and (2.3) immediately imply the following classical result

due to Helmholtz, which since the works of Leray has become a common tool to
study the Navier-Stokes equation:

Lemma 2.2. The space Ly(T?;R?) admits the following decomposition in a direct
sum of three closed orthogonal subspaces

Ly(T%R*) = H® VH' @ R?,
where R? stands for the space of constant vector-fields.

The orthogonal projection IT : Ly(T?;R?) — H is called the Leray projection.
Note that
II(Vp) =0, II(constant) =0.

Let (u(t,z),p(t,z)) be a smooth solution of (2.1). Let us denote u(0,x) = up(z)
and assume that i
(uop(z)) =0, (f(t,z)) =0forallt >0.

Then, integrating the first equation of (2.1) over space, we obtain

%(w — (A + ((u- V)u) + (Vp) = (f).
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Since (Au) = (Vp) = (f) = 0 and for [ = 1,2 we have

)

((u-V)u)hy = /uj(gul)dx =i — /div uw-uldz =0,

then 4 (u) = 0. Hence, if up € H, then u(t) € H for all ¢ > 0.
Now, apply the projection II to (2.1). Since ITu = u, we find that

i — vIIAu 4 (u - V)u = IIf .

With the notation

Lu®™ _TTAu = —Au and B(u) wf I(u-V)u, forue H; f der Inf,

we are led to the equation

{u+uLu+B(u) =f(1), (2.4)

u(t) € H.
Lemma 2.3. If u(t,z) € C*(T?) satisfies (2.4), then there exists p(t,z) € C™(T?)
such that (2.1) holds.

Proof. Denote u(t, z) — vAu(t,z) + B(u(t,z)) — f(t,z) = —£(t,z). Then II¢ = 0.
So, by Lemma 2.2, £(t,z) = Vp(t,z) + C(t). For the same reasons as above,
C(t)=o0. U

Below we study eq. (2.4) instead of (2.1).

Notation: We set B(u,v) = II(u - V)v (so B(u) = B(u,u)). For r > 0 we define
the space H" as H” := H N H"(T?,R?), and for r < 0 — as H" := closure of H in
H"(T?,R?). Then

T={u= Y wees@) llul2 = Y IsPlusf? < oo}
€€Z2
For u € H” we have
lull2 = (L7u,u),

since u € H"(T?, R?) with (u) = 0 satisfies ||u||2 = ((=A)" u,u) (see (S2)), and
Le, = |s|%e,. In particular,

lull? = (Lu,u) = |Vulr,, (Lu,v) = (Vu, Vv) (2.5)

for u,v € H'.
We note that H™ C H" if ry > ry, that

N =HNC>

(this follows from (1.2)), and that the linear space N, H" is dense in each space H*.
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Lemma 2.4 (“A bounded poly-linear map is continuous”). If X, X, are Banach
spaces and F : X1 x --- x X; — X5 is a poly-linear map such that

[E(u1y s ur)lix, < Clluallx, - fluellx

then F is continuous. Moreover, if Vi C X, is a dense linear subspace and the
inequality above holds for u; € V1, then F' extends to a poly-linear continuous map
Xy x oo x X1 — Xo.

The proof of this result is straightforward.

2.2 Properties of the nonlinearity B
(B1) If u, v, w € C® N H, then

i) (B(u,v),v) =0,

i) (B(u,v),w) = —(B(u, w),v).

Proof. i) Integrating by parts we have:

. 0 1 G
— J(_- l ! —_ ] _— 2
(B(u,v),v) /Tzu (ij v ) v dx 5 /1r2u 57 |v| dx
__1 / (divu)|ul’dz =0.
2 Jp
ii) Apply i) with v := v + w. ]

(B2) If u, v, w € C>* N H, then
i) (B(u,w), )| = [(B(u, ), w)l < Cllulyaliollallwl,
i) [[B(u,v)ll-1 < Cllulliyz2 lvlli/2 -
Proof. 1) implies ii) by the duality, see (S4). Now we prove i):

(Bl o))l =)= (Bl o) < [ 1ul [Vul olds

Hélder 1.5)
C1|Vulr, Julpy v, < Collwlllulliz V2. O

So by Lemma 2.4 and (B2ii), B extends to a bilinear continuous map,
B:HY?x H'/? - g1,
(B3) If u,v € HNC, then ||B(u,v)||-3 < C|ul |v|. So by Lemma 2.4, B extends

to a continuous map B : H x H — H 3.
The proof is left as an exercise.



