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1 o Introduction

Fibonacci

Who was Fibonacci?

Leonardo Fibonacci, mathematical innovator of the thirteenth century,
was a solitary flame of mathematical genius during the Middle Ages. He was
born in Pisa, Italy, and because of that circumstance, he was also known as
Leonardo Pisano, or Leonardo of Pisa. While his father was a collector of
* customs at Bugia on the northern coast of Africa (now Bougie in Algeria),
Fibonacci had a Moorish schoolmaster, who introduced him to the Hindu-
Arabic numeration system and computational methods.

After widespread travel and extensive study of computational systems,
Fibonacci wrote, in 1202, the Liber Abaci, in which he explained the Hindu-
Arabic numerals and how they are used in computation. This famous book
was instrumental in displacing the clumsy Roman numeration system and
introducing methods of computation similar to those used today. It also
included some geometry and algebra.

Although he wrote on a variety of mathematical topics, Fibonacci is re-
membered particularly for the sequence of numbers

1,1,2, 3,58, 13,21, 34, 555+ 5

to which his name has been applied. This sequence, even today, is the subject
of continuing research, especially by the Fibonacci Association, which pub-
lishes The Fibonacci Quarterly.
We shall study some elementary and interesting aspects of the Fibonacci
and related numbers in this booklet.
1



2 o Rabbits, Fibonacci Numbers,
and Lucas Numbers

Fibonacci introduced a problem in the Liber Abaci by a story that may
be summarized as follows. Suppose that

(1) there is one pair of rabbits in an enclosure on the first day of January;

(2) this pair will produce another pair of rabbits on February first and on
the first day of every month thereafter; and

(3) each new pair will mature for one month and then produce a new pair
on the first day of the third month of its life and on the first day of
every month thereafter.

The problem is to find the number of pairs of rabbits in the enclosure on the
first day of the following January after the births have taken place on that
day.

It will be helpful to make a chart to keep count of the pairs of rabbits.
Let A denote an adult pair of rabbits and let B denote a “baby pair” of
rabbits. Thus, on January first, we have only an A; on February first we
have that A and a B; and on March first, we have the original A, a new B,
and the former B, which has become an A:

I Number of Number of

Date Pairs A’s B’s
January 1 ‘At 1 0
/ \
February 1 A B 1 1
March 1 A/ ‘B \A 2 1

To continue the chart conveniently, we condense our notation as follows.
To get the next line of symbols, in any line we replace each A by AB and
each B by A. Thus, we have the representation shown in the table at the
top of the next page.

2



Rabbits, Fibonacci Numbers, and Lucas Numbers + 3

Number of Number of

Date Pairs A’s B’s
March 1 ABA 2 1
April 1 ABAAB 3 2
May 1 ABAABABA 5 3
June 1 ABAABABAABAAB 8 5

We now see that the number of A’s on July 1 will be the sum of the
number of A’s on June 1 and the number of B’s born on that day (which
become A’s on July 1). The number of B’s on July 1 is the same as the
number of A’s on June 1. We complete the table for the year:

Number Number  Total number
Month of A’s of B’s of pairs
1 January 1 0 1
After births on first of
2 February 1 1 2
3 March 2 1 3
4 April 3 2 3
5 May 5 3 8
6 June 8 5 13
7 Tuly 13 8 21
8 August 21 13 34
9 September 34 21 55
10 October 55 34 89
11 November 89 55 144
12 December 144 g8 233
13 January 233 144 377

Thus, we see that under the conditions of the problem, the number of pairs of
rabbits in the enclosure one year later would be 377.

We can draw some conclusions by studying the table. It is clear that the
number of A’s on the following February 1 is 377. Of these, 376 were orig-
inally B’s, descendants of the original A. Therefore, if we add all the numbers
in the column headed “Number of B’s,” we have

S=04+14+14+24+3+5+8+ 134+ 21+ 34+ 55+ 89 + 144
= 376.
From this, we observe that the sum of the first 12 entries in the column
headed “Number of A’s” is one less than 377, which would be the 14th
entry in that column. This is a specific instance of a general result which
we shall establish later in this section.
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Further examination of the table on page 3 reveals that each entry in the
columns of numbers may be found in accordance with a pattern. For ex-
ample, the entries in each line after the second may be found as the sum of
the two preceding entries in that column. Those in line 3 are:

2=1+4+1 1=0+41 3=142
Those in line 4 are:

3=1+42 2=1+1 5=2+3

Can we describe this pattern by some kind of formula? Yes, as we shall
now show.

In general, ordered sets of numbers such as those in the columns of the
table on page 3 are called sequences. A sequence may be finite or infinite.
An infinite sequence may be designated by symbols such as

Uy, U2y UGy o v e y Upy o o oy

where the subscripts indicate the order of the terms, with n a positive integer.
An example of a sequence is the arithmetic progression

U, uf ur, « oy Uy,
e
2, 5 8 ..., 24 @—1)3,

where a formula for the nth term is
U, = 2+ (n — 1)3.
Another way to specify this sequence would be to state the first term,
u; = 2,
and the formula
Up = Up—_1 + 3, n> 1

Such a definition is said to be a recursive definition, and the formila is called
a recursion formula or a recurrence formula. (The words “recursive,” “re-
cursion,” and “recurrence” all come from a Latin verb meaning “to run
back.”)

We can use an extension of this idea to specify the sequences in the columns
of the table on page 3. For example, to specify the sequence in the column
headed “Number of A’s,”” we state the first two terms,

Uy = 1’ U = 15
and the recursive, or recurrence, formula

(R) Up = Up_1 + Un_g, n>2.
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This gives the sequence
11,2, 3,5, 8 13; ..»

as we wished. For the column headed “Number of B’s,” we have u; = 0,
us = 1, and the same recurrence formula, yielding the sequence

0,1,1,2,3,5,8,13,....

For the column headed “Total number of pairs,” we have u; = 1, us = 2,
and the sequence
1,2,3,5,8,13,....

Because of its source in Fibonacci’s rabbit problem, the sequence
’ 1,1,2,3,5,8,13,...

is called the Fibonacci sequence, and its terms are called Fibonacci numbers.
We shall denote the nth Fibonacci number by F,; thus,

Fi=1 Fy;=1, F3=2, Fy, =3, F5=5, Fg=28,....
Moreover, we may write these alternative forms:
Fi=Fy; =1, Fo,=F, 14+ F,_o, n> 2,
or F,=F, =1, Foy,=F, + F_q, n>1,
or Fi=F, =1, Foyo=Foy1+ Fp, n>1.

We can now give a more formal discussion of the Fibonacci rabbit prob-
lem. For all positive integral n, we define for the first day of the nth month:

A, = number of A’s (adult pairs of rabbits)
number of B’s (baby pairs of rabbits)
total number of pairs of rabbits = 4, + B,

S
[

Only the A’s on the first day of the nth month will produce B’s on the first
day of the (n 4 1)st month. Thus,

Bn+1 = An, n 2 1.
In making up the table on page 3, we observed that the number of A’s on
the first day of the (n 4+ 2)nd month is the sum of the number of A’s on the

first day of the (n + 1)st month and the number of B’s born on that day.
Thus,

An+2 = An+1 + Bn+l5
and since B, = A,, we have

‘ An+2 = An+1 + An; n> 1.
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We also observe from the table that A; = 1and 4, = 1. Thus, the sequence
Ay, Ay A3, ...,
is the Fibonacci sequence, and
A, =F,, n2>1
Since B,y = A, for n > 1, we have
B,=A4, = F,_,forn> 2.
If we now let » = 1 in this last formula, we have
B, = F,.
If we let n = 1 in the formula F,, = F, 4+ F,_;, we have
Fo=F, + F
or
Fo=F,—F;=1—-1=0,
which checks with B; = 0 in the table. Thus, we have now defined F, for
§ Fir?ailly, the total number of pairs on the first day of the nth month is
T, = A, + B, = F, + F,_; = F,,.

We can now establish the following result, already suggested by the specific
instance shown at the bottom of page 3:

The sum of the first n Fibonacci numbers is one
less than the (n + 2)nd Fibonacci number.

Symbolically:
Fi+Fo+ -+ F,=Fyy— 1, n2> 1.

We remember that F,,» = A,,» and that 4, is the number of A’s
(adult pairs of rabbits) in the enclosure on the first day of the (n + 2)nd
month.

Originally, we had only one A. Where did the extra -A’s come from?
Each of the extra A’s was first a B.

How many more A’s do we now have? The number of extra A’s is

Apig—1,

Now, one month after being born, each B became an A. If we add the
number of B’s from the first day of the first month to the first day of the
(n 4+ 1)st month, the sum is the number of A’s other than the original pair
that we have on the first day of the (n + 2)nd month. Thus,

By +B;+ Bs+ '+ By = Apyo— L
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But, remembering that By = 0, B, = F,_;, and A, 5 = F, 2, we have
F1+F2+"'+Fn=Fn+2_ls n21,
as we wished to show.

This formula is an example of a Fibonacci number identity. We shall prove
this identity again later in three different ways (Section 10).

Many different sequences may be specified by using formula (R) on page 4
and choosing different numbers for the first two terms. For example, if
we take u; = 1 and uy = 3, we have

1,3,4,7,11,18,29,47,...,

which we shall call the Lucas sequence, in honor of the nineteenth-century
French mathematician E. Lucas. Lucas did much work in recurrent sequences
and gave the Fibonacci sequence its name. The terms of the Lucas sequence
are called Lucas numbers, and we shall denote the nth Lucas number by L,.
The Lucas numbers are closely related to the Fibonacci numbers, as we shall
show in this booklet.

In general, if we take the first two terms of a sequence defined by (R) as
arbitrary integers p and g, that is, u; = p and u, = g, then we have

p» 4 p+4q p+2q 2p+3q 3p—+35 ...,

which is called a generalized Fibonacci sequence. We shall denote the nth
term of this sequence by H,. It may be shown by mathematical induction
(see Exercise 17, Section 10) that this generalized Fibonacci sequence is
related to the Fibonacci sequence by the formula

Hy 9 = HyFnyy + H\F,, n>0,Fy=0,
or, expressed in terms of the starting values, p and ¢,

Hn+2 = an+1 +PFn

EXERCISES

1. Compute the first 20 Fibonacci numbers.
2. Compute the first 20 Lucas numbers.

3. Study the results of Exercises 1 and 2, looking for any possible relationships
or number patterns.

4. If Hy =1, H2 = 4, and Hny2 = Hny1 + H,, n > 1, compute the first 20
terms of this generalized Fibonacci sequence.
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5. Verify that:
a. L5 = Fg + F34
b. Fg = Fz + F2
6. Verify that:
a. Fg = L4F4 d. F7Fg — F§ =1

. L7 + Lg = 5Fs
. Hag = (4F19 + (1)F:gin Exercise 4.

a a

b. -I-;l—ois an integer. e. Lals — L5 = =5
5

c. %is an integer.
7. Verify that F; + F2 + F3 + F4 + F5 + Fg = Fg — 1.

8. Verifythat F; + F2 + F3 + F4 + Fs + F¢ + F7 + Fs + Fg9 + F10 = 11F5.

9. Show that:
a. When F;3 is divided by Fg, the remainder is F3.
b. When Fj 5 is divided by Fg, the remainder is Fj.



3 e The Golden Section and the
| Fibonacci Quadratic Equation

Suppose that we are given a line segment 4B, and that we are to find a
point C on it (between A and B) such that the length of the greater part is
the mean proportional between the length of the whole segment and the
length of the lesser part; that is, in Figure 1,

AB AC & ’ e
vl h A C B
where AB # 0, AC # 0, and CB # 0.

». : . AB .
We first find a positive numerical value for the ratio ok For convenience,
let

Figure 1

AB
x = VT (x> 0).
Then ’
_AB_4aC+CB_,,CB_, 1 _ ., 1 _, L
X="26="4C _1+AC_1+£—1+4£—1+x<
CB AC
From g
x=1+ ;
we obtain, by multiplying both members of the equation by x,
x2=x4+1, or
() x2—x—1=0.
The roots of this quadratic equation are (as you can verify, see Exercise 1,
page 13)
a=1+2\/§ and ﬂ=1—2\/§_

(o is the Greek letter alpha, and B is the Greek letter beta.) You can verify
9
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by computation that « > 0 and 8 < 0; a = 1.618 and 8 = —.618 (Ex-
ercise 2). Thus, we take the positive root, «, as the value of the desired ratio:

AB _1++/5

AC 2

We can now use this numerical value to devise
a method for locating C on AB. Draw BD D
perpendicular to AB at B, but half its length. E
Draw AD. Make DE the same length as BD,
and AC the same length as AE. Then

AB = 2BD, ED = BD A C B
and, by the Pythagorean theorem, Figure 2
AD = +/5 BD;

hence:
AC = AE = AD — ED = (/5 — 1)BD
AB _ 2BD  _20/5+ 1) _+5+1
AC—(\/E—I)BD— 5—1 2

This computation verifies that the construction does indeed locate C on 4B
such that

AB _1+4++/5

AC 2

Since « is a root of equation (F) on page 9, we have
a?=a+ 1.

Multiplying both members of this equation by «" (n can be any integer)
yields

(A) a"t? = gntl 4 om

Ifweletu, = o™, n> 1,thenu; = aandu; = o, and we have the sequence
o, a?=a+1, a*=0a’+4aq ...,

which satisfies the recursive formula (R) on page 4. Similarly, we have

(B) ﬁ"+2 = ﬁn+1 + 611,

and the sequence
B, B*=8+1, B*=p8%+8,

also satisfies (R).



The Golden Section and the Fibonacci Quadratic Equation - 11

You can easily verify (Exercise 3) that
a+B=1 and a— 8 =1+/5.

If we now subtract the members of equation (B) from the members
of equation (A) and divide each member of the resulting equation by
a — B(=+/5 # 0), we find

n4+2 __ Bn+2 n4+1l Bﬂ-}-l an - Bn

[+ a

a=8 -~ =8 ta—pg’
Ifwenowletu,.=i——gn,n2l,thenwe have
& —
Unyo = Upy1 + Uy
and
u1=2:g=1,
oo =B _ (=Bt B) _ VD _,
% a—f a—f /5 '

Thus, this sequence u, is precisely the Fibonacci sequence defined in Sec-
tion 2, and so

n n
a — B
a—B"°

F, =

n=123,....

This is called the Binet form for the Fibonacci numbers after the French
mathematician Jacques-Phillipe-Marie Binet (1786—1856).
Because of the relationship of the roots, a and g, of the equation (F),

x2—x-1=0,

to the Fibonacci numbers, we shall call equation (F) the Fibonacci quadratic
equation.
We shall call the positive root of (F),
1+ 5

a = ) ’

the Golden Section. [This is often represented by ¢ (Greek letter phi) or by
some other symbol, but we shall continue to use « in this booklet.].
"The point C in Figures 1 and 2, dividing 48 such that

AB ___1+\6,

Ac" ¢ 2

is said to divide AB in the Golden Section.
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Suppose that the rectangle ABCD in Figure 3 is such that if the square
AEFD is removed from the rectangle, the lengths of the sides of the remain-
ing rectangle, BCFE, have the same ratio as the
lengths of the sides of the rectangle ABCD. A x E y B

That is,
' BC _ AB
EB~ DA’ x o
Then if DA = AE = BC = x and EB = y,
we have F c
Figure 3
x_x+ty o X_ .7
Yy X Y X
Nfultiplying both members of
% Y
y o x

or

which is in the form of equation (F), the variable now being (_—;) . Since
xand y are‘positive, we seek the positive value of ;—f . Thus,

x 14+4/5
- —— .
y 2

That is, the ratio of the length to the width for rectangle BCFE (and also
for rectangle ABCD) is the number «, the Golden Section. Such a rectangle
is called a Golden Rectangle.

The proportions of the Golden Rectangle appear often throughout elas-
sical Greek art and architecture. As the German psychologists Gustav
Theodor Fechner (1801-1887) and Wilhelm Max Wundt (1832-1920) have
shown in a series of psychological experiments, most people do unconsciously
favor “golden dimensions’ when selecting pictures, cards, mirrors, wrapped
parcels, and other rectangular objects. For some reason not fully known by
either artists or psychologists, the Golden Rectangle holds great aesthetic
appeal. :



