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PREFACE

The present book is actually a collection of essays by the author since 1977
centered around the subject which has been baptized mathematics mechanization.
The subject tries to deal with mathematics in a constructive and algorithmic man-
ner so that the reasonings become mechanical,, automated, and as much as possible
to be intelligence-lacking , with the result of lessening the painstaking heavy brain-
labor.

The desire of getting mathematics mechanized or more generally of getting all
kinds of reasonings automated, may be traced back to G. W. Leibniz (1646—
1716). However, the real founding of mathematics mechanization, or more gener-
ally automated reasoning, should be, in the author’s opinion, attributed to D.
Hilbert (1862—1943). The great merit of Hilbert on mathematics mechanization
seems to be long time overshadowed by his great success on his existence proof of
finite basis theorem and his works on mathematics axiomatization, as well as his
controversies with L. Kronecker (1823-—1891), who may be considered as one of
the banner-holders of mathematics mechanization. In spite of these, Hilbert is
well-deserved to be the real founder of mathematics mechanization, as reflected by
his other kinds of great achievements or influences, for which some examples are
listed below :

Example 1 In Hilbert’s famous speech on mathematical problems in 1900,
Problem 10 asks for an automated method of diophantine equations-solving.
Though the Problem has been solved in the negative in 1970 by Matijasevic, the
positive aspects of the negative solution have been shown to be able to bear ex-
tremely important consequences to modern pure mathematics. See, e. g. , the pa-
per of M. Davis, et al. in Proc. Symp. in Pure Math. , vol. 28, (1976).

Example 2 In Hilbert’s classic Grundlagen der Geometrie in 1899, there is
some obscure passage, which, when reinterpreted, is equivalent to an automated
method of proving a whole class of geometry theorems of some special type. The
well-known theorem of Tarski in 1950 and the latter developments of the author

on mechanical geometry theorem-proving are nothing else but continuation of this
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method of Hilbert in the narrow realm of elementary geometry. For this reason
the author has baptized the above result of Hilbert, formulated as Theorem 62 in
latter editions of Grundlagen, Hilbert’s Mechanization Theorem.

Example 3 Hilbert’s program about consistency of mathematics implies a
program of automated proving of all theorems in mathematics by a universal
method. The discovery of Goedel has declared the collapse of Hilbert’s program as
being too ambitious to be realizable. Nonetheless Hilbert’s efforts have given rise
to a new discipline mathematical logic and show a new way of proving theorems or
solving problems class by class under the name of decidability of which Hilbert’s
Mechanization Theorem furnishes a simple but extremely deep and instructive ex-
ample. It opens a new way of dealing with mathematics: mechanization of mathe-
matics.

Besides these we may note that there are papers of Hilbert with theorems
proved in a constructive and algorithmic manner. As an example, we may cite the
proof of the theorem concerning what we call nowadays Hilbert function of an ide-
al. We may even note that the proof of his finite basis theorem is achieved in form-
ing the finite basis in a somewhat constructive and algorithmic manner.

The present book may be considered as a primary development of mathemat-
ics mechanization along the line of thought of Hilbert.

The whole book is divided into three parts. Part I concerns historical develop-
ments of mathematics mechanization, with emphasis on the developments in an-
cient China. This is quite natural. In fact, in contrast to the modern development
of pure mathematics in accordance to the Euclidean axiomatic pattern of ancient
Greece, the ancient mathematics of China is highly constructive, algorithmic and
computational in character, with most of the results expressed in the form of algo-
rithms. Even in geometry, the ancient Chinese mathematicians paid little attention
to geometry theorem-proving. On the contrary, they devoted themselves rather on
geometry problem-solving which leads naturally to the solving of polynomial equa-
tions. Accordingly, the problem of polynomial equations-solving occupies a central
position throughout thousands of years of development of mathematics in ancient
China. In the present book we follow closely the tradition of our ancient mathe-
matics in focusing on polynemial equations-solving with geometry theorem-proving
and geometry problem-solving as its two main applications. This attitude of treat-
ment is well-reflected in the subtitles of the present book.

Part II, which contains the three chapters 3, 4, and 5, bears the title of
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Principles and Methods. It aims at the description of the underlying Principle of
polynomial equations-solving, with polynomial coefficients in fields restricted to
the case of characteristic 0. Based on the general Principle, we show how general
Methods of solving such arbitrary polynomial systems may be found. In order to
achieve this we shall use the naive notion of zero-sets of polynomial sets in forsak-
ing the usual notions of ideals. An analysis of the zero-set of a polynomial set, un-
der the guidelines of the Principle gives rise to the fundamental notion of character-
istic set (abbr. char-set) and the further Principles under the names: Well-Order-
ing Principle, Zero-Decomposition Theorems, and Variety-Decomposition Theo-
rem. These Principles form the basis of actual polynomial equations-solving.

It is to be noted that the underlying Principle of polynomial equations-solving
had its origin in ancient Chinese mathematics, notably in the classic Jade Mirror
of Four Elements in the year + 1303 of Zhu Shijie. Of course, there are incom-
pleteness and deficiencies in Zhu’s work, but uncontestedly it shows the right way
of solving arbitrary systems of polynomial equations. To complete the way indicat-
ed in Zhu’s work we have relied upon the important works of J. F. Ritt as exhib-
ited in his two classics on the algebraic studies of differential equations. Ritt’s the-
ory and method are highly constructive, algorithmic, and computational in charac-
ter which rely in turn heavily on the early works of Van der Waerden on algebraic
geometry. In contrast to the later developments of modern algebraic geometry, the
early works of Van der Waerden on algebraic geometry is essentially constructive,
algorithmic, and in the main computational. It is based on the very useful notions
of generic point and specialization, which have unfortunately disappeared in mod-
ern algebraic geometry. As a concrete application of Van der Waerden’s treat-
ment, we show in Sect. 3 of Chap. 5, how to define the important notions of
Chern classes and Chern numbers of algebraic varieties with arbitrary singularities,
based on the notion of generic points. Though tixere are diverse alternative defini-
tions for getting such extended notions of Chern classes but not of Chern numbers,
our treatment has the peculiarity of being computational, giving for example the
remarkable Miyaoka-Yau inequality and its extensions by mere simple computa-
tions. We refer this to Sect. 3 of Chap. 5. A further application of this notion of
generic points is given in Sect. 4 of Chap. 8 in Part IIL.

Usually polynomial equations are to be solved in the complex field. However,
to solve in real field is obviously of utmost importance. An example is furnished by

optimization problems for which only real solutions are to be considered. The gen-
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eral method given in Chap. 3, which permits to give, theoretically speaking, a
complete answer to the problem of polynomial equations-solving in the complex
case, furnishes however merely a very incomplete answer with only partial success
in the real case. In Sect. 5 of Chap. 5, we point out that, for the important opti-
mization problems, the polynomial case is quite different from the general differen-
tial case. In fact, we show that, in the polynomial case of optimization problems,
there is a finite set of real values, for which the optimal value, supposed existing,
is just the optimal value of this finite set. Our method permits also to give partial
success for problems involving inequalities. However, the method is far from being
satisfactory and much has to be done in the realm of problems in the real field.

Part III, containing Chapters 6, 7, and 8, bears the title of Applications and
Examples. Chap. 6 concerns applications to polynomial equations-solving. Remark
that, though our principles and methods developed in Part II theoretically furnish
complete solutions of arbitrary polynomial equations over fields of characteristic 0,
the computational complexity is so high that, in actual computations one meets of-
ten unsurmountable complications to be able to carry out the computations up to
the end. It seems that the only issue is to find some hybrid method of combining
our symbolic computations with the usual numerical computations. We give such a
hybrid method in Sect. 2 of Chap. 6 with a sound theoretical basis. The author
believes that the method will actually permit us to settle the question for all kinds
of problems arising from practical applications but experiments are yet to be done.

Chap. 7 of Part III deals with geometry theorem-proving which is treated as
applications of our general principles and methods of polynomial equations-solving.
Chap. 8 of Part III deals with diverse problems which, in apparence having noth-
ing to do with polynomial equations, are reduced to some form of polynomial equa-
tions-solving and then treated by our general methods.

As a preliminary step toward mathematics mechanization, the present book
has to be restricted to the polynomial case for equations-solving, and mainly to ele-
mentary geometries for theorem-proving and problem-solving. Only some indica-
tions about possible developments in differential geometry and differential equa-
tions are slightly touched in the last section, Sect. 5 of Chap. 8. We shall leave
the studies of mathematics mechanization in the differential case and in other do-
mains of mathematics in latter occasions.

The author would like to take this opportunity to express his deep gratitudes

to the State Science and Technology Commission, the National Natural Science
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Foundation of China, and the Chinese Academy of Sciences. Without their finan-
cial supports and encouragements mathematics mechanization is impossible to be so
prosperous in China, today, and also tomorrow.

The author would like also to express his deep gratitudes to his friends and
colleagues, especially those in Mathematics Mechanization Research Center (MM-
RC) of Institute of Systems Science, CAS, who have contributed so much to the
development of mathematics mechanization, and to the writing of the present
book. As they are so numerous and most of their names are scattered throughout
the whole book, the author would like to apologize for not mentioning their names
here in the Preface.

Remark on Notations: The present book adopts a 3-digit system for
numbering of objects. For example, “Notation 3. 1.4” medns No. 4 of Notations
in Chap. 3, Sect. 1. If the object occurs in this very Chap. 3, then we shorten the
numbering of “Notation 1.4",
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Chapter 1
Polynomial Equations-Solving in Ancient Times,
Mainly in Ancient China

§ 1.1 A Brief Description of History of Ancient China and
Mathematics Classics in Ancient China

Equations-Solving and T heorem-Proving

There are two main activities of mathematics: theorem-proving and equa-
tions-solving. While theorem-proving originated in ancient Greek mainly in so-
called Euclidean geometry, equations-solving was the main concern of mathematics
in ancient China. In order to give a brief description of equations-solving of China

in ancient times, let us first give a brief chronicle of the history of ancient China.
Brief Chronicle of China

China turned from tribes dispersed throughout the vast territory into a loosely
centralized dynasty in 21st century B. C. and was unified into an empire under the
first emperor of Qin in 221 B. C. Since that time China was unified and split, split
and unified, again and again until the beginning of the 20th century with the col-
lapse of the feudalistic dynasty system. The main periods of ancient China are list-

ed below, the years before and after Christ being indicated by negative and positive

numbers respectively.
Xia (about—21c,—16c).
Yin or Shang (about—16c,—11¢).
Western Zhou (about—11c,—771).
Spring and Autumn Period (—770,—476).
Warring-States Period (—475,—221).
Qin Dynasty (—221,—207).
Western Han Dynasty (—206,+8).
Eastern Han Dynasty (+25,+220).
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Three Kingdoms Period (4220, +265).

Western Jin (+265,+316).

Eastern Jin and 16 Kingdoms (4317,+420).

Southern and Northern Dynasties (+420,+589).

Sui Dynasty (+581,+618).

Tang Dynasty (+618,-+907).

Five Dynasties and Ten Kingdoms Period (4907, +960).

Northern Song Dynasty (-4 960, 4+ 1127) and Liao Dynasty (4 938, +
1125).

Southern Song Dynasty (+ 1127, + 1274) and Jin Dynasty (4 1127, +
1234).

Yuan Dynasty (+1271,+1368).

Ming Dynasty (+1368,+1644).

Qing Dynasty (+1644,41911).

Some Characteristic Features of Chinese Ancient Mathematics

1. Instead of calculations of pencil-paper type, the ancient Chinese made all
computations in manipulating rods on counting boards or anything alike to serve
the purpose. Counting rods made of bones or bamboo had been excavated in the
years 1971 and 1975 which date back to Western Han Dynasty in 1c or 2¢c BC. See
the photograph in Fig. 1. 1.

2. The Chinese already possessed, in very remote times, the most perfect

place-valued decimal system. This allowed them to represent the integers by prop-
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erly arranged rods placed in due positions on the board. In particular, the integer 0
in, or as, a decimal integer was just represented by leaving some empty place in
the right position. Thus, the integer 22022 will be represented on the board in the

form

Highly efficient arithmetic operations should have been well-developed much earlier
than the Qin Dynasty. In fact, the word ‘arithmetic’, the usual terminology for
“mathematics”, was just a literal translation of Chinese characters ‘Suan Shu’
meaning ‘counting methods. ’

3. Results were usually expressed in the form of separate problems, each of
which was divided into several items, as follows.

(1) Statement of the problem with numerical data.

(2) Numerical answer to the problem.

(3) “Shu”, or the method of arriving at the result. It was most often just
what we call today the “algorithm”, sometimes also just a formula or a theorem.
Note that the numerical values in (1) play no role at all in the method, which was
so general that any other numerical value of same type could be substituted equally
well. Item (1) thus served just as an illustrative example which shows the motiva-
tion of considering such kind of problems to be solved by this “Shu”.

(4) Sometimes “Zhu”, or demonstrations which explained the reason under-
lying the method in Item (3). It was actually a “proof” when “Shu” was actually
a formula or a theorem.

(5) “Cao”, meaning drafts, containing the details of the calculations for ar-
riving at the final result, appeared first in some classic of the Tang Dynasty. It
was then widely added in writings of Song and Yuan Dynasties. This was possible
since printing measures were well developed in these days.

4, The main concern of our ancestors was the solving of problems arising in
reality or from necessity which naturally led to the solving of equations. Thus in-
stead of devoting to theorem-proving as in the ancient Greek mathematics, equa-
tions-solving was the central theme of Chinese ancient mathematics. In fact, equa-
tions-solving may be considered as a golden thread permeating the whole of Chi-
nese ancient mathematics which will be explained in more details in the next sec-
tion.

5. For geometry instead of developing a deductive system for theorem-prov-

ing, measurement and geometry problem-solving were emphasized based on some



