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Preface

Precalculus: A Short Course is a review of those topics in high school mathemat-
ics that are most useful for the study of calculus. There are five chapters: the
first deals with numbers and algebraic expressions, the second with analytic
geometry, the third with functions, the fourth with trigonometry, and the last
with such special topics as induction, the least upper bound axiom, and polar
coordinates.

Designed for a semester or an intensive quarter, this book is addressed to
those students who wish to study calculus but are not comfortable with their
high school mathematics.

Some of the precalculus books we have seen seem more difficult than the
calculus they were designed to precede. By comparison, this little book will seem
easy. We have stayed with the material that we consider most useful for calculus
and avoided all unnecessary sophistication.

We owe much to many. Marret McCorkle and Arthur B. Evans at Xerox
College Publishing nurtured this project from the very beginning. Louis
DeRitter (SUNY College at Oswego), John Graef (Mississippi State College),
G. Philip Johnson (Oakland University), Stanley Lukawecki (Clemson Univer-
sity), Robert Nowlan (Southern California State College), and Arthur Simon
(California State University, Hayward) reviewed the manuscript and gave us
valuable suggestions.

S.L.S. C.G.S.
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Numbers and
Algebraic
EXpressions

In this chapter we focus on those parts of high school algebra that are necessary
for calculus.

1.1 Classification of Numbers

We begin with the set of natural numbers
{1,2,3,...}.

With these numbers we can count, add, and multiply, but we cannot always
subtract (for example, 5 — 8 is not a natural number) and we cannot always
divide (5 =+ 8 is not a natural number).

To be able to subtract arbitrarily, we enlarge the number system to include
the set of all integers

{0, £1, +£2, +3,...}.

If we wish to divide, we must allow for fractions and use the set of rational
numbers; a rational number, you will recall, is a number of the form

/9, where p and g are integers and g # 0.

The rational numbers include the integers (n = n/1) and the common fractions,
both positive and negative, both propert and improper.f They also include the
mixed numbers, since these can be written as improper fractions:

2 etc.

o=

7
=7 4

o

22
5

1 A proper fraction is a fraction with the numerator less than the denominator, e.g., .
1 An improper fraction is a fraction with the numerator greater than the denominator, e.g., 3.



NUMBERS AND ALGEBRAIC EXPRESSIONS CH. 1

With the rational numbers we can count, add and subtract, multiply and
divide, but we cannot always take roots and we cannot measure all distances.
Consider, for example, a unit square. (Figure 1.1.1) By the Pythagoreall
theorem, the distance between the opposite vertices of this square must be v 2,
the square root of 2. As we will show, this is not a rational number. With only
rational numbers at our disposal we could not measure this distance. Nor
could we find \/ 3, \/3, Y 13 (the cube root of 13), or % (the fifth root of 5).
The circle would also give us trouble. You are familiar with the formula

circumference = 2nr.

According to this formula, the distance around a unit circle (r = 1) would be
27, but m is not rational and neither is 2z.f With only rational numbers, we
could not even measure the distance around a wheel of radius 1.

1

FIGURE 1.1.1

To be able to take roots of all positive numbers and to be able to measure all
distances, we must enlarge the number system once again. We must accept not
only the rational numbers but also the irrational numbers. Together these
comprise the set of real numbers.§

T The Pythagorean theorem states that in a right triangle, a2 + b2 = c2, where a and b are
the legs and c is the hypotenuse. (Figure 1.1.2) In the case of the unit square, 12 + 12 = ¢2,
so that ¢2 = 2 and ¢ = V2.

a

FIGURE 1.1.2

1 That =z is irrational is not so easy to prove. We leave to you the proof that 2z is irrational
since = is. (Exercise 5)

§ To take even roots of negative numbers we must expand the number system once more,
this time to include the complex numbers. This is done in Section 5.8.



Sec. 1.1 Classification of Numbers

Real Numbers and the Number Line

You can visualize the real number system as stretched out over a horizontal
line, as in Figure 1.1.3. Choose a point for 0 and a unit of length. Then display
the number r that many units to the right of 0 if r is positive, and —r units to
the left of 0 if r is negative. The resulting pattern is the familar number line,
also called the coordinate line. Each point on it corresponds to a unique real
number, and each real number corresponds to a unique point.

!
-4  -7r-3 =2 =4/2 -1 =

4+
v

+ Il i 1 !
B T v T L
; 1V2 2 In 4

FiGURE 1.1.3

= +
o +

Problem. Show that \/ 2 is not rational.

SorLuTioN. If, on the contrary, \/ 2 is rational, then we can write it as a fraction
and reduce the fraction to lowest terms. Suppose then that

(*) \/E = plq with p/q in lowesi terms.
Squaring both sides, we have

2 = p?lq?,
and therefore

(%) 2q% = p2.

This is an equation between positive integers. Since p? is a multiple of 2, p®
must _be even, which means that p itself must be even. (Can you see why?)
Thus we can write

p=2r
Substituting 2r for p in (*x*), we get

29% = (2r)? = 4r?
and, dividing by 2,
g% = 2r2

This last equation tells us that ¢ % is even, and therefore that g is even.

With p and g both even, p and g are both divisible by 2, and the fraction p/q
cannot be in lowest terms. But this is impossible, for we know by (%) that p/q is
in lowest terms. Thus the assumption that V2 is rational has led to a contra-
diction. It follows that +/2 is not rational. O



NUMBERS AND ALGEBRAIC EXPRESSIONS CH. 1

Exercisest

1.

Draw a number line and mark on it the points 0, 5, —1, 1, 2, %,3.3, and
—4.

2. Draw a number line and mark on it the points 0, 10, 50, — 65, and —100.

1.2

. Show that each of the following numbers is rational by expressing it as

the quotient of two integers:
*(a) 6. (b) —21. *(c) 3.176. (d) —2.1115.

. Every repeating decimal represents a rational number. Write each of the

following as the quotient of two integers:

*(a) 0.333.... (b) 0.212121....
*(c) 0.326326326.... *(d) 0.aya;a, . ...
(e) 0.aya.a,a,.. .. *(f) 0.a,a,asa,a.a5a,a.a5 . . ..

. Show that since = is irrational, 27 is irrational.

Given only a unit length, use right triangles and the Pythagorean theorem
to construct line segments of lengths V3 and \/g

Show that if @ and b are rational, then @ + b, a — b, and ab are rational,
and if b # 0, then a/b is also rational.

(Optional) Show that \/ 3 is not rational.

Some Properties of the Real Number System

For easy reference and review, we briefly go over some of the basic arithmetic
properties of real numbers. Undoubtedly you are already familiar with them.

1. Addition and multiplication are associative:

a+b+c)=(@+ b +c a(be) = (ab)c

and commutative:

a+b=5+ a, ab = ba.

2. Multiplication distributes over addition:

ab + c) =ab + ac and (b + ¢)a = ba + ca.

We will return to this in Section 1.6, for this is the basis of factoring.

3. The number O is an additive identity:

a+0=0+a=a

1 The starred exercises have answers at the back of the book.



Sec. 1.3 Addition and Subtraction of Algebraic Expressions

and the number 1 is a multiplicative identity:

a'l=1-a=a.

4. The number O times any number is 0:

0-a=a-0=0.

5. If the product of two numbers is 0, then at least one of the factors is 0:

if ab =0, then a=0 or b =0.

We use this property often when solving equations.

6. Division by 0 is undefined:

there is no number a/0.

In particular, 0/0 is not defined.

7. The product of positive factors is positive. The product of an even number
of negative factors is positive:

(=2)(=3) =6, (—D(—=4(—2)(-3) = () = 24;
the product of an odd number of negative factors is negative:

(=2)3) = =6, (=D@(=2)(=3) = (—4)(6) = —24.

1.3 Addition and Subtraction of Algebraic Expressions

In adding or subtracting algebraic expressions, we combine like terms. Thus,
@2x — 5y + 5+ 6x+3y+1) =8x — 2y + 6,
2x -5 +5 —O6Gx+3y+1)= —4x — 8y + 4, etc.
Sometimes it is useful to first reorder the terms:
xP+1+x)+Cx+5x2+1D)=&>+x+1)+Gx2+3x+1)

= 6x2 + 4x + 2.

Problem. Simplify
x2+1—[x2—x—(2x + 9]
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SoLuTION. Here there are two ways in which we can proceed. We can first
remove the parentheses and write

2+l —-[xF—x—-2x+5]=x+1-[x*—-x—2x — 5]
=x+1—[x-3x—75]
=x2+1—-—x2+3x+5
= 3x + 6.

Or, we can first remove the brackets:

X2+l —[x—x—2x+ 5] =x2+1—-x2+x+ (2x + 5
=x2+1-x*+x+2x+5
= 3x + 6.

The result, of course, is the same. [ ]

Problem. Simplify
1(@x2% + 6) — 5(1 — x?).

SoLutieN By tke distributive law,
3(4x? + 6) = 2x2 4+ 3 and 51 — x%) = 5 — 5x2%,
so that
14x? + 6) — 51 — x?)

(2x?% 4+ 3) — (5 — 5x?)
7x% — 2. [

Problem. Simplify
2x% 4+ 3[4(x% + x + 1) — 2(x + 1)].

SoLuTiON. First we distribute the 3 and remove the brackets:
2x2 + 12(x2 + x + 1) — 6(x + 1).
Then we distribute the 12 and the 6:
2x? + 12x% + 12x + 12 — 6x — 6.
Finally we collect like terms:

14x% + 6x + 6. []

Problem. Evaluate

32x — ) +2@x +y—1) atx =1, y=3.
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SoLuTION. We substitute 1 for x and 3 for y:
3[(Q) — 3]+ 2[D(D) +3—-1]=32—-3)+24+3-1)
G)(=1) + ()

= -3+ 12
=9. [
Exercises
Carry out the indicated operations and simplify:
*1. 4(x — 4). 2. 3a(x — 1). *3, 14(x — y + 2).
*4, 1b(x — 4). 5 2[x — (y + D] *6. 2[3(y — a) + 44].
*7. 233y — 11x). 8. #5(19y — 38x?). *9. $(15a% — 20x?).

*10. x2 — 1 — [x? — x — 2x + 9)].
1. 22x% — 1) + (x% + x + 3).

*12, 212[(p% + 1) — (* + 1) — (3% — xH].
13. Ix + 4[x + (4 — 2x)].

*14. L(dabc — 1) — %(15abc + 6).
15. 4(xy + ba) — +(yx — ab).

*16. 2[(y® — x?) + 4(x* — y) — ¥(1 — %)].
17. 6[%(a — b) — %(a + b)].

*18. 2[10a%x — $a%(x — 1) + 10a(a — 1)].
19. 3[(a — b)x — 2(a + b)x].

Evaluate:
20. 6(x —y +2) atx =3,y = 4.
¥21.23x — ) — @4x +y) atx =0,y =1
22. 4(xyz — 1) — 23 — xyz) atx =1,y =2,z = —2.
*23. 10Q2x + 1) + 100(x — 5) — (3x — 2) atx = 4.
24, a(ax® — y) — 2a(y + ax? — a(x* + y?) atx= —1,y = 1.

1.4 Multiplication of Algebraic Expressions
The basic ideas here are the laws of exponents and the distributive law.

Integral Powers

If a is a real number and »n is a positive integer, then the nth power of a is
defined by setting
a=aa-a
N— e’
n factors

Here a is called the base and n the exponent.



