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To AlLeksandr Mikailovich Liapunov
(1857 - 1918 )



PREFACE

This book constitutes an up to date presentation and development of
stabil ity theorny Ln the Liapunov sense with various extensions and

applications.

Precdise deginditions of well known and new stability propenties are
gtven by the authors who present general nesults on the Liapunov sta-
bt ity propenties of non-stationary systems which are out of the cbass-
(cal stability theony framework.

The study {nvofves the use of time varying sets and s broadened to
time varying Lun'e-Postnikov systems and singularly pentunrbed systems.

A remarkable contribution is proposed by the authors who establish
necessary and supficlent conditions, similar to LLapunov's one, for
undiform absolute stability of time varying Lun'e-Postnikov systems.

Compardison systems and comparison principle are studied, Ln general
and particularn forms, and applied to Large scale systems.

In that sense varnfous forms of Lange-scale systems aggregation are
Studdied and vardlous stability crditerdia ane established unden differnent
hypotheses : with {invariant sthucture, with Lun'e-Postnikov form and
with sdingularly perturbed propenties. Proposed nesults are broadened

to structural stabllity analysis aimed at studying stablility phopenties
unden unknown and unpredictable structural varndiations. The chitendia are
developed both 4in algebraic and frequency domains. They essentially
neduce the onden and complex{ty of stability problLems.

A numbern of vardious aggregation-decomposition forms are also consddered
for powern systems from the Large scale systems stand point. Precdise
definitions are Antroduced by the authors forn varnious stability domains
with application to Larnge-scale systems Ln genernal and more specdfical-
Ly to powern systems. Stability properties and domadns of disturbed
power systems are established.



vi Preface

A numben of examples and appllcations presented throughout this book
LLeustrate the varndous results.

Accornding to the amount and importance of definitions and stability
cadtenda presented 1 consddern that this book (nitially published in
Russian, represents the most complete one on stability theorny proposed
at this date. 1t Anternests all people concerned with stability problems
in the Langest sense and with securnity, reliability and robustness.

Professon Pilenrne BORNE
Litte, France



FOREWORD

Podlncare's daning Ldea to obtain qualitative Anformation on motion
dinectly from the differential equation describing it, L.e. without
(ntegration, was reallzed by Liapunov (1892). With his absolute com-
pleteness and {aneproachable strnictness, Liapunov Lald the foundatlons
0h a conceptually new approach to the qualitative methods of the theory
of diggenential equations. Nowadays, LLapunov's methods are rnecognized
to be among the most powerful means of stability analysis in exact
sclences. These, along with the many extensions furthen developed,
contadibuted to broaden substantially the classes of problems able of
beding eqpectively analyzed by the dirnect method.

The present book contadins an essay of development o4 the general theonry
of stability in the sense of LLapunov, elements of the stability theory
o4 companison systems (systems of orndinany difpernential equations with
monctonous wight-hand parts), presentation of the general methods fox
the analysis o4 structurnal stability of Larnge-scale systems, Lincluding
systems with sdingulan pernturbations. The Liapunov functions (scalaxn,
veeteon and matadix) and his dinect method forn the stability analysis of
the unpernturnbed motion ane used throughout the book. Some of the ob-
tained stability nesults arne applied to the analysis of Large-scale
electhic power systems. The stabllity of these systems L5 a very Ampor-
tant particulan case for which the dirnect cnitenlia show extremely use-
ful .

The Russian version of this monoghaph was completed in 1982, the 125th
annivensany o4 Liapunov's binthday. Since, new rnesults of the authors
have been added and included in the present veasion. More specdfically
Chapten V has been thoroughly nauiéad and completed. Overnall, this

English vension {5 morne than a mere translation o4 the Russian one.



VAL Foreword

Oun peamanent concern has been to wriite up in a clean, easy to compre-

hend, way, readable for both engineerns who need convendient mathematical
machinerny for Large-scale system stability analysis, and mathematicians
who are interested LAn new problems of Tthe qualitative theory of differn-

entlal equations.

We have trdied to do jfjustice Zo scdentists who the §Lirnst obtained re-
sults in vardious areas of the Large-scale systems stability theory, and
to nefen to thein orndiginal papens. 1t 4s neflected Ain the Biglicoghaphies
which include morne than 400 rnefernences. Centainly, even such a LAst L5
5ELLL Ancomplete. This can be partly explained by the Lintensive nesearch
efponts and developments Ln the area, and by the extremely wide domains
of Ats application, beginning with technotogy and §inishing with the
problems of populational dynamics. We apologize Zo alf those whose wonk

was not cited orn properly described.
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o4 Academy o4 Sciences 0§ the USSR, V.I. Zubov and Professor Yu.A.
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Thein detailed nemarks werne extremely valuable. Many conversations o4
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LIST OF BASIC SYMBOLS

All symbols are fully defined at the place where they are first intro-
duced. As a convenience to the reader we have collected some of the

more frequently used symbols in several places. The largest collection
is the one given below. Additional list for later use can be found in

the introduction to Chapter V.

A, B upper case boldface Script letters

denote sets

A\ B a difference between sets A and B
AUB , ANB union, intersection of sets A and B
A,B,C,.. upper case boldface Gothic letters

denote matrices with constant or

functional entries except V
I

a bl g lower case boldface Gothic letters

denote vectors
a,b,c,.. lower case letters denote scalars

Ba(tg) = {x:lIxl<a(ty)} the hyperball with the center in the

origin and radius equal to A(tgy)

C(i’j%TTXN) the family of all functions i-times
differentiable on T, and j-times
differentiable on N

C(TTXN) the family of all functions continu-
ous on T, xN

C(i’jRTTXN,Rk) the family of all functions mapping
T,xN into R¥  which are in
C(l’J%TTxN)



xiv

D v(t,x)

List of basic symbols

1

limsup{

vIv+0, x(t+0 5t ,X)1-v(L,X) .0%0+}
5 E

the upper right-hand Dini derivativs

of v along x at (t,x)

D+v(t,x) :lim:hlf{

D*v(t,x)

d(x,A) =inf[lIx-yl:y€EA]

d(A,B) =max {sup [d(x,A): XxEB],
sup [d(x,B):x€A]}

f: RxR">R"

Iy

He(-)
i,i,k,esN
J=v-1

Klo.zl

N(t)

N, = {(t,x):teT,,xeN(t)}

N={(t,x):TER,XEN(L)}

0 ={x:x=0}

R

R, = [0,+=[CR
§+ = ]0,4o[

vit+0, x (L4036 ,%)1-v(t,X) .6+O+}
! :

the lower right-hand Dini derivative

of v along x at (t,x)

denotes that both D+v(t,x) and
D+v(t,x) can be used

a distance from Xx to A

a distance between A and B

a vector function mapping RxR"
into R"

the kxk ddentity matrix

the Hermitian part of a matrix ()
integers

the imaginary unit

the class of comparison functions

on [0,¢]

a time-invariant neighbourhood

the origin of R™, or the sct of

the first N natural numbers

N={1,2,.,N}

a neighbourhood of the origin at

tLER

a neighbourhood of the origin of
n

RxR over T_.

a neighbourhood of the origin of

RxR"

the singleton containing the origin
n
of R

the set of all real numbers
the set of all non-negative numbers

the set of all positive real numbers



List of basic symbols

RXRD

S(t)

S = {(t,x):t€T,,xES(t)}

S$={(t,x):t€R,xES(L)}

1

sign & =¢1¢1”

and signo0=20

ift §£0

T, = Ltg,+o] = {t:t st<tw}

T=|-o,+42] = {{: -0t <t}

1

T* = ltg,+e] = {t:ty<t<+o}
T, = lty,+=l = {1t <t<tw}

T, = [7,+o] = {Lt:T<l<+} |

T7ER

XV

k-th dimensional real vector space
the cartesian product of R and R"
a time-invariant subset of R"

a time-varying subset of R

a structural set of a system defin-
ing all system structural variations
via structural matrices S

n
T, xR

a subset of associated with

S(t)
a subset of RxR™ associated with
S(t) , S8;=8 iff T,.=R

the signum type nonlinearity

the largest time interval beginning

with t,
the largest time interval

the left semi-open unbounded time
interval associated with t,
the right semi-open unbounded time
interval associated with i,
the right semi-open unbounded time
interval associated with 7

a time interval of all initial
moments t, under consideration
(or, of all admissible tg)

a time variable, instant

an initial instant

is the largest connected neighbour-
hood of X=0
positive definite v such that
v(t,x)<§ , vxelV ()

associated with a

a state vector of a system at te€R ,

i T
X=(X, 35Xy yees Xy )

Greek letters denote scalars unless

otherwise specified



Xvi List of basic symbols

Ay(ty) = the maximal A obeying the defini-
Max {A:A=A(ty),9p>0,YXEBy, tion of attractivity
F7(to,Xp,p)E10, 4+,

3% (t5855%0)EB, , VLET ]

dy(ty,e) = the maximal & obeying the defini-
Max {5:5:5(L0,6)3X0635<to,6> tion of stability
= x(tsts,Xo)€EB: ,VEET  }

0S8 the boundary of a set S

3 the closure of a set S

¢ empty set

T (tosXg,p) = the minimal 7 satisfying the defi-
Min {7:7=7(t,,X5,0) nition of attractivity

3x(t;to,xo)68p,VL€TT}

Ay () the 1-th eigenvalue of a matrix (*)

A the maximal eigenvalue of a matrix
(*)

Xm(-) the minimal eigenvalue of a matrix
()

x(t;to,xo) a motion of a system at tER 1iff
X(Lo)=Xs 5 X(tgstysXs) =X,

== "implies"

< "iff" ("if and only if")

v "for every"

3 "there exist(s)"

A "there does (do) not exist"

3 "such that"

€ "belongs to"

I the Euclidean norm

[ 1 denotes a closed interval

10 denotes an open interval

) a general interval which ecan be

semi-open, open, or closed.
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