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Calculus for the Managerial, Life, and Social Sciences is a brief edition
of the author’s Applied Calculus. This book is suitable for use in a one-semester
or two-quarter introductory calculus course for students in the managerial, life,
and social sciences. It has been written with two main goals in mind: to write a
textbook that is readable by the student, and to make the book a useful teaching
tool for the instructor. It is hoped that these goals have been met by the many
features found in the book, some of which are listed below.

Prerequisites The only prerequisite for understanding this book is a
year of high school algebra. An algebra review section is included in the
appendix of the book for any student who wishes to review this material.

Level of Presentation Our approach is intuitive. However, special care
has been taken to ensure that this does not compromise the mathematical
content or accuracy of the material presented. Proofs of certain results are
given, but may be omitted if desired. The problem-solving approach is stressed
throughout the book. Numerous examples and solved problems are used to
motivate each new concept or result in order to facilitate the student’s compre-
hension of the new material. Figures are used extensively to help the student
visualize the concepts and ideas being presented.

Applications The text is application-oriented. Many interesting, rele-
vant, and up-to-date applications are drawn from the fields of business, eco-
nomics, social and behavioral sciences, life sciences, physical sciences, and
other fields of general interest. These applications are to be found in the
illustrative examples in the main body of the text as well as in the exercise sets.
In fact, one goal of the text is to include (whenever feasible) at least one real-life
application in each section.

Exercises Each section of the text is accompanied by an extensive set of
exercises that contains an ample set of problems of a routine, computational
nature, which will heip the student master new techniques. The routine prob-
lems are followed by an extensive set of application-oriented problems that test
the student’s mastery of the topics. Each chapter of the text also contains a set of
review exercises. Answers to all odd-numbered exercises appear in the back of
the book.
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Coverage of Topics The book contains more than enough material for
the usual applied calculus course. Thus, the instructor may be flexible in
choosing the topics most suitable for his or her course.
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2 1. PRELIMINARIES

1.1 REAL NUMBERS AND COORDINATE SYSTEMS

The system of real numbers plays a fundamental role throughout this book.
This system is made up of the set of real numbers together with the usual
operations of addition, subtraction, multiplication, and division. We shall
assume that the reader is familiar with the rules governing these algebraic
operations (see Appendix I).

It is convenient and fruitful to have a geometrical representation of
the set of real numbers. Such a representation is called a number line and is
constructed as follows: Arbitrarily select a point on a straight line to
represent the number 0. This point is called the origin. If the line is
horizontal then a point at a convenient distance to the right of the origin is
chosen to represent the number 1. This determines the scale for the number
line. Each positive real number x lies x units to the right of 0 and each
negative real number — x, lies x units to the left of 0.

In this manner a one-to-one correspondence is set up between the set
of real numbers and the set of points on the number line, with all the
positive numbers lying to the right of the origin and all the negative
numbers lying to the left of the origin (see Figure 1.1).

In much of our later work we shall restrict our attention to certain
subsets of the set of real numbers. For example, if x denotes the number of
cars rolling off an assembly line each day in an automobile assembly plant,
then x must be nonnegative, that is, x > 0. Taking this example one step
further, suppose management decides that the daily production of cars in
the plant is not to exceed 200; then x must satisfy the inequality
0 < x < 200. More generally, we shall be interested in the following subsets
of real numbers.

Figure 1.1
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The set of all real numbers x satisfying ¢ < x < b, where a and b
are fixed and distinct numbers, is called an open interval (a, b). Thus, the in-
terval (a, b) consists of the set of all numbers lying strictly between a and b.
A set of real numbers x satisfying the inequalities a < x < b is called a
closed interval [a, b]. (The square brackets indicate that the endpoints
a and b belong to the set.) A set of real numbers x satisfying the in-
equalities a < x < b or a < x < b is called a half-open interval [a, b) or
(a, b]. A single term, interval, encompasses open, closed, and half-open
intervals. Figure 1.2 illustrates the intervals (—2,1), [—1, 2], 3, 3] and
[-1.3).

In addition to the finite intervals defined above we will encounter
infinite intervals. Examples of infinite intervals are the half-lines (a, oc),
[a, ®0), (—o0, a), and (— a0, a] defined by the set of all real numbers
satisfying x > ¢, x 2 a, x < a, and x < g, respectively. The symbol oo,
called infinity, is not a real number. It is used here only for notational pur-
poses in conjunction with the definition of infinite intervals. The notation
{— %, ) is used for the set of real numbers x since, by definition, the in-
equalities — ¢ < x < oc hold for any real number x. The infinite intervals
(2, ) and (— o0, 4] are depicted in Figure 1.3.

In practical applications, the subsets of real numbers are often found
by solving one or more inequalities involving a variable x. In such

(2. %) —+ : f { } T— >~
-3 -2 -1 0 ! 2 3 v

(*7 ll L Il L I Il L -
3 t T T T T T T gl

-3 -2 -1 0 11 2 3 v

Figure 1.3
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situations, the following properties of inequalities may be used to
advantage (where a, b, and ¢ are any real numbers).

Example
Property I fa<bandb<c, 2<3and3<8,s02<8
thena <c.
Property 2 If a < b, then —S< 350 -5+2< —-3+2;
a+c<b+ec thatis, —3 < —1
Property3 Ilfa<bandc>0, —5< —3, andsince2 >0, we
then ac < bc. have (2)(—35) < 2)(—3);
thatis, —10 < —6
Property4 1fa<bandc <0,  —2 <4, andsince —3 <0, we
then ac > bc. have (—2) —3) > (4)(—3);

thatis,6 > —12

.

Similar properties hold if each inequality sign ** <™ is replaced by “>7,*>"

Or“s”.

EXAMPLE 1.1 Find the set of real numbers satisfying —1 <
2x - 5< 7.

Solution Adding 5 to each member of the given double
inequality, we obtain

4 <2x < 12

Next, multiplying each member of the resulting double inequality by 4
yields

2<x<6

and the solution is the interval [2, 6). [ |

EXAMPLE 1.2 Solve the inequality x? + 2x — 8 < 0.

Solution Observe that x2 +2x — 8 =(x +4)(x —2) so
that the given inequality is equivalent to the inequality (x + 4)(x — 2) < 0.
Since the product of two real numbers is negative if and only if the two
numbers have opposite signs, we solve the inequality (x + 4)(x — 2) < O by
studying the signs of the two factors x + 4and x — 2. Now, x + 4 > Owhen
x> —4,and x + 4 < 0 when x < —4. Similarly, x — 2 > 0 when x > 2,
and x — 2 < 0 when x < 2. These results are summarized graphically in
Figure 1.4.
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From Figure 1.4 we see that the two factors x + 4 and x — 2 have
opposite signs when and only when x lies strictly between —4 and 2.

Therefore, the required solution is the interval (—4, 2). »
. .ox+1

EXAMPLE 1.3 Solve the inequality — > 0.

Solution The quotient (x + 1)/(x — 1) is strictly positive if

and only if both the numerator and the denominator have the same sign.
The signs of x + 1 and x — 1 are shown in Figure 1.5.

Sign of
(r+1)-=-=--=--- 0O+ +++++++++ ++
(= )- - - - - - - = - < - U+ +++ + 4+ + +
1 { | | | } Il it It -
T T T T T L il T T g
-4 -3 -2 -1 0 1 2 3 4 ¢
Figure 1.5

From Figure 1.5 we see that x + 1 and x — 1 have the same sign when
and only when x < —1 or x > 1. The quotient (x + 1)/(x — 1) is equal to
zerowhen and only when x = — 1. Therefore, the required solution is the set
of all x in the intervals (—oc, — 1] and (1, o). [ |

EXAMPLE 1.4 The management of Colbyco, a giant conglom-
erate, has estimated that x thousand doliars is needed to purchase

100,000(—1 + /1 + 0.001x)

shares of the common stock of the Starr Communications Company.
Determine the amount of money Colbyco needs in order to purchase at
least 100,000 shares of the stock.

Solution The amount of cash required to purchase at least
100,000 shares is found by solving the inequality

100,000(—1 + /1 + 0.001x) = 100,000.
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Proceeding, we find

—14,/1+0001x > 1
1 +0001lx >2

1 +0001x >4
0.001x > 3
x > 3000

so that the amount of cash needed by Colbyco is at least $3,000,000. m

The absolute value of a number a (denoted by |al) is defined as follows:

al a ifa>0
al =
—a ifa<0.

Since —a is a positive number when a is negative, it follows that the

absolute value of a number is always nonnegative. For example, |5| = 5 and

|—5] = —(—5) = 5. Geometrically, |a] is the distance between the origin

and the point on the number line representing the number a (see Figure 1.6).
The following properties hold for arbitrary numbers a, b, c.

Example
Property 5 |—a| =|al |=3| = —(=3)=3 =13
Property 6 |ab| = |al|b]| |(2)(—=3)] =|—6[=6=2[| -3
Property 7 g—@(b;EO) Q‘=§‘=§=ﬂ
perty AT s Bl Y R R
Property 8  |a + b| <|a| + |b] I8+ (-9 =13=3<
18] +]—5] =13

The last property is called the triangle inequality.

EXAMPLE 1.5 Solve the inequalities |x| < a and |x| > a, where a
is a nonnegative number.

Solution First we consider the inequality |x| < a. If x = 0,
then |x| = x so that |x| < aimplies x < a in this case. On the other hand, if
x <0 then x| = —x so that |[x| < g implies —x < a or x > —a. Thus,

|x| < a means —a < x < a (see Figure 1.7(a)). To obtain an alternative
solution, observe that |x| is the distance from the point x to 0 so the
inequality |x| < a implies immediately that —a < x < a.

Next, the inequality |x| > a states that the distance from x to 0
is greater than or equal to a. This observation yields the result x > a or
x < —a (see Figure 1.7(b)). n
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EXAMPLE 1.6 Solve the inequality [2x — 3] < 1.

Solution The inequality |2x — 3| < | is equivalent to the
inequalities —1 < 2x — 3 < 1 (see Example 1.5). Thus, 2 < 2x <4 and
1 < x < 2. The solution is therefore given by the set of all x in the interval
[1, 2] (see Figure 1.8). a

Earlier we saw how a one-to-one correspondence between the set of
real numbers and the points on a straight line leads to a coordinate system
on a line (a one-dimensional space). A similar representation for points ina
plane (a two-dimensional space) is realized through the Cartesian coor-
dinate system, which is constructed as follows: Take two perpendicular
lines, one of which is normally chosen to be horizontal. These lines intersect
at a point O called the origin (see Figure 1.9). The horizontal line is called
the axis of abscissas, or more simply the x-axis. The vertical line is called the
axis of ordinates, or the y-axis. A number scale is set up along the x-axis
with the positive numbers lying to the right of the origin and the negative
numbers lying to the left of the origin. Similarly, a number scale is set up
along the y-axis with the positive numbers lying above the origin and the
negative numbers lying below the origin.

Observe that the number scales on the two axes need not be the same.
Indeed, in many applications different quantities are represented by x and y.
For example, x may represent the number of typewriters sold and y the
total revenue resulting from the sales. In such cases it is often desirable to
choose different number scales to represent the different quantities.
Observe, however, that the zeros of both number scales coincide at the
origin of the two-dimensional coordinate system.

A point in the plane can now be represented uniquely in this
coordinate system by an ordered pair of numbers, that is, a pair (x, y) where
x is the first number and y the second. To see this, let P be any point in the
plane (see Figure 1.10). Draw perpendiculars from P to the x-axis and
y-axis, respectively. Then the number x is precisely the number correspond-
ing to the point on the x-axis at which the perpendicular through P hits
the x-axis. Similarly, y is the number corresponding to the point on the
y-axis at which the perpendicular through P crosses the y-axis.

Conversely, given an ordered pair (x, y) with x as the first number and
¥ as the second number, a point P in the plane is uniquely determined as
follows: Locate the point on the x-axis represented by the number x, and
then draw a line through that point parallel to the y-axis. Next, locate the
point on the y-axis represented by the number y and draw a line through
that point parallel to the x-axis. The point of intersection of these two lines
is the point P (see Figure 1.10).

In the ordered pair (x, y), x is called the abscissa or x-coordinate, y is
called the ordinate or y-coordinate, and x and y together are referred to as
the coordinates of the point P.
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The points A =(2,3),B=(-2,3),C=(-2,-3),D=(2, —-3),E =
(3,2), F=(4,0), and G = (0, —5) are plotted in Figure 1.11. The fact
that, in general, (x, y) # (y, x) is clearly illustrated by points A and E in
Figure 1.11.

The axes divide the plane into four quadrants. Quadrant I consists of
the points P with coordinates x and y (denoted by P(x, y)) satisfying x > 0
and y > 0; Quadrant II, the points P(x, y) where x <0 and y > 0;
Quadrant I11, the points P(x, y) where x < 0 and y < 0; and Quadrant IV,
the points P(x, y) where x > O and y < O (see Figure 1.12).

One immediate benefit arising from the use of the Cartesian
coordinate system is that the distance between any two points in the plane
may be expressed solely in terms of their coordinates. To this end, let
Pi(x, y;) and Py(x;, y,) be two points lying in the plane (see Figure 1.13),
Then the distance between P, and P,, denoted by | P, P, |, is, by Pythagoras’s
theorem, given by the distance formula

|P Py =

(1.1

For a proof of this result see Exercises 1.1, problem 58.

EXAMPLE 1.7 Find the distance between the points P,(—4, 3)
and P,(2, 6),
Solution We have by the distance formula (1.1),

PPy = /12— (— 4917+ (6 - 3)

6%+ 3?2

™
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