Second Edition

TRIGONOMETRY

A Modern Approach




Second Edition

TRIGONOMETRY

A Modern Approach

Joseph Elich

UTAH STATE UNIVERSITY

Carletta J. Elich

LOGAN HIGH SCHOOL

Lawrence O. Cannon

UTAH STATE UNIVERSITY

vAv ADDISON-WESLEY PUBLISHING COMPANY

Reading, Massachusetts ® Menlo Park, California

Don Mills, Ontario ® Wokingham, England ® Amsterdam
Sydney ® Singapore ® Tokyo ® Mexico City

Bogotd @ Santiago @ San Juan




Jeffrey M. Pepper Acquisitions Editor
Loretta M. Bailey Art Editor

bj Art Services Illustrator

Ann E. DeLacey Manufacturing Supervisor
Maureen Langer Text and Cover Designer
Margaret Pinette Production Editor
Barbara Willette Copy Editor

Cheryl Wurzbacher Production Manager

Library of Congress Cataloging in Publication Data
Elich, Joseph, 1918-
Trigonometry, a modern approach.

Rev. ed. of: Trigonometry using calculators. 1980.

Includes index.

1. Trigonometry 2. Calculating-machines, I. Elich,
Joseph, 1918- . Trigonometry using calculators. II. Elich,
Carletta J., 1935— . III. Cannon, Lawrence O. IV. Title.
QA531.E44 1985 516.2'4'0285 84-9287
ISBN 0-201-10523-3

Copyright © 1985, 1980 by Addison-Wesley Publishing Company, Inc. All rights reserved.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in
any form or by any means, electronic, mechanical, photocopying, recording, or otherwise,
without the prior written permission of the publisher. Printed in the United States of America.
Published simultaneously in Canada.

ABCDEFGHIJ-DO-898765



ALGEBRA FORMULAS

Factoring Identities
ax + bx ={a + b)x a*—b*=(a —b)la +b)

a*+2ab +b*=(a £ b)* a'+b'=(a = b)(a’ T ab + b7

Quadratic Formula

If ax*+ bx = ¢ =0, where a =0,
then

_=h% Vb* - 4ac
2a

Exponents Logarithms

If b >0 and u, v, t are anv real
numbers, then

L*-b*=b""
b¥/b*=b" "
(b")'=b"
b"=1

b "=1/b"

Metrig

Linear measure

1 meter = 1 m = 39.37 inches

1 kilometer =1 km = 0.62137 miles
1T mm - 0.001 m
Tcecm=0.01m
1 km = 1000 m

Volume measure
1 liter =1 1 =1.057 quarts’
11=1000cm’
1 ml=0.001]
1 kl=1000 |



GEOMETRY FORMULAS

Pythagorean Theorem  For a right triangle

a*+b*=c¢ G

Triangle a+B-y=180° perimeter =a + b + ¢

area =3 bh

|l
b
Parallelogram Trapezoid
area = bh b area=3h (b, + b.) bo
| |
a Ih a | h
[
|
N =
b b1
Circle . Sphere
circumference = 271 surface area = 47r”
area = wr- volume =371’

s=r0 .
I (- S
area of sector=:r"6

Cone (right circular) Cylinder (right circular)

lateral surface = 27rh e 5

volume = wr-h R
h

lateral surface = mrs
volume = 5 wr’h
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TRIGONOMETRIC FUNCTIONS
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FORMULAS FROM TRIGONOMETRY

Angle Measures

i

1807 = 7 radians x deg =[x - lB()J rad

Triangles

Law of sines

osinf3

a b @

sina siny

1 ;
=5ac sin 3

be sin«

0| =

1 .
area: A = Eab siny = -

A=Vs (s —a)(s —b)s —¢)

where s =

x rad =[x _1_?5_(1)

Law of cosines

a=h*+ ¢’ =2bc sinu

b*=a’+c”—2acsinp

ct=a’+b*—=2absiny
a+tb+c

deg



TRIGONOMETRIC FUNCTION IDENTITIES

Basic Identities

sinx = CosXx = tanx =
CSC X sec x cotx
sin x cos X
tanx = cotx =—
COS X sin x
sin“x + cos’x =1 1+ tan“x = sec’x 1 +cotx =csc’x
Odd-Even and Cofunction Identities
sin(—x)= —sinx sin(,'—‘)'.~x):(;osx sinlg + x)#(:osx
™ , ™ 0
cos(—x) = cosx (:()s(;—x):mnx ms'; ’.\) = —sinx
tan (—x) = —tanx tnn(g“.\');(:()tx tem(g t .\') = —cotx

Sum-Difference Identities
sin(x + v) =sinx cosy + cosx sinyv
COS (X + V) =Ccosx cosy —sinx siny

tanx +tanyv
tan(x + y) =w—F——7—
: 1 —tanx tanyv

Double Angle Identities

S$in2x = 2 sinx cos X

COS2X = Cos™ X — sin“x
; 2 tanx
tan 2x = ——
1 —tan"x

Product to Sum Identities
o 1 -
sinx siny = ;l(;us[,\' —v)—cos(x V)]
COSX COSV = 71;[( 0s(x ~v) = cos(x — V)]

—,l—,]sin{\‘ )+ sin(x - v)!

Sinx cos v

sin(x —y)=sinx cos\ —cosx sinyv
COS(X — V) =cosx cosV —sinx siny

tanx — tany

tan(x —v)=——F——
l vl 1 - tanx tany

Half-Angle Identities

)
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Pretace

In revising the book Trigonometry Using Calculators, we felt a need
for a title that more adequately describes the contents and philos-
ophy of the book. The title that we liked initially was Trigonometry:
A Modern Approach, but one reviewer pointed out that “every author
since Hipparchus has used that title.”” After considerable discussion
with colleagues, potential users, and publishers, we decided to fol-
low an old and honorable tradition in naming the text.

The primary reason for our choice is that we believe this book
really does offer a modern approach to trigonometry. Trigonometry
has changed in fundamental ways in recent years, both in terms of the
applications, which are of greatest importance to users, and in terms
of computational tools, which affect the way trigonometry is learned
and the convenience with which it is applied. This book reflects
these changes, emphasizing the significance of the trigonometric
functions as usable functions and utilizing part of the incredible
technological development of high-speed computing devices as an
integral part of the learning process.

Functional Trigonometry and
Modern Technology

The most significant applications of trigonometry make use of the six
functions, which were originally defined in terms of ratios of sides of
triangles but which are now properly considered as functions of real
numbers. As the world of science broadens, as more and more disci-
plines require mathematical treatment, more students need to under-
stand more mathematics. Virtually all cyclic or periodic phenomena
are best described by use of trigonometric functions. Students study-
ing engineering and physics have always needed a functional treat-
ment of trigonometry, but the need is now expanding to economics
and natural resources, to all areas of business, and to many of the
other social sciences.
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Use of Calculators

Hand-held scientific calculators have completely changed the way
we think about much of the world. They have become the tool needed
by today’s practicing scientists, engineers, and businesspeople. The
slide rule, once the trademark of the engineer and a part of the core
curriculum of every school in the country, is no longer even part of
the vocabulary of engineers. Most engineering students don’t know
what a slide rule is, but few engineers today could survive for long
without a calculator.

The calculator has altered trigonometry in just as fundamental a
fashion. As is pointed out in Section 2.2, laboriously computed ta-
bles dating from the second century A.D. served all of science until
the 1600s when more laborious work provided more detailed tables.
The invention of calculus did not change our dependence upon
tables. All of the computations performed with these tabular data
needed logarithms to make them feasible, and manipulation of loga-
rithms needed either more tables or a mechanical device such as a
slide rule. The slide rule was incomparably handier but was severely
limited in accuracy. Now automatic computing devices are as handy
as the slide rule and more accurate than the most elaborate tables.
It seems ridiculous to ignore what these remarkable computing tools
have made possible.

Trigonometry texts have traditionally devoted a substantial
amount of space to logarithms and linear interpolation in connection
with extensive tables. Our feeling is that linear interpolation is little
needed in a modern trigonometry course. We prefer that students
who need it learn specific techniques for the tabular data with which
they may have to work. Nonetheless, for those instructors who wish
to treat interpolation in trigonometry, we have included a brief dis-
cussion in Appendix C. The appendixes include a substantial body
of information, including numerous problem sets, and should be
used as an important resource.

Looking Ahead to Computers

As technology continues to change, we must recognize that the calcu-
lator will not always remain what it is today. We attempt to anticipate
some of the possible changes with two features in this book, a dis-
cussion of hand-held computers and optional computer problems.

Computers tend to become smaller, faster, and more powerful as
they become more readily available. Several manufacturers are pro-
ducing hand-held computers with the capabilities of micro-
computers, including high-level language programming and even
printers. In several footnotes throughout the text we address the use
of such computers for needed computation. A brief discussion on
their use is included in Appendix A.
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Most chapters contain computer problems for enrichment only.
These are not an essential part of the course, but are available for use
when appropriate. See the next section for more information about
the computer problems.

Basic Philosophy and
Special Features of the Text

A number of features of this revision are significant. Topics have been
reorganized and the book has been completely rewritten. A major
goal has been to make all of the exposition readable by the student.
Obviously every elementary text is intended for the student, but
some are conspicuously more successful than others. We believe that
student response will confirm that students can truly read and learn
from the text.
The text is designed to:

m present and discuss ideas,
m illustrate the ideas by several examples worked in detail,
® give practice with carefully designed problem sets.

To accomplish these aims there are a number of distinctive features
that should be noted.

Examples and Exercises

In the discussion of example problems, we explain why particular
strategies are useful, and we point out both alternative approaches
and pitfalls to be avoided. The problem sets anticipate later work and
stimulate related ideas as well as providing the drill necessary to
master skills and ideas. Each exercise set includes a variety of prob-
lems ranging from simple to challenging. Hints are given for some
nonroutine problems.

Introductory Chapter Sections

Key ideas needed for the chapter are included in introductory review
sections (with exercises). Instructors may use as much or as little of
this material as needed for a specific class.

Chapter Summaries

Important ideas and theorems are summarized with the key formulas
from the chapter to help students put their information into a more
useful conceptual framework and to serve as a convenient reference.
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In the summaries, and throughout the book, students are given an
indication of uses and reasons for studying particular topics.

Review Exercises

An integrated set of exercises at the end of each chapter allows
students to check mastery of concepts and pull together key ideas.

Optional Computer Problems

As noted above, these enrichment sections are included as a service
to students and teachers. We recognize that most trigonometry
courses do not have the leisure to permit an instructor to teach pro-
gramming, nor do we expect programming experience from our stu-
dents. An increasingly common feature of our schools, however, is
that many of our students are already familiar with computers and
that many classrooms have computing facilities that are not well-
used for the learning of mathematics. The computer problems allow
instructors to encourage students, either by themselves or with a
teacher’s guidance, to take advantage of a wide variety of problems,
to develop computer skills, and more fully to understand the funda-
mental concepts of the chapter.

Exact and Approximate Calculations

Students are given practice with both exact (symbolic) and approxi-
mate (calculator) numbers and notation. Expressing answers in exact
form involves application of definitions and/or basic concepts; giving
results in decimal form provides familiarity with numbers as they
occur in real-life settings. In this regard, we help students understand
the meaning of significant digits in relation to the display shown on
their calculators. The fact that the calculator shows eight or ten digits
does not automatically invest those figures with meaning. A discus-
sion of significant digits and their relation to the real and ideal
worlds is included in Appendix B and in the text where needed.

Degree and Radian Modes

The fact that calculators deal differently with trigonometric func-
tions in radian and degree mode is recognized and explained. For
instance, there are two different sine functions as well as two inverse
sine functions, depending on the mode. Both are shown to be useful.

Graphing

Graphs are emphasized for their great utility. Many of the crucial
features of a function become obvious from a reasonable graph. The
trigonometric functions are graphed in Chapter 3 and in Chapter 6,
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which we devote entirely to graphs. In this chapter we introduce new
unifying ideas, fundamental intervals and cycles, which make the
graphing of general trigonometric functions much simpler. Then the
student is shown how to use graphs to help solve equations, re-
visiting ideas from previous chapters.

Organization

The organizational principle of revisiting ideas discussed in earlier
chapters is at work throughout the book. The first chapter pulls
together concepts needed for the whole book. Ideas introduced in
one chapter are not dropped. We feel that the most effective mathe-
matical learning takes place when a student revisits concepts, es-
pecially in a different setting. Thus inverse trigonometric functions
are moved to Chapter 3. In general, the topic of inverse functions is
difficult for students. In most books students are just introduced to
these strange new functions, which are not encountered again until
calculus. Here we review algebraic concepts, which place inverse
trigonometric functions in a more familiar setting and then use them
consistently throughout the remainder of the book. Similarly, identi-
ties are related to the more friendly algebraic identities and are then
used to simplify the solution of equations and to make complex
graphing easier. We identify and give students practice with key
identities, which are crucial in so many subsequent courses.

Solving Triangles

The traditional approach was to formulate solutions to allow the use
of logarithms for computations. We are freed from such constraints
by the power of the calculator. Thus the Law of Cosines can be used
more readily when it can tell us something about the nature of solu-
tions. The ambiguous case receives separate treatment, utilizing the
better mathematical tools students have developed. The numbers
used in application problems can also be more realistic, since the
calculator handles them as easily as contrived simple numbers.

Appendixes

Appendix A contains a relatively complete introduction to the use of
calculators for those students who have had no previous experience
with them. Both AOS calculators (based on algebraic entry) and RPN
(Reverse Polish Notation) calculators are discussed. In most cases,
the student can master this material without assistance. Further in-
struction on special function keys is given throughout the text as
needed and when appropriate. A special addition discusses the use
of hand-held computers. Appendix B includes a relatively detailed
treatment of computation with approximate numbers, significant
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digits, and the significance of digits. Appendix C treats tables and
linear interpolation. Each appendix includes exercise sets.

The book is designed for a one-semester or one-quarter course in
trigonometry. Prerequisites of high school geometry and inter-
mediate algebra are assumed.
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