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Preface

This book emerged out of lectures to first year postgraduate students at the
then Department of Physics and Astronomy, University of Southampton,
before I retired. It is hoped that this book will be appropriate for similar
groups of readers in many other institutions across the world. Experimenters
in this subject would probably gain much from reading this book, although
some may find it difficult.
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Introduction

This book is definitely not a book on mathematics. It is a book on the use
of symmetries, mainly described by the techniques of Lie groups and Lie
algebras. Although no proofs of theorems and the like are given, except
in special cases, the ideas are very firmly based on a lifetime of lecturing
experience.
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1

Symmetries and Conservation Laws

You may already be familiar with the ideas of conserved quantities, such as
charge in electromagnetism, but it will not hurt to go through this once more,
and there may be students for whom it is quite new. Since we are dealing with
elementary particles, we may as well think of conserved numbers carried on
particles, and indeed we will start with the charge e on the proton. If we
consider the charge of the electron (—¢), which carries electric currents, what
do we mean by “it is conserved” and what consequences might this have? We
might as well, for simplicity, start with the problem in classical physics and
turn to quantum mechanics later. Well, the first thing is that it cannot simply
vanish or appear. Of course it can vanish by having equal but opposite charges
annihilate it (producing, for example, the photons of light), or it can appear
in the reverse of this. All other conserved quantities such as energy, and
linear and angular momentum must be conserved—in our picture carried on
the photons. Already we see that this must happen at the same time and at
the same spatial point, but this is natural when the charges are carried on the
particles.

You may well be familiar with the idea of conservation of charge being
associated with the four divergence of the current carrying that charge. Calling
j* the current carried by an electron (of charge (—)e) we can write

9. j*=0. (1.1)
Then we have
dpot +V.j =0 (1.2)

where p is the time component of j* and j is the spatial part of this current.
If we integrate over a fixed volume we find

a—f + flow of current normally into the volume

— flow of current normally out of the volume = 0. (1.3)

This means that the rate of increase of charge in the volume is equal to the rate
of flow of charge into the volume minus the rate of flow out of the volume. A
very natural feature of the model we use is where the charges are carried on the

1



2 Group Theory for the Standard Model of Particle Physics and Beyond

particles. Of course, this concept needs slight changing in the world of special
relativity where there is apparent contraction of lengths and dilation of times
in different reference frames. Similarly in quantum mechanics further modi-
fications are needed, which are yet further changed in quantum field theory.
But we are getting too far ahead of ourselves. Let us ask what symmetries have
to do with these conservation laws as our title of this chapter suggests. There
is a theorem by E. Noether [1] to the effect that this is precisely what happens.
It is not appropriate to prove this theorem at this stage, but it is very pow-
erful and extends to all types of description of the physics discussed earlier.
(Students note that Noether was a woman doing important work of this type
ata time when there were nowhere near as many women working in science.)

The point that is necessary to understand at this stage is that all conserved
quantities in physics are linked to symmetries in this way. We shall meet
examples of this later. The mathematics underlying this structure is that of
group theory, both discrete groups and continuous groups as described by Lie.
But for the moment we move on to simple examples in the next two chapters.

Lagrangian and Hamiltonian Mechanics

Although it has been made clear that the reader is expected to be competent
in quantum field theory, an exception is made at this point to be sure that the
readers really can cope.

It is one of those curious quirks of history that long before quantum theory
was developed this version of classical mechanics established a framework
that was capable of treating both fields and particles in both classical and
quantum aspects. You are strongly urged to read Chapter 19 of Volume Il of The
Feynman Lectures on Physics [2] as an introduction to the deep and fascinating
approach to physics in terms of the “principle of least action,” if you have not
met it previously. We shall approach the topic in a more pedestrian manner
than Feynman, partly because I am not so brave a teacher and partly because
I want to get you calculating for yourself as soon as possible. It is my firm
belief that the best way to get on top of a subject like this is to lose your fear
of it by getting your hands dirty and actually doing the real calculations in
detail yourself.

Suppose we have a one-dimensional system—yes, it is going to be the
harmonic oscillator. We shall call the displacement from equilibrium g(t)
rather than x(t) because later on we shall want “displacements of the fields”
at various points x and we do not wish to confuse the “displacements” with
the spatial positions. Then Newton’s second law is replaced by the Euler—
Lagrange [3] equation

dalL oL

7% = (1.4)



Symmetries and Conservation Laws 3

where g is the time derivative of q. The Lagrangian, L, is the difference
between the kinetic energy (T) and the potential energy (V), that is,

L@ §)=T-V (15)

and is to be regarded as a function of the independent variables g and 4 for
the purposes of partial differentiation. For the harmonic oscillator with mass
m and spring constant k we have

V=34’ =— (1.6)
where w? = ,ﬁn So that

L=§f—?§f (1.7)
and the Euler-Lagrange equation yields

d, . o

E(mq) = —mowq (1.8)
and we retrieve

i =—aw’q (1.9)

as expected.

Now that we have a little experience with this formalism, we can take a look
at the principle of least action. You will have noticed perhaps that the concept
of force (which was primary in Newton’s approach) has become secondary to
the idea of potential. The least action principle makes the equation of motion
itself something that is derived from the minimization of the action

s= [ L, gt 1.10
/:, (g.9) (1.10)

where #; and t; are initial and final times. The principle postulates that the
actual path (often alternatively called trajectory) followed by the particle is
that which minimizes S. Imagine that, given L as an explicit function of g
and g, you evaluate S for a few paths. These are just fictitious paths and none
of them is likely to be the Newtonian one. I have drawn the three from the
problem on the q—t diagram in Figure 1.1.

These must start and finish at the same places and times. According to the
principle, only if one of these coincides with the Newtonian path will the
value of S be the minimum possible. You need a calculus approach to get a
general answer. Notice, however, S is a function of the function g(t). We say
it is a “functional” of q(t). We need to find the particular function, go(t), that
minimizes S.

Suppose there is a small variation §q(t) in a path q(t) from q(t) to q(ty).
When q(t) = qo(t), the variation S caused by this change 8g must vanish.
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(ii)
(iii)

T
/20

FIGURE 1.1
q-t diagram.

Now we can work out the change of action for any path as

tr /9L oL
58S = —8q + — ) dt
/f (Bq 4 aq)
tr 7oL d [oL d [oL
= it ORI Bt IS
/t. (aq “dt[aq] dt[aq]8q>dt

tf oL  d [aL oL 1"
= 8q(———|=—1|)dt+]| =8
f "(aq dt[aq]) +[aq "],,

where we used 8 = %Sq in the second step. But we are considering paths
with fixed end points, so that §q () = 0 = 8g(ts) for any variation, and the
final term vanishes. Hence, since § S must vanish for arbitrary §q, we need

d oL oL

dtog  oq’
which retrieves the Euler-Lagrange equation of motion. The solution of this
is the go(t), which gives the path actually followed by the particle.

As we shall see later, this formalism is well suited to treat systems of the
many (indeed infinitely many) linked dynamical variables found in field
theories. But the transition from classical to quantum mechanics is made more
transparent by considering the Hamiltonian formulation. The idea, in the first
place, is to find a change in variables (from g and 4) which will replace the

second order Euler-Lagrange equation by two linked first order equations.
This piece of magic is performed by introducing

oL

=3 (1.11)

p
as a “generalized momentum conjugate to the generalized coordinate q.”
(When ¢ is a Cartesian coordinate, p will frequently be the usual linear
momentum, as we shall see.) Then the Hamiltonian is introduced by the
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Legendre transformation

H(q, p) = pg — L(q.9) (1.12)
and the Euler-Lagrange equation is replaced by the pair of equations
. _oH
q= ﬁ (1.13)
; JoH
P==3 (1.14)

which are known as Hamilton’s canonical equations. To get a feel for this for-
mulation we return to our old friend the harmonic oscillator. From Equation
(1.7) we see that

oL .
p= E =mq, (1.15)

which is reassuring, and we can then see that from Equation (1.12)

2m 2
3 P2 mw? X
T 2m 2 1

is the form of the Hamiltonian in the new variables. Notice that the Hamilto-
nian is the total energy, T 4 V. This is a very general feature, and provided
that time does not appear explicitly then

dH oH oH.  9HoH oH[ oH
—— = 0, (1.16)

ar ~ g Tt T gy Tap | T |

which reflects energy conservation. In the present case the equations of mo-
tion, Equations (1.13) and (1.14), yield

. _ P
q = m (1.17)

p = —maw’q (1.18)

when Equation (1.16) is used directly. The first of these reconfirms the defini-
tion of the momentum, and on substitution into the second retrieves Equation
(1.9) as the second order equation of motion. It turns out, however, to be in-
structive to solve the first order Equations (1.17) and (1.18) directly. Consider
the linear combination

A=%<x«/mw+ip ! ) (1.19)

mw



