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Preface

This volume contains the papers presented at the 9th International Conference
on Theory and Applications of Satisfiability Testing (SAT 2006).

The International Conference on Theory and Applications of Satisfiability
Testing is the primary annual meeting for researchers studying the propositional
satisfiability problem (SAT). SAT 2006 was part of FLoC 2006, the fourth Fed-
erated Logic Conference, which hosted, in addition to SAT, LICS, RTA, CAV,
ICLP and IJCAR. SAT 2005 was held in St. Andrews, Scotland, and SAT 2004
in Vancouver, BC, Canada. This time SAT featured the SAT Race in spirit of
the SAT Competitions, the first competitive QBF Evaluation, an Evaluation of
Pseudo-Boolean Solvers and the Workshop on Satisfiability Solvers and Program
Verification (SSPV).

Many hard combinatorial problems can be formulated as Boolean Satisfia-
bility (SAT) problems. In fact, given the tremendous advances in the state of
the art of SAT solvers in the last decade, many real-world applications are now
being encoded as SAT problems. For example, many practical verification prob-
lems can be rephrased as SAT problems. This applies to verification problems
in hardware and software. SAT is therefore becoming one of the most important
core technologies to verify secure and dependable systems: Improvements in the
theoretical and practical aspects of SAT will consequently apply to a range of
real-world problems.

The topics of the conference spanned practical and theoretical research on
SAT and its applications and included but were not limited to proof systems,
proof complexity, search algorithms, heuristics, analysis of algorithms, hard in-
stances, randomized formulae, problem encodings, industrial applications, solvers,
simplifiers, tools, case studies and empirical results. SAT is interpreted in a rather
broad sense: besides propositional satisfiability, it includes the domain of Quan-
tified Boolean Formulae (QBF), Constraint Programming Techniques (CP) for
word-level problems and their propositional encoding and particularly Satisfia-
bility Modulo Theories (SMT).

There were 80 submissions including 75 regular papers with a page limit of
14 pages and 15 short papers with a page limit of 6 pages. Each submission
was reviewed by at least three Programme Committee members. The committee
decided to accept 26 regular papers and 11 short papers. Out of the 15 papers
submitted as short papers, two papers were accepted. The other nine papers
accepted as short papers had been submitted as regular paper.

The program also includes invited talks by Fahiem Bacchus and Karem
Sakallah, the presentations of the results of the SAT Race, and the Evaluations
of QBF, Pseudo-Boolean and MAX-SAT Solvers.

We would like to thank the organizers of FLoC for coordinating the differ-
ent conferences. We thank Andrei Voronkov for his excellent EasyChair system.



VI Preface

It helped us streamline the reviewing progress tremendously and meet our de-
cision deadlines. Last but not least we thank the Programme Committee and
the additional external reviewers for their careful and thorough work, without
which it would not have been possible for us to put together such an outstanding
conference programme.

We would also like to acknowledge the support of our sponsors: Cadence,
IBM, Microsoft Research, NEC, John von Neumann Minerva Center for the
Development of Reactive Systems, and the Intelligent Information Systems In-
stitute at Cornell University.

August 2006 Armin Biere and Carla P. Gomes
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From Propositional Satisfiability
to Satisfiability Modulo Theories

Hossein M. Sheini and Karem A. Sakallah

University of Michigan, Ann Arbor MI 48109, USA
{hsheini, karem}Qumich.edu

Abstract. In this paper we present a review of SAT-based approaches
for building scalable and efficient decision procedures for quantifier-free
first-order logic formulas in one or more decidable theories, known as
Satisfiability Modulo Theories (SMT) problems. As applied to different
system verification problems, SMT problems comprise of different the-
ories including fragments of elementary theory of numbers, the theory
of arrays, the theory of list structures, etc. In this paper we focus on
different DPLL-style satisfiability procedures for decidable fragments of
the theory of integers. Leveraging the advances made in SAT solvers in
the past decade, we introduce several SAT-based SMT solving methods
that in many applications have outperformed classical decision meth-
ods. Aside from the classical method of translating the SMT formula
to a purely Boolean problem, in recent methods, a SAT solver is uti-
lized to serve as the “glue” that ties together the different theory atoms
and forms the basis for reasoning and learning within and across them.
Several methods have been developed to provide a combination frame-
work for implications to flow through the theory solvers and to possibly
activate other theory atoms based on the current assignments. Simi-
larly, conflict-based learning is also extended to enable the creation of
learned clauses comprising of the combination of theory atoms. Addi-
tional methods unique to one or more types of theory atoms have also
been proposed that learn more expressive constraints and significantly
increase the pruning power of these combination schemes. We will de-
scribe several combination strategies and their impact on scalability and
performance of the overall solver in different settings and applications.

1 Introduction

The decision problem for quantifier-free first-order logic formulas arises quite
naturally in a wide variety of applications including software and hardware ver-
ification, scheduling and planning [6,2,31,9,27]. Such formulas typically consist
of logical combinations of atoms from different theories such as the theory of
integer linear arithmetic, the theory of arrays, the theory of equality with un-
interpreted functions, set theory, etc. Systematic procedures for deciding such
formulas, based on equality propagation among the different theory solvers, were
first described by Nelson and Oppen [20]. More recently, interest in this problem
has increased dramatically, sparked in part by the phenomenal progress in the

A. Biere and C.P. Gomes (Eds.): SAT 2006. LNCS 4121. pp. 1-9. 2006.
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capacity and speed of modern DPLL-based Boolean satisfiability (SAT) solvers.
A significant number of researchers around the globe are actively exploring a
variety of approaches for solving this problem by leveraging the computational
power of modern SAT solvers. In this new incarnation, the problem has been
dubbed Satisfiability Modulo Theories (SMT) [29] with particular emphasis on
integrating the theory of linear (real and integer) arithmetic within a DPLL
backtrack search framework!.

In this paper we provide a brief survey of the SAT-based approaches for solving
SMT problems. Specifically, after covering some preliminaries in Section 2, we de-
scribe methods for direct translation of SMT instances to SAT (Section 3), meth-
ods based on Abstraction/refinement (Section 4), online approaches (Section 5)
and hybrid solutions methods (Section 6).

2 Preliminaries

Satisfiability Modulo Theories (SMT) is the problem of determining the satisfia-
bility of a quantifier-free first-order logic (FOL) formula in one or more decidable
theories. Quantifier-free first-order logic extends propositional logic with terms,
Jfunction symbols, and predicate symbols defined according to the following rules:

e A variable is a term.

o f(t1, -,tn) is a term, where f is an n-arity function symbol (with n > 0)
and t1,---,t, are terms. O-arity functions are constants.

e P(t1,---,ty) is an atom, where P is an n-arity predicate symbol (with n > 0)
and ty,---,t, are terms. O-arity predicates are propositional variables.

e Quantifier-free FOL formulas are constructed by combining atoms according
to the rules of propositional logic. In particular, a quantifier-free FOL formula
in conjunctive normal form (CNF) is the conjunction of a set of clauses each
of which is the disjunction of a set of literals, where a literal is either an atom
or the negation of an atom.

Using quantifier-free FOL as an organizing framework, we can define several
specialized “logics” or “theories” by specifying the domains of their variables, as
well as the functions (terms) and predicates (atoms) they admit. We list below
some of the most commonly-used theories in hardware and software verification
applications. Note that in these theories all variables and constant are assumed
to be integer-valued.

e Propositional Logic (P): In this theory, there are no function symbols,
and only 0-arity predicate symbols, i.e., propositional variables.

e Equality Logic (£): This theory has no function symbols and only the
equality predicate t; = t; where t; and t; are terms.

e Equality Logic with Successors (£S): This logic extends £ logic by
introducing the function succ(t) =t + 1 where t is a term.

! Independently, Hooker et al [13] and the OR community refer to similar problems
as mixed logical linear programs.
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e Equality Logic with Uninterpreted Functions (EUF): This logic
extends £ with n-arity uninterpreted function and predicate symbols and
enforces functional consistency.

e Equality Logic with Successors and Uninterpreted Functions
(ESUF): This logic extends £S with n-arity uninterpreted function and
predicate symbols and enforces functional consistency.

e Difference Logic (DL): This logic extends £S with the interpreted pred-
icate of the form ¢; —t; < d where t; and t; are terms and d is an integer
constant.

e Counter Arithmetic Logic with Lammbda Expressions and Uninter-
preted Functions (CLU): The set of functions and predicates are respec-
tively the union of the functions and predicates of EUF and DL.

e Integer Unit-Two-Variable-Per-Inequality (UTVPI) Logic (7VL):
This logic generalizes the interpreted predicates of DL to the form a;t; +
a;t; < d where a;,a; € {£1,0}, t; and t; are terms and d is an integer
constant.

e Linear Integer Arithmetic (£Z.A): This is essentially the logic of integer
linear inequalities. Note that DL and 7 VL are restrictions of LT A.

The choice of which logic to apply in a particular situation depends on the
expressiveness of the logic as well as the existence of efficient procedures for
checking the satisfiability of conjunctions of atoms in that logic. Such proce-
dures are referred to as theory solvers include congruence-closure for the logic of
equality and its extensions [22], transitive-closure for the DL and 7VL theories
[15] and Simplex-based Branch-and-Bound algorithms for LZA.

Propositional Satisfiability (SAT). Modern SAT solvers are based on the DPLL
backtrack search algorithm [8] augmented with powerful techniques for search
space pruning and efficient Boolean constraint propagation. These techniques
include conflict-based learning and non-chronological backtracking [18], watched-
literal schemes for Boolean Constraint Propagation and advanced variable
ordering heuristics such as VSIDS [19]. For a survey of these methods, the reader
is referred to [32].

The efficiency of the SMT solvers we describe on the remainder of this paper
drive their power from these modern SAT solvers.

3 Translation to SAT

The earliest use of SAT solvers in the SMT context was through direct translation
of an SMT instance to an equi-satisfiable Boolean formula. Such eager solution
approaches were attractive because they did not require the development of
specialized theory solvers or complex combination strategies. Their effectiveness
derived from their reliance on the underlying SAT engine.

These approaches were most effective when applied to the EUF and CLU
logics in [14,16,23,24,7]. Techniques to translate such formulas to propositional
form include Small Domain Instantiation [23] and Per-Constraint Encoding [25].
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Small Domain Instantiation. This method is based on the fact that for a
formula whose atoms are only equalities between input variables, it is enough to
give each variable the range [1...n| (where n is the number of input variables)
without affecting the satisfiability /unsatisfiability of the formula. Knowing the
range enables us to replace each input variable in the formula with a bit-vector
of Boolean variables of size [logn] yielding a purely Boolean instance. To apply
this procedure to an EUF formula, the formula is first converted, using Acker-
mann reduction [1], to an equi-satisfiable formula that only involves equaliteis.
Specifically, each occurrence of an uninterpreted function is replaced with a new
variable and the formula is conjoined with constraints to preserve functional
consistency.

Further enhancements to this method deal with reducing the [1...n] range
associated with each variable taking into account the structure of the formula.
These methods include the equality graph and range analysis of [23], coloring
the equality graph by analyzing the CNF representation of the formula in [12],
positive equality method of [30] and the hybrid method of [24].

Per-Constraint Encoding. In this approach, also known as e;; encoding [11],
an EUF formula is first transformed, as above, into an equi-satisfiable formula,
¢, whose atoms are only equalities. Each equality atom ¢; = t; is replaced
by a fresh unrestricted Boolean variable e;;, yielding a Boolean abstraction,
b9 that can be processed by a propositional SAT solver. To prevent false
positives this abstraction is augmented with transitivity constraints of the form
(eij N ejx) — e for all e;; variables within the formula. In the worst case the
number of such transitively constraints grow exponentially [7].

4 Abstraction/Refinement

An SMT CNF formula whose propositional and theory atoms are denoted, re-
spectively, by &2 and .7 can be generically expressed as

o(2,T7)= ¢ (1)

c €¥

where € is a set of clauses whose elements have the form

V A4v '/ -4 (2)

Ae PUT Ae PUT

A Boolean abstraction of the SMT formula, cpbo"l, can be constructed by
introducing a mapping « that assigns a fresh Boolean indicator variable, a(A),
to each theory atom, A. Thus the SMT CNF formula can be represented as

PP, I,T) = U2, )N N (o(4) (3)
AeT

where .# is the set of indicator variables. In the abstraction/refinement approach,
a SAT solver is initially applied to % If p*°° is found to be unsatisfiable,



