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1

An Introduction to Game Theory for
Linguists

Anton Benz, Gerhard Jiger and Robert van Rooij

1 Classical game theory

In a very general sense we can say that we play a game together with other
people whenever we have to decide between several actions such that the
decision depends on the choice of actions by others and on our preferences
over the ultimate results. Obvious examples are card games, chess, or soc-
cer. If I am to play a card to a trick, then it depends on the cards played
by my playing partners whether or not I win the trick. Whether my move
in chess leads to a win usually depends on the subsequent moves of my
opponent. Whether I should pass the ball to this or that team member de-
pends not in the least on my expectations about whether or not he will pass
it on to a player in an even more favourable position. Whether or not my
utterance is successful depends on how it is taken up by its addressee and
the overall purpose of the current conversation. This provides the basis for
applications of game theory in pragmatics.

Game theory has a prescriptive and a descriptive aspect. It can tell us how
we should behave in a game in order to produce optimal results, or it can
be seen as a theory that describes how agents actually behave in a game. In
this book, the latter interpretation of game theory is of interest. The authors
of this volume will explore game theory as a framework for describing the
use of language. |

1.1 Decisions

At the heart of every game theoretic problem there lies a decision problem:
one or more players have to choose between several actions. Their choice
is governed by their preferences over expected outcomes. If someone is of-
fered a cherry and a strawberry but can only take one of them, then if he
prefers the strawberry over the cherry, he will take the strawberry. This is
not a prescription. It is an explication of the semantics of the word prefer-
ence. If 1 can choose between actions a; and a3, and prefer the outcome s;

of a1 over sz of az, then it is the very meaning of the word preference that I
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choose action a;. In general, one can distinguish between decision making
under certainty, risk and uncertainty. A decision is made under certainty if the
decision maker knows for each action which, outcome it will lead to. The
cherry and strawberry example is such a case. A decision is made under
risk if each action leads to a set of possible outcomes, where each outcome
occurs with a certain probability. The decision maker knows these probabil-
ities, or behaves as if he knew them. A decision is made under uncertainty
if no probabilities for the outcomes are known to the decision maker, and
where not even reasonable assumptions can be made about such probabili-
ties. We consider here only decision making under certainty or risk, as does
the majority of literature on decision theory.

Decision under risk

Before we enter into game theory proper we want to say more about de-
cision under risk. Decision theory found interesting applications in prag-
matics, and its ideas and concepts are fundamental for game theory. The
decision maker may be uncertain about the outcomes of his actions because
he has only limited information about the true state of the world. If Adam
has to decide in the morning whether or not to take an umbrella with him,
this depends on whether or not he believes that it will rain that day. He
will not know this but will have some expectations about it. These expecta-
tions can be represented by probabilities, and Adam’s information state by
a probability space.

We identify a proposition A with sets of possible worlds. In probability
theory they are called events; but we will stick here to the more familiar ter-
minology from possible worlds semantics. If a person is convinced that A is
true, then we assign probability 1 to it, and 0 if he thinks that it can not be
true. If there are two propositions A and B that cannot be true at the same
time, e.g. that the sky is sunny and that the sky is cloudy, then the proba-
bility of A or B is just the sum of the probability of A and the probability of
B. The latter property is generalised in the following definition to arbitrary
countable sequences of pairwise incompatible propositions.

Let {2 be a countable set that collects all possible states of the world. P is

a probability distribution over (2 if P maps all subsets of (2 to the interval [0, 1]
such that:

1 P(Q2)=1;

2 P(3_;csAj) = 2 ;e P(A;) for each family (A4;);es of countably many
pairwise disjoint sets. Thesum } _._ ; A; here denotes the (disjoint) union
of the sets A;.
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We call (€2, P) a (countable) probability space. The restriction to countable 2’s
simplifies the mathematics a lot. It follows e.g. that there is a subset S C (2
such that P({v}) > 0 for each v € S and P(A) = ), c1~s P({v}) for all
A C ), i.eit follows that P is a count measure. For P({v}) we write simply
P(v).

If (€2, P) describes the information state of a decision maker, what does
his new information state look like if he learns a fact E? Adam may look out
of the window and see that the sky is cloudy, or he may consult a barometer
and see that it is rising. £ would collect all worlds where the sky is cloudy,
or, in the second scenario, where the barometer rises. If neither fact con-
tradicts what Adam previously believed, then his probabilities for both sets
must be greater than zero. Whatever proposition E represents, how does
learning E affect (€2, P)? In probability theory this is modelled by conditional
probabilities. In learning theory, these are known as Bayesian updates. Let H
be any proposition, e.g. the proposition that it will rain, i.e. H collects all

possible worlds in (2 where it rains at some time of the day. The probability
of H given E, written P(H|FE), is defined by:

P(H|E) := P(HN E)/P(E) for P(E) # 0. (1.1)

In particular, it is P(v|A) = P(v)/P(A) for v € A # (. For example, before
Adam looked out of the window he may have assigned to the proposition
(EN H) that it is cloudy and that it rains a probability of 1 and to the propo-
sition (E) that it is cloudy a probability of 3. Then (1.1) tells us that, after
observing that the sky is cloudy, Adam assigns probability 3 : 3 = 2 to the
proposition that it will rain. Bayesian updates are widely used as a model
for learning. P is often said to represent the prior beliefs, and P* defined by
P*(A) = P(A|E) the posterior beliefs.

As an illustration we want to show how this learning model can be ap-
plied in Gricean pragmatics for explicating the notion of relevance. We dis-
cuss two approaches. The first one measures relevance in terms of the
amount of information carried by an utterance and is due to Arthur Merin
(Merin 1999b). The second approach introduces a measure that is based on
expected utilities and is used by Prashant Parikh (Parikh 1992, Parikh 2001),
Rohit Parikh (Parikh 1994) and Robert van Rooij (van Rooij 2003b).

The fact that the barometer is rising () provides evidence that the wea-
ther is becoming sunny. We can see the situation as a competition between
two hypotheses: (H) The weather will be sunny, and (H) The weather will be
rainy. For simplicity we may assume that H and H are mutually exclusive
and cover all possibilities. E, the rising of the barometer, does not neces-
sarily imply that H, but our expectations that the weather will be sunny
are much higher after learning E than before. Let P represent the given
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expectations before learning E, i.e. P is a probability distribution over pos-
sible states of the world. Let P* represent the expectations obtained from
epistemic context (2, P) when E, and nothing but FE, is learned. Model-
ing learning by conditional probabilities as above, we find that P*(H) =
P(H|FE), where we have to assume that P(E) # 0, i.e. we can only learn
something that doesn’t contradict our previous beliefs.

Our next goal is to introduce a measure for the relevance of E for answer-
ing the question whether H or H is true. Measures of relevance have been
extensively studied in statistical decision theory (Pratt et al. 1995). There
exist many different explications of the notion of relevance which are not
equivalent with each other. We choose here Good’s notion of relevance
(Good 1950). It was first used by Arthur Merin (Merin 1999b), one of the
pioneers of game theoretic pragmatics, in order to get a precise formulation
of Grice’s Maxim of Relevance.

If we know P(H |E), then we can calculate the reverse, the probability of
E given H, P(E|H), by Bayes’ rule:

P(E|H) = P(H|E) x P(E)/P(H). (1.2)
With this rule we get:
P*(H) = P(H|E) = P(H) x (P(E|H)/P(E)). (1.3)

H denotes the complement of H. Learning E influences our beliefs about

H in the same way as it influences our beliefs about H: P*(H) = P(H|E).
This leads us to:

P*(H) _ P(H|E) _ P(H) P(E|H)

o ied = =7 (1.4)
P+(H) P(H|E) P(H) P(E|H)

Probabilities are non-negative by definition. In addition we assume that all
probabilities in this equation are positive, i.e., strictly greater than 0. This
allows us to apply a mathematical trick and build the log of both sides of
this equation. As the logarithm is strictly monotone it follows that (1.4) is
true exactly iff

log(P™ (H)/P"(H)) = log(P(H)/P(H)) + log(P(E|H)/P(E|H)). (1.5)

We used here the fact that log(z x y) = log = + log y. Furthermore we know
that logz = 0 iff x = 1. This means that we can use the term ry(F) =
log(P(E|H)/P(E|H)) as a measure for the ability of E to make us believe
H. If it is positive, E favors H, if it is negative, then E favors H. Ina
competitive situation where a speaker wants to convince his addressee of
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some proposition H it is reasonable to call a fact £ more relevant the more
evidence it provides for H. Merin calls ry (E) also the argumentative force of
E2

Whether or not this is a good measure of relevance in general depends
on the overall character of communication. Merin sees the aim to convince
our communication partner of something as the primary purpose of con-
versation. If Adam has an interview for a job he wants to get, then his
goal is to convince the interviewer that he is the right person for it (H).
Whatever he says is more relevant the more it favors H and disfavors the
opposite proposition. We could see this situation as a battle between two
agents, H and H, where assertions E are the possible moves, and where
log(P(E|H)/P(E|H)) measures the win for H and the loss for H. Using
the terminology that we will introduce in subsubection 1.2.1, we can say
that this is a zero-sum game between H and H.

We want to elaborate a little more on this example. The basis for Merin’s
proposal lies in the assumption that the main purpose of communication is
to provide evidence that helps one decide whether a proposition H or its
opposite is true. Hence, it works fine as long as we concentrate on yes-no
questions or situations where one person tries to convince an addressee of
the truth of some hypothesis. In general decision problems, the decision
maker has to decide between different actions. Hence, the preferences over
outcomes of these actions become important. It is not surprising that we
find examples where a measure of relevance based on pure information be-
comes inadequate. Imagine that (2 consists of four worlds {vi,...,v4} of
equal probability and that the decision maker has to decide between two
actions a; and a3. Suppose that she prefers a; in v; and v; and a3 in v3 and
vs but that the value she assigns to a: in v is very large compared to the
other cases. If the decision maker learns E = {v2,v3}, then, using Merin’s
measure, this turns out to be irrelevant for deciding whether it is true that it
is better to perform a, (i.e. H = {v1,v2}), or a2 (i.e. H = {v3,v4}) because
log(P(E|H)/P(E|H)) = 0. But, intuitively, it is relevant for the decision
maker if she learns that the most favoured situation v; cannot be the case.

Let us return to the job interview example, and turn from Adam the in-
terviewee to the interviewer. Let’s call her Eve. From Eve’s perspective
the situation can be seen as a decision problem. She has to decide between
two actions, employ Adam (a1) or not employ Adam (a2). Depending on the
abilities of Adam these actions will be differently successful. The abilities
are part of the various possible worlds in 2. We can represent the success
of the actions as seen by Eve by her preferences over their outcomes. We
assume here that we can represent these preferences by a (von Neumann-
Morgenstern) utility measure, or payoff function U that maps pairs of worlds
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and actions to real numbers. How does U have to be interpreted? If v is a
world in €2, then an equation like U (v, a1) < U(v, a2) says that the decision
maker prefers the outcome of action a2 in v over the outcome of a; in v.
U(v,a:1) and U (v, az) are real numbers, hence their difference and sum are
defined. In utility theory, it is generally assumed that utility measures are
unique up to linear rescaling, i.e. if U(v,a) = r x U'(v,a) + t for some real
numbers 7 > 0 and ¢ and all v, a, then U and U’ represent the same pref-
erences. If Eve values employing an experienced specialist twice as much
as employing a trained and able novice, and she values employing an able
novice as positively as she values employing an inexperienced university
graduate negatively, then this can be modeled by assigning value 2 in the
first case, value 1 in the second and value —1 in the third. But it could
equally well be modeled by assigning 5 in the first, 3 in the second and —1
in the third case. Putting these parts together we find that we can represent
Eve’s decision problem by a structure ((£2, P),.A, U) where:

1 (9, P) is a probability space representing Eve’s information about the
world;

2 Ais a set of actions;

3 U: 2 x A— Risa utility measure.

In decision theory it is further assumed that decision makers optimize ex-
pected utilities. Let a € A be an action. The expected utility of a is defined
by:

EU(a) = )  P(v) x U(v,a) (1.6)

vEN

Optimizing expected utilities means that a decision maker will choose an
action a only if EU(a) = maxpe 4 EU(b). Let’s assume that Eve assigns
a probability of p = 2 to the proposition that Adam is an inexperienced
novice, but gives a probability of 1 — p = 3 to the proposition that he has
some training. We further assume that she assigns value 1 to employing him
in the first case, and value —1 to employing him in the second case. Further-
more, we assume that she values the state where she employs no candidate
with 0. Then her expected utilities for employing and not employing him
are EU(a1) = § x (=1) 4+ 3 x 1 = —3 and EU(a2) = 0 respectively. Hence
she should not employ Adam.

This may represent the situation before the interview starts. Now Adam
tells Eve that he did an internship in a company X specialized in a similar
field. This will change Eve’s expectations about Adam’s experience, and
thereby her expected utilities for employing or not employing him. Using
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the ideas presented before, we can calculate the expected utility of an action
a after learning A by:

EU(a|A) = ) P(v|A) x U(v,a); (1.7)

vEQ

where P(v|A) denotes again the conditional probability of v given A. If
Eve thinks that the probability that Adam is experienced increases to 2 if he
did an internship (A), then the expected utility of employing him now rises
to EU(a1]A) = 3. Hence, Adam was convincing and will be employed.
A number of people (P. Parikh, R. Parikh, R. van Rooij) proposed measur-
ing the relevance of a proposition A in terms of how it influences a decision
problem that underlies the current communication. Several possible ways
to measure this influence have been proposed. One heuristic is to say that
information A is relevant if and only if it makes a decision maker choose a
different action from before, and it is more relevant the more it increases the
expected utility. This is captured by the following measure of utility value of
A:

UV (A) = max EU(alA) — EU(a"|A). (1.8)

a” denotes here the action the decision maker had chosen before learning
A — in our example this would have been a2, not employing Adam. The
expected utility value can only be positive in this case. If Eve had already a
preference to employ Adam, then this measure would tell us that there is no
relevant information that Adam could bring forward. So, another heuristic
says that information is more relevant the more it increases expectations.
This is captured by the following measure:
/
UV'(A) = max EU(alA) — max EU (a). (1.9)
If we put the right side in absolutes, then it means that information is the
more relevant the more it changes expectations. This would capture cases
where Adam could only say things that diminish Eve’s hopes.
UV'(A) = |1;1€ajc EU(alA) — max EU(a)|. (1.10)
Obviously, Adam should convince Eve that he is experienced. Following
Merin we could say that arguments are more relevant for Adam if they
favor this hypothesis and disfavor the opposite. If Adam uses the utility-
based measure of relevance, then he should choose arguments that make
Eve believe that the expected utility after employing him is higher than that
after not employing him. Given our scenario, this is equivalent with choos-
ing arguments that favor the thesis that he is experienced. Hence, we see
that for special cases both measures of relevance may coincide.
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We want to conclude this section about decision theory with a classical ex-
ample of Grice’s. In this example there is no obvious hypothesis for which
the provider of information could argue. Nevertheless, we can explain the
relevance of his statement by a criterion based on the maximization of ex-
pected utilities.

A and B are planning their summer holidays in France. A has an open
map in front of him. They would like to visit C, an old friend of B. So A
asks B: Where does C live? B answers: Somewhere in the south of France. We
are not concerned here with the question of how the implicature ‘B does not
know where C lives’ arises but with the question why B’s answer is relevant.
In Merin’s model, there must be an hypothesis H that B argues for. But it is
not immediately clear what this hypothesis H should be. We can model the
situation as a decision problem where {2 contains a world for each sentence
C lives in x, where x ranges over cities in France and where each of these
worlds is equally possible. A contains all actions a; of going to z, and U
measures the respective utilities with U(v,a) = 1 if a leads to success in v
and U(v,a) = 0if not. Let E be the set of all worlds where C lives in the
south of France. Calculating the expected utilities EU(a.|E) and EU(a;)
for an arbitrary city x in the south of France would show that E increases the
expected payoff of performing a.. Hence, if B has no more specific informa-
tion about where C lives, then a criterion that measures relevance according
to whether or not it increases expected utilities would predict that E is the
most relevant answer that B could give.

1.2 Games

What distinguishes game theory from decision theory proper is the fact that
decisions have to be made with respect to the decisions of other players.
We start this section with some fundamental classifications of games and
introduce the normal form. We look then at one example in more detail, the
prisoners’ dilemma. In section 1.2.3 we present the most fundamental solu-
tion concepts of game theory, especially the concept of a Nash equilibrium.
Finally, we introduce the extensive form. The latter is more suitable for se-
quential games, a type of game in terms of which communication is studied
a lot.

1.2.1 Strategic games and the normal form

There exist several important different classifications of games which are
widely referred to in game theoretic literature. We provide here a short
overview.

A first elementary distinction concerns that between static and dynamic
games. In a static game, every player performs only one action, and all



