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Preface

In the past twenty years the quantity of new and exciting research in
finance has been large, and a sizable body of basic material now lies at
the core of our area of study. It is the purpose of this book to present this
core in a systematic and thorough fashion. The notes for this book have
been the primary text for various doctoral-level courses in financial theory
that I have taught over the past eight years at the University of Chicago
and Yale University. In all the courses these notes have been supple-
mented with readings selected from journals. Reading original journal
articles is an integral part of learning an academic field, since it serves to
introduce the students to the ongoing process of research, including its
mis-steps and controversies. In my opinion any program of study would
be amiss not to convey this continuing growth.

This book is structured in four parts. The first part, Chapters 1—-3, pro-
vides an introduction to utility theory, arbitrage, portfolio formation, and
efficient markets. Chapter 1 provides some necessary background in
microeconomics. Consumer choice is reviewed, and expected utility maxi-
mization is introduced. Risk aversion and its measurement are also
covered.

Chapter 2 introduces the concept of arbitrage. The absence of arbitrage
is one of the most convincing and, therefore, farthest-reaching arguments
made in financial economics. Arbitrage reasoning is the basis for the
arbitrage pricing theory, one of the leading models purporting to explain
the cross-sectional difference in asset returns. Perhaps more important,
the absence of arbitrage is the key in the development of the Black-
Scholes option pricing model and its various derivatives, which have been
used to value a wide variety of claims both in theory and in practice.

Chapter 3 begins the study of single-period portfolio problems. It also
introduces the student to the theory of efficient markets: the premise that
asset prices fully reflect all information available to the market. The
theory of efficient (or rational) markets is one of the cornerstones of
modern finance; it permeates almost all current financial research and has
found wide acceptance among practitioners, as well.

In the second main section, Chapters 4—9 cover single-period equili-
brium models. Chapter 4 covers mean-variance analysis and the capital
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xiv Preface

asset pricing model — a model which has found many supporters and
widespread applications. Chapters S through 7 expand on Chapter 4. The
first two cover generalized measures of risk and additional mutual fund
theorems. The latter treats linear factor models and the arbitrage pricing
theory, probably the key competitor of the CAPM.

Chapter 8 offers an alternative equilibrium view based on complete
markets theory. This theory was originally noted for its elegant treatment
of general equilibrium as in the models of Arrow and Debreu and was
considered to be primarily of theoretical interest. More recently it and the
related concept of spanning have found many practical applications in
contingent-claims pricing.

Chapter 9 reviews single-period finance with an overview of how the
various models complement one another. It also provides a second view
of the efficient markets hypothesis in light of the developed equilibrium
models. )

Chapter 10, which begins the third main section on multiperiod models,
introduces models set in more than one period. It reviews briefly the
concept of discounting, with which it is assumed the reader is already
acquainted, and reintroduces efficient markets theory in this context.
Chapters 11 and 13 examine the multiperiod portfolio problem. Chapter
11 introduces dynamic programming and the induced or derived single-
period portfolio problem inherent in the intertemporal problem. After
some necessary mathematical background provided in Chapter 12, Chapter
13 tackles the same problem in a continuous-time setting using the mean-
variance tools of Chapter 4. Merton’s intertemporal capital asset pricing
model is derived, and the desire of investors to hedge is examined.

Chapter 14 covers option pricing. Using arbitrage reasoning it develops
distribution-free and preference-free restrictions on the valuation of
options and other derivative assets. It culminates in the development of
the Black-Scholes option pricing model. Chapter 15 summarizes multi-
period models and provides a view of how they complement one another
and the single-period models. It also discusses the role of complete
markets and spanning in a multiperiod context and develops the con-
sumption-based asset pricing model.

In the final main section, Chapter 16 is a second mathematical inter-
ruption—this time to introduce the Ito calculus. Chapter 17 explores
advanced topics in option pricing using Ito calculus. Chapter 18 examines
the term structure of interest rates using both option techniques and
multiperiod portfolio analysis. Chapter 19 considers questions of corporate
capital structure. Chapter 19 demonstrates many of the applications of
the Black-Scholes model to the pricing of various corporate contracts.

The mathematical prerequisites of this book have been kept as simple
as practicable. A knowledge of calculus, probability and statistics, and
basic linear algebra is assumed. The Mathematical Introduction collects
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some required concepts from these areas. Advanced topics in stochastic
processes and Ito calculus are developed heuristically, where needed,
because they have become so important in finance. Chapter 12 provides
an introduction to the stochastic processes used in continuous-time finance.
Chapter 16 is an introduction to Ito calculus. Other advanced mathema-
tical topics, such as measure theory, are avoided. This choice, of course,
requires that rigor or generality sometimes be sacrificed to intuition and
understanding. Major points are always presented verbally as well as
mathematically. These presentations are usually accompanied by graphi-
cal illustrations and numerical examples.

To emphasize the theoretical framework of finance, many topics have
been left uncovered. There is virtually no description of the actual opera-
tion of financial markets or of the various institutions that play vital roles.
Also missing is a discussion of empirical tests of the various theories.
Empirical research in finance is perhaps more extensive than theoretical,
and any adequate review would require a complete book itself. The
effects of market imperfections are also not treated. In the first place,
theoretical results in this area have not yet been fully developed. In
addition the predictions of the perfect market models seem to be sur-
prisingly robust despite the necessary simplifying assumptions. In any
case an understanding of the workings of perfect markets is obviously a
precursor to studying market imperfections.

The material in this book (together with journal supplements) is de-
signed for a full year’s study. Shorter courses can also be designed to suit
individual tastes and prerequisites. For example, the study of multiperiod
models could commence immediately after Chapter 4. Much of the mate-
rial on option pricing and contingent claims (except for parts of Chapter
18 on the term structure of interest rates) does not depend on the equili-
brium models and could be studied immediately after Chapter 3.

This book is a text and not a treatise. To avoid constant interruptions
and footnotes, outside references and other citations have been kept to a
minimum. An extended chapter-by-chapter bibliography is provided, and
my debt to the authors represented there should be obvious to anyone
familiar with the development of finance. It is my hope that any student
in the area also will come to learn of this indebtedness.

I am also indebted to many colleagues and students who have read, or
in some cases taught from, earlier drafts of this book. Their advice,
suggestions, and examples have all helped to improve this product, and
their continuing requests for the latest revision have encouraged me to
make it available in book form.

Jonathan Ingersoll, Jr.
New Haven
November 1986
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Often the parameter of the exponential utility function u(Z) =
—exp(—aZ).
The factor loading matrix in the linear model.

Often the parameter of the quadratic utility function u(Z2) = Z —
bZ*/2.

= Cov(z;, Z¥)/(Cov(z¥, Z¥). A measure of systematic risk for the
i™ asset with respect to the k'™ efficient portfolio. Also the
loading of the i'" asset on the k'" factor, the measure of systema-
tic risk in the factor model.

Consumption.

The expectation operator. Expectations are also often denoted
with an overbar

The base for natural logarithms and the exponential function. e =
2.71828.

A factor in the linear factor model.
The identity matrix.
As a subscript it usually denotes the ;™" asset.

A derived utility of wealth function in intertemporal portfolio
models.

As a subscript it usually denotes the j™ asset.

The call price on a callable contingent claim.

As a subscript or superscript it usually denotes the k™ investor.
Usually a Lagrangian expression.

As a subscript or superscript it usually denotes the market port-
folio.

The number of assets.
The cumulative normal distribution function.
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Glossary of Commonly Used Symbols

The standard normal density function.

Asymptotic order symbol. Function is of the same as or smaller
order than its argument.

Asymptotic order symbol. Function is of smaller order than its
agrument.

The supporting state price vector.

Usually denotes a probability.

The riskless return (the interest rate plus one).

The interest rate. r = R — 1.

In single-period models, the number of states. In intertemporal
models, the price of a share of stock.

As a subscript or superscript it usually denotes state s.

Some fixed time, often the maturity date of an asset.

Current time.

The tangency portfolio in the mean-variance portfolio problem.
A utility of consumption function.

A utility of return function.

A derived utility function.

The values of the assets.

Wealth.

W(S, t)The Black—Scholes call option pricing function on a stock with
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price S and time to maturity of t.

A vector of portfolio weights. w; is the fraction of wealth in the
‘th
i asset.

The exercise price for an option.

The state space tableau of payoffs. Y, is the payoff in state s on
asset i.

The state space tableau of returns. Z,; is the return in state s on
asset 1.

The return’ on portfolio w.

As a subscript it denotes the zero beta portfolio.

The random returns on the assets.

The expected returns on the assets.

A vector or matrix whose elements are 0.

A vector whose elements are 1.

As a vector inequality each element of the left-hand vector is
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greater than the corresponding element of the right-hand vector.
< is similarly defined.

As a vector inequality each element of the left-hand vector is
greater than or equal to the corresponding element of the right-
hand vector, and at least one element is strictly greater. = is
similarly defined.

As a vector inequality each element of the left-hand vector is
greater than or equal to the corresponding element of the right-
hand vector. = is similarly defined.

The expected, instantaneous rate of return on an asset.

= Cov(Z, Z,,). The beta of an asset.

Often the parameter of the power utility function u(Z) = Z¥/y.
A first difference.

The residual portion of an asset’s return.

A portfolio commitment of funds not nomalized.

A martingale pricing measure.

The j* column of the identity matrix.

The state price per unit probability; a martingale pricing measure.
Usually a Lagrange multiplier.

The factor risk premiums in the APT.

A portfolio of Arrow—Debreu securities. v, is the number of
state s securities held.

The vector of state probabilities.

A correlation coefficient.

The variance-covariance matrix of returns.

A standard deviation, usually of the return on an asset.
The time left until maturity of a contract.

Public information.

Private information of investor k.

An arbitrage portfolio commitment of funds T'w = 0).

A Gauss—Wiener process. dw is the increment to a Gauss—
Wiener process.
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Mathematical Introduction

DEFINITIONS AND NOTATION

Unless otherwise noted, all quantities represent real values. In this book
derivatives are often denoted in the usual fashion by ', ”, and so forth.
Higher-order derivatives are denoted by f for the n'" derivative. Partial

derivatives are often denoted by subscripts. For example,

R, y) = Rlx, ) = 2002
1)
Fulx. y) = Fo(x. ) = 25,

Closed intervals are denoted by brackets, open intervals by paren-
theses. For example,

x € [a, b] means all x such that g < x < b,

)

x € [a, b) means all x such that a < x < b,

The greatest and least values of a set are denoted by Max(:) and
Min(-), respectively. For example, if x > y, then

Min(x, y) = y and Max(x, y) = x. (3)

The relative importance of terms is denoted by the asymptotic order
symbols:
o)

f(x) = o(x") means lim —;
x—0 X

f) )

=0 foralle>0.

f(x) = O(x) means lirr(l) -

Dirac delta function

The Dirac delta function d(x) is defined by its properties:



2 Theory of Financial Decision Making
* 0,
d(x) = {w R )

f d(x)dx = 1 for any a > 0.

The delta function may be considered as the limit of a mean zero density
function as the dispersion goes to zero. For example, for the normal
density
pl
T 2 - 172 X
8(x) (]gr(l, (2no%) exp( Y ) (6)

In the limit all the probability mass is concentrated at the origin, but the

total mass is still unity.
The Dirac delta function is most often used in formal mathematical

manipulations. The following property is useful:
b
J 6(x - x”)f(x) dx = f(X()) lf a = Xg = b. (7)

Unit step function

The unit step function is the formal integral of the Dirac delta function
and is given by

1, x>0,
u@) = 14 x=0, ®)
0, x < 0.
Taylor Series
If f and all its derivatives exist in the region [x, x + A], then
fle+ 1) = () + SR + 370 + -+ Lo+ )

If f and all its derivatives up to order n exist in the region [x, x + h], then
it can be represented by a Taylor series with Lagrange remainder

f 4 B) = S0+ S+ s D

_1_ (n)g . x\ 1,0 (10)
+ O

where x* is in [x, x + h]. For a function of two or more arguments the
extension is obvious:

F(x + h,y + k) = F(x, y) + Fi(x, y)h + F>(x, y)k
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+ $Fi(x, y)R? + $Fo(x, y)k* + Fio(x, y)hk  (11)

1 a a n
+ +n!<hax +kay>f(x,y)+

Mean Value Theorem

The mean value theorem is simply the two-term form of the exact Taylor
series with Lagrange remainder:

fx + h) = f(x) + f'(x + ach)h (12)
for some « in [0, 1]. The mean value theorem is also often stated in
integral form. If f(x) is a continuous function in (a, b), then

b
J foydx = (b ~ a)f(x*) (13)

for some x* in (a, b).

Implicit Function Theorem

Consider all points (x, y) on the curve with F(x, y) = a. Along this curve
the derivative of y with respect to x is

ﬂ _ oF/3x

dx |p=,  OFY (14)
To see this, note that
oF oF
dF = —dx + —dy.
ax & Jdy dy

Setting dF = 0 and solving for dy/dx gives the desired result.

Differentiation of Integrals: Leibniz’s Rule

Let F(x) = [58)f(x, t)dr and assume that f and 3f/3x are continuous in ¢
in [A, B] and x in [a, b]. Then

F(x) = fol(x, 1) di + f(x, B)B'(x) — f(x, A)A'(x) (15)

for all x in [a, b]. If F(x) is defined by an improper integral (A = —« and/
or B = =), then Leibniz’s rule can be employed if | f2(x, £)] < M(¢) for all
x in [a, b] and all ¢ in [A, B], and the integral [M(¢)dt converges in
A, B}



