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Preface

This book deals with the finite element method (FEM) used for analysing the mechanics of
structures in the case of linear elasticity. The novelty of this book is that the finite elements
(FEs) are formulated on the basis of a class of theories of structures known as the Carrera
Unified Formulation (CUF).

The CUF provides one-dimensional (beam) and two-dimensional (plate and shell) theories
that go beyond classical theories (those of Euler, Kirchhoff, Reissner, Mindlin, Love) by
exploiting a condensed notation and by expressing the displacement fields over the cross-
section (the beam case) and along the thickness (plate and shell cases) in terms of base
functions whose forms and orders are arbitrary. The condensed notation leads to the so-called
Jundamental nucleus (FN) of all the FEM matrices and vectors involved. The fundamental
nuclei (FNs) and the related assembly technique are schematically shown in Table 1. The
FNs consist of a few mathematical statements whose forms are independent of the theory of
structures (TOS) employed. The FNs stem from the 3D elasticity equations via the principle
of virtual displacements (PVD) and can be easily obtained for the 3D, 2D and 1D cases. This
table will be reintroduced at the beginning of each chapter of this book that deals with 3D, 2D
and 1D models to highlight the relevant fundamental nucleus.

The 1D and 2D FEs that stem from the CUF have enhanced capabilities since they can
obtain results that are usually only provided by 3D elements with much lower computational
costs. The ID elements are particularly advantageous since they can deal with 2D and 3D
problems in a proper manner.

The 1D and 2D CUF models are described in various chapters of this book. Particular
attention has been paid to 1D and 2D FEs with only pure displacement degrees of freedom.
The displacement unknowns of such FEs are defined over the physical surfaces of the real 3D
body; this means that the definitions of mathematical reference axes (for beams) or reference
surfaces (for plates and shells) are not needed. This capability is extremely important in an
FEM/CAD coupling scenario. The modifications carried out in an FEM model can, in fact, be
implemented directly in a CAD model (and vice versa) since physical surfaces are taken into
account.

The concluding chapters of the book offer an overview of some of the most important
features of the CUF models. In particular, the following topics are emphasized: multifield
loads can be easily implemented; layered structures can be analysed; 1D, 2D and 3D models
can be combined straightforwardly; and the CUF can lead to a definition of the BTD to evaluate
the effectiveness of any structural theory. Numerical examples appear throughout the book on
classical and non-classical TOS problems.



Table 1 A schematic description of the CUF and the related fundamental nucleus of the stiffness
matrix for 3D, 2D and 1D models
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CUF leads to the automatic implementation of any theory of structures through 4 loops (i.e. 4 indexes):

« 7 and s deal with the functions that approximate the displacement field and its virtual variation along
the plate/shell thickness (F(z), F,(z)) or over the beam cross-section (F.(x, z), F,(x, 2)):
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This table shows the essential features of the CUE. The strong form of the equilibrium equations allows one to derive
a compact formulation for the fundamental nucleus. The nine elements of the FN can be written using only 2 terms.
In this table, k,, and k,, are reported. All the remaining terms can be derived by a permutation of the indexes. This
compact formulation is used to derive the 3D, 2D and 1D models in weak form.



Preface Xix

This book follows on from two recent books where the CUF was applied to shell, plate and
beam models: Plates and Shells for Smart Structures: Classical and Advanced Theories for
Modeling and Analysis (E. Carrera, S. Brischetto and P. Nali, John Wiley & Sons, Ltd, 2011)
deals with refined shell and plate models for smart structures; and Beam Structures: Classical
and Advanced Theories (E. Carrera, G. Giunta and M. Petrolo, John Wiley & Sons, Ltd, 2011)
deals with refined beam models. Analytical and FE formulations were introduced in both these
books.



Nomenclature and Acronyms

The main symbols and acronyms that are defined in the book are listed below. Unless otherwise
stated, the following definitions will be valid throughout the entire book.

Symbols

B, b Differential operator of the strain—displacements relations
B2, B3, B4 Beam elements with two, three and four nodes

C Hooke’s law stiffness matrix

Ci),C1p, Cyy, Cy3,Cr3,Cyy  Hooke's law stiffness coefficients
E  Young’s modulus

F_., F, Expansion functions

G Shear modulus

g Body forces per unit volume vector

8. 8,2 Body forces per unit volume components

H Metric factor

i,j Shape function indexes

k Layer index

K Stiffness matrix

k™’  Fundamental nucleus of the stiffness matrix

kol ke, ... ke’ Components of the stiffness matrix fundamental nucleus

L3, L4, L6,L9 Lagrange cross-section elements with three, four, six and nine nodes

L,, Work of the external forces
L;,, Work of the inertial forces
L., Work of internal forces

nt
M Number of terms in an expansion

M Mass matrix

m™¥ Mass matrix fundamental nucleus

my’, my’, ...,m-"  Components of the mass matrix fundamental nucleus
N Expansion order of F, F

n  Normal unit vector

N, Ny, N.,N, MITC4 interpolating shape functions for shear stresses

N;, N; Shape functions

N,, MITCY interpolating shape functions for membrane stresses
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Nomenclature and Acronyms

P,p Load vector
P, Py, P, Pointload components
p\ .p. Surface load components
qj gy.q. Line load components
R Radius of curvature
U,u Displacement vector
. Displacement components
u, Generalized displacement vector
u,; Nodal displacement vector
U.ii Acceleration vector
V. Volume
x,y,z Orthogonal Cartesian reference system
a, f,z Curvilinear coordinates
6 Virtual variation
€ Strain vector
£ e‘\.e .. Axial strain components
€. ys Eyzs Exzs Vays Vyzs ¥z Shear strain components
K Shear correction factor
v Poisson’s ratio
p Material density
c
o,

Uy, U

T

Ax

Xy

Stress vector

v Oyys 0, Axial stress components
yo» Ty Shear stress components
T,8 Expansnon function indexes

¢ Rotation

6\\ Oy 6\'17\1 T

Acronyms

1D/2D/3D  One-/Two-/Three-Dimensional
BC Boundary Condition

BS Beam Semimonocoque

BTD Best Theory Diagram

CAD Computer-Aided Design

CLT Classical Lamination Theory
CNT Carbon Nanotube

CPT Classical Plate Theory

CST Classical Shell Theory

CUF Carrera Unified Formulation
CW Component-Wise

DOF Degree of Freedom

EBBT Euler-Bernoulli Beam Theory
ESL Equivalent Single Layer

ESLM ESL Model

FE Finite Element

FEA Finite Element Analysis



Nomenclature and Acronyms

Xxiii

FEM Finite Element Method

FGM Functionally Graded Material

FN/FNs Fundamental Nucleus/Nuclei
FSDT  First-order Shear Deformation Theory
HOT Higher-Order Theory

IC Interlaminar Continuity

LE Lagrange Expansion

LFAT Love First Approximation Theory

LM Lagrange Multiplier

LSAT Love Second Approximation Theory
LW Layer-Wise

LWM LW Model

MAAA Mixed Axiomatic—Asymptotic Approach
MAC Modal Assurance Criterion

MCS Multi-Component Structures

MFP  Multifield Problem

MITC Mixed Interpolation of Tensorial Components
MLS Multilayered Structure

NRP Nanotube Reinforced Polymer
ODE/PDE  Ordinary/Partial Differential Equations
PL Poisson Locking

PS Pure Semimonocoque

PVD Principle of Virtual Displacements
PVW Principle of Virtual Work

RMVT Reissner Mixed Variational Theorem
SDT  Shear Deformation Theory

TBT Timoshenko Beam Theory

TE Taylor Expansion

TL Thickness Locking

TOS Theory of Structures

WRM  Weight Residual Method

Z7 Zigzag



Contents

About the Authors xiii
Preface Xvii
Nomenclature and Acronyms xxi
1 Introduction 1
1.1 What is in this Book 1
The Finite Element Method 2
1.2.1 Approximation of the Domain 2
1.2.2 The Numerical Approximation 4
1.3 Calculation of the Area of a Surface with a Complex Geometry via the FEM 5
1.4 Elasticity of a Bar 6
1.5 Stiffness Matrix of a Single Bar 8
1.6 Stiffness Matrix of a Bar via the PVD 12
1.7 Truss Structures and Their Automatic Calculation by Means of the FEM 15
1.8 Example of a Truss Structure 19
1.8.1 Element Matrices in the Local Reference System 20
1.8.2 Element Matrices in the Global Reference System 20
1.8.3 Global Structure Stiffness Matrix Assembly 21
1.8.4 Application of Boundary Conditions and the Numerical Solution 22
1.9 Outline of the Book Contents 24
References 26
2 Fundamental Equations of 3D Elasticity 27
2.1 Equilibrium Conditions 27
2.2 Geometrical Relations 29
2.3 Hooke’s Law 30
24 Displacement Formulation 31
Further Reading 33

3 From 3D Problems to 2D and 1D Problems: Theories for Beams,
Plates and Shells 35
3.1 Typical Structures 36
3.1.1 Three-Dimensional Structures (Solids) 36



vi

Contents

6.1
6.2

6.3
6.4

6.5

3.1.2 Two-Dimensional Structures (Plates, Shells and Membranes)
3.1.3 One-Dimensional Structures (Beams and Bars)

Axiomatic Method

3.2.1 Two-Dimensional Case

3.2.2 One-Dimensional Case

Asymptotic Method

Further Reading

Typical FE Governing Equations and Procedures
Static Response Analysis

Free Vibration Analysis

Dynamic Response Analysis

References

Introduction to the Unified Formulation

Stiffness Matrix of a Bar and the Related FN

Case of a Bar Element with Internal Nodes

3.2.1 The Case of Bar with Three Nodes

522 The Case of an Arbitrary Defined Number of Nodes

Combination of the FEM and the Theory of Structure Approximations:

A Four-Index FN and the CUF

53.1 FN for a 1D Element with a Variable Axial Displacement
over the Cross-section

5.3.2 FN for a 1D Structure with a Complete Displacement Field: The
Case of a Refined Beam Model

CUF Assembly Technique

CUF as a Unique Approach for 1D, 2D and 3D Structures

Literature Review of the CUF

References

The Displacement Approach via the PVD and FN for 1D, 2D
and 3D Elements

Strong Form of the Equilibrium Equations via the PVD
6.1.1 The Two Fundamental Terms of the FN
Weak Form of the Solid Model Using the PVD

Weak Form of a Solid Element Using Index Notation
FN for 1D, 2D and 3D Problems in Unique Form

6.4.1 Three-Dimensional Models

6.4.2 Two-Dimensional Models

6.4.3 One-Dimensional Models

CUF at a Glance

6.5.1 Choice of N;,N;,F. and F

References

36
37
37
38
41
43
44

45
45
46
47
49

51
51
53
54
58

59

59

61
62
63
65
67

71
71
75
76
79
80
81
82
83
84
84
86



Contents vii
7 Three-Dimensional FEM Formulation (Solid Elements) 87
7.1 An Eight-Node Element Using Classical Matrix Notation 87
7.1.1 Stiffness Matrix 89
7.1.2 Load Vector 90
7.2 Derivation of the Stiffness Matrix Using the Index Notation 91
721 Governing Equations 92
7.2.2 FE Approximation in the CUF 92
7.2.3 Stiffness Matrix 93
7.2.4 Mass Matrix 95
7.2.5 Loading Vector 96
7.3 Three-Dimensional Numerical Integration 97
7.3.1 Three-Dimensional Gauss—Legendre Quadrature 97
7.3.2 Isoparametric Formulation 98
7.3.3 Reduced Integration: Shear Locking Correction 99
7.4  Shape Functions 103
References 103
8 One-Dimensional Models with Nth-Order Displacement Field,
the Taylor Expansion Class 105
8.1 Classical Models and the Complete Linear Expansion Case 107
8.1.1 The Euler—Bernoulli Beam Model 107
8.1.2 The Timoshenko Beam Theory (TBT) 108
8.1.3 The Complete Linear Expansion Case 112
8.14 A Finite Element Based on N =1 113
8.2 EBBT, TBT and N = 1 in Unified Form 114
82.1 Unified Formulation of N =1 115
8.2.2 EBBT and TBT as Particular Cases of N = 1 117
8.3 CUF for Higher-Order Models 118
8.3.1 N=3and N=4 120
83.2 Nth-Order 121
8.4  Governing Equations, FE Formulation and the FN 122
8.4.1 Governing Equations 123
84.2 FE Formulation 124
84.3 Stiffness Matrix 126
8.4.4 Mass Matrix 129
84.5 Loading Vector 130
8.5 Locking Phenomena 131
8.5.1 Poisson Locking and its Correction 132
85.2 Shear Locking 135
8.6 Numerical Applications 136
8.6.1 Structural Analysis of a Thin-Walled Cylinder 137
8.6.2 Dynamic Response of Compact and Thin-Walled Structures 141
References 147



viii

Contents

9.1
9.2

94
9.5

9.6

10

10.1

10.2

10.3

10.4

10.5

10.6

One-Dimensional Models with a Physical Volume/Surface-Based
Geometry and Pure Displacement Variables, the Lagrange
Expansion Class

Physical Volume/Surface Approach

Lagrange Polynomials and Isoparametric Formulation

9.2.1 Lagrange Polynomials

9.2.2 Isoparametric Formulation

LE Displacement Fields and Cross-section Elements

9.3.1 FE Formulation and FN

Cross-section Multi-elements and Locally Refined Models
Numerical Examples

9.5.1 Mesh Refinement and Convergence Analysis

9.5.2 Considerations on PL

9.5.3 Thin-Walled Structures and Open Cross-Sections
9.54 Solid-like Geometrical BCs

The Component-Wise Approach for Aerospace and Civil
Engineering Applications

9.6.1 CW Approach for Aeronautical Structures

9.6.2 CW Approach for Civil Engineering

References

Two-Dimensional Plate Models with Nth-Order Displacement Field,
the Taylor Expansion Class

Classical Models and the Complete Linear Expansion
10.1.1  Classical Plate Theory

10.1.2  First-Order Shear Deformation Theory
10.1.3  The Complete Linear Expansion Case
10.1.4  An FE Based on N =1

CPT, FSDT and N = 1 Model in Unified Form
10.2.1  Unified Formulation of the N = 1 Model
10.2.2  CPT and FSDT as Particular Cases of N = 1
CUF of Nth Order

10.3.1 N=3and N =4

Governing Equations, the FE Formulation and the FN
10.4.1  Governing Equations

10.4.2  FE Formulation

10.4.3  Stiffness Matrix

10.4.4  Mass Matrix

10.4.5  Loading Vector

10.4.6  Numerical Integration

Locking Phenomena

10.5.1  Poisson Locking and its Correction

10.5.2  Shear Locking and its Correction
Numerical Applications

References

149
151
153
153
156
159
162
165
170
170
171
173
181

187
189
197
200

201
201
202
205
207
207
210
210
212
212
214
215
215
217
217
219
219
220
221
221
223
227
229



