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Adventures in Group Theory



In mathematics you don’t understand things.
You just get used to them.
—Johann von Neumann



Preface

This book grew out of a combined fascination with games and mathematics,
from a desire to marry ‘play’ with ‘work’ in a sense. It pursues playing with
mathematics and working with games. In particular, abstract algebra is devel-
oped and used to study certain toys and games from a mathematical modeling
perspective. All the abstract algebra needed to understand the mathematics be-
hind the Rubik’s Cube, Lights Out, and many other games is developed here.
If you believe in the quote by von Neumann on a previous page, I hope you will
enjoy getting used to the mathematics developed here.

Why is it that these games, developed for amusement by non-mathematicians,
can be described so well using mathematics? To some extent, I believe it is be-
cause many aspects of our experience are universal, crossing cultural boundaries.
One can view the games considered in this book, the Rubik’s Cube, Lights Out,
etc., to be universal in this sense. Mathematics provides a collection of univer-
sal analytical methods, which is, I believe, why it works so well to model these
games.

This book began as some lecture notes designed to teach discrete mathemat-
ics and group theory to students who, though certainly capable of learning the
material, had more immediate pressures in their lives than the long-term disci-
pline required to struggle with the abstract concepts involved. My strategy, to
tempt them with something irresistible such as the Rubik’s Cube, worked and
students loved it. Based on my correspondence, my students were not the only
ones to enjoy the notes, which have been expanded considerably. I've tried to
write the book to be interesting to people with a wider variety of backgrounds,
but at the same time I've tried to make it useful as a reference.

This book was truly a labor of love in the sense that I enjoyed every minute
of it. I hope the reader derives some fun from it too.

I've tried to ensure no mistakes remain. However, if you find any, I'd appre-
ciate hearing about them so they can be fixed in a possible future edition. My
e-mail is wdjoyner@gmail.com.

To continue the universal theme mentioned above, half the royalties from this
book will go directly to support SAGE (http://www.sagemath.org/), a free and
open-source computer algebra system. SAGE installs on all major platforms
(Linux, MacOS and Windows) but is also available for use free over the Internet
via a web browser, such as Firefox. The other half of the royalties from this book
will go directly to the Earth Island Institute, a nonprofit organization dedicated
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PREFACE

to environmental projects all over the world; see http://www.earthisland.org/.
To paraphrase David Brower (1912-2000), the founder of EII, there is but one
ocean, one atmosphere, one Earth, and there are no replacements.

Preface to the Second Edition

I've been very gratified by the reception of the first edition and flattered by the
many kind e-mails from puzzle enthusiasts and mathematicians who enjoyed the
first book. Based on their suggestions, 1 believe that the time has come for a new
edition of the book. Based on popular demand, I have now included material
of a more interactive nature, where SAGE, a free computer algebra software
system, is used to illustrate ideas. I have also taken the opportunity to update
and correct all the first edition’s typographical, historical, and mathematical
errors I'm aware of. I trust that those who read the first edition will welcome
the new version—based as it is on the feedback that I've received. I hope that
those new to the book will enjoy reading it as much as I've enjoyed writing it.
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Where to begin. ..

Speaking personally, T am always fascinated to discover that one topic is con-
nected in a surprising way with another completely different topic. The Rubik’s
C'ube, a mechanical toy that has a reasonably efficient solution using pure math-
cmatics (and no ‘strategy’), is a case in point. It’s difficult to know where to
begin to explain this connection: as Wodehouse’s character Bertie Wooster said,
‘T don’t know if you have the same experience, but the snag I come up against
when I'm telling a story is the dashed difficult problem of where to begin it’.
Let’s begin with Rubik himself.

Erno Rubik was born in the air-raid shelter of a Budapest hospital during
World War II. His mother was a published poet, his father an aircraft engineer
who started a company to build gliders. Rubik himself, far from being a math-
ematician, studied architecture and design at the Academy of Applied Arts and
Design, remaining there as a professor, teaching interior design. In the mid-
1970’s, he patented a cube-shaped mechanical puzzle that has since captured
the imagination of millions of people worldwide. The Rubik’s Cube was born.
By 1982, ‘Rubik’s Cube’ was a household term, and became part of the Oxford
English Dictionary. More than 100 million cubes have been sold worldwide.

About 150 years earlier, in the late 1820’s and early 1830’s, a French teenager
named Evariste Galois developed a new branch of mathematics: group theory
was born-from his attempts to understand the solvability of polynomial equa-
tions. In high school, students learn that

. —b+ Vb? — dac
- 2a

are the roots of the quadratic equation az? + bz + ¢ = 0. There are similar
but more complicated formulas for the cubic and quartic polynomials discov-
cred during the Middle Ages (see, for example, [JKT] for more details). His
work on group theory was motivated by what was perhaps the main unsolved
mathematical problem of the day: does there exist an analogous algebraic for-
mula involving radicals only in the coefficients for an equation of fifth degree or
higher? This problem had remained unsolved for centuries despite the efforts of
the best and brightest mathematical minds. Galois’ ideas succeeded where oth-
ers had failed (although one must give credit to Ruffini and Abel here as well).
Like Rubik. Galois’ life story is also interesting (see, for example, Calinger [Ca]
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WHERE TO BEGIN. ..

and the article by Rothman [Ro]) and we shall read more of him later in this
book.

Groups measure symmetry. (Galois, for example, studied the ‘symmetry
group’ of the roots of a polynomial, now called Galois groups.) As the math-
ematician Hermann Weyl said in his wonderful book [We], symmetry is ‘one
idea by which man has tried throughout the ages to comprehend and create
order, beauty, and perfection’. Groups play a key role in the study of roots
of polynomials, crystallography, elementary particle physics, campanology (or
‘bell-ringing’; see chapter 3 below), cryptography, and the Rubik’s Cube, among
others. Surprisingly enough, it turns out that it is possible to use group the-
ory (and only the ‘group-theoretical definition’ of the cube—no knowledge of
strategy or special moves) to solve the Rubik’s Cube (see §10.2 below).

This book will develop the basics of group theory and create group-theoretical
models of Rubik’s Cube-like puzzles. On the practical side, I also discuss the
solution strategy for the Rubik’s Cube in some detail. (For those wanting to see
a solution strategy now, see section 15.1.) Some solution strategies are briefly
discussed for similar puzzles (the ‘15 Puzzle’, the ‘Rubik tetrahedron’ or Pyra-
minx, the ‘Rubik dodecahedron’ or Megaminx, the Skewb, the ‘Hockeypuck’,
and the ‘Masterball’) as well.

The important point to remember, though, is that group theory is a powerful
tool with many real-world applications. Solving puzzles happens to be just
one of them. Because of our Rubik’s Cube focus, the approach in this book is
different from some texts:

(a) there are a lot of non-standard, though relatively elementary, group theory
topics;

(b) I emphasize permutation groups via examples over general theory (such
as Sylow theory);

(¢) I present some of the basic notions algorithmically (as in [Bu]); and

(d) T include material which is interesting, from both the mathematical and
puzzlist’s perspective, while keeping the level as low as possible for as long
as possible.

Moreover, most group theory texts prove everything. Here a lot of statements
are proven; sometimes only a hint or sketch is provided, and the proof is left
to the interested reader; other statements are supported only by an example.
When a proof is not provided, a reference for a proof in the literature is given.
To keep things as clear as possible, the start of a proof is denoted Proof: and
the end by (0. I've used the number system where a result or example in section
a.b has a labeling of the form a.b.c.

Chapters 1, 2 and 3 give some basic mathematical background. Chapter 4
introduces some of the puzzles and some notation we use for them. Except
for the chapter on solutions, chapter 15, the remaining chapters discuss these
puzzles using group theory, graph theory, linear algebra, or automata (finite
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WHERE TO BEGIN. ..

state machines) theory. While the earlier chapters can probably be followed by
a good high school student, chapters 12 and 14 are relatively advanced. They
are, in my opinion, the most interesting, and illustrate some remarkable ways
in which the Rubik’s Cube is connected with other branches of mathematics,
which is a continuing source of my fascination with the subject.

The last chapter, chapter 16, gives some indications of directions which weren’t
pursued and the present state of our, or at least my own, ignorance in this area.
As it only gives some of the problems and questions that I don’t have the answer
to, it is not intended to be complete!

A note to teachers: Based on my experience teaching at the U.S. Naval
Academy, a reasonable semester course based on this book could aim for the
First Fundamental Theorem of Cube Theory, in chapter 9, with lots of time for
‘side trips’ and other material. It is possible to cover the Second Fundamental
Theorem of Cube Theory, in chapter 11, in one semester but it is a race against
time. For example, chapter 6 on ‘Merlin’s Machine’, or any uncovered sections,
might be used for some very interesting term projects.

A word about SAGE: New in this edition are numerous examples which use
SAGE, a free and open-source computer algebra system. At the SAGE website
(www.sagemath.org) there is ample documentation (a reference manual, tuto-
rial, e-mail support lists, and so on) but it is worth taking some time here to
explain how SAGE is used in this book. First, you don’t have to know or care
about SAGE to read the book. You may ignore the SAGE boxes if you wish.
On the other hand, if you are fairly comfortable with computer software, the
examples are added to help you relate to the constructions in a more interactive
manner. There are two commonly used interfaces to SAGE: one is the command
line (you type in a command and hit Enter to see the output) and the other
is the graphical “notebook” interface (you type a command into a “cell” and
hit shift-Enter for the output). Since I prefer the command line, most exam-
ples are described that way. To keep publication costs down, SAGE plots and
graphics are reproduced in greyscale in this book, though of course in SAGE
they are in color.
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Chapter 1

Elementary, my dear
Watson

If logic is the hygiene of the mathematician, it is not his source of food;
the great problems furnish the daily bread on which he thrives.

André Weil, ‘The future of mathematics’, American Mathematical
Monthly, May 1950

Think of a scrambled Rubik’s Cube as a car you want to fix on your own.
You not only need some tools but you need to know how to use them. This
chapter, among others, provides you with some of the tools needed to get the
job done. As one of our goals is to discuss the mathematics of the Rubik’s Cube,
and other games. we start with some fundamentals. The basic purpose of this
chapter is to introduce standard set theory notation and some basic notions of
mathematical logic.

Logic and set theory are as basic to mathematics as light is to the ‘real world’.
The background presented here hopefully will make some of the terminology and
notation introduced later a little easier to follow for those who either haven’t
scen or may have forgotten the mathematical notation. In any case, this is not
intended to be a ‘serious’ introduction to mathematical logic nor to set theory.

1.1  You have a logical mind if...

The sentence in the section title, intended to be somewhat whimsical, will be
finished later in this section!

A statement is an assertion which is either true or false. (Of course we assume
that this admittedly circular ‘definition’ is itself a statement.) Sometimes the
truth or falsity of a statement is called its Boolean value. One can combine
several statements into a single statement using the connectives ‘and’ A, ‘or’
V. and ‘implies’ =. The Boolean value of a statement is changed using the
‘negation” ~. We shall also use ‘if and only if’ <= and "exclusive or’ _V (this



1.1. YOU HAVE A LOGICAL MIND IF...

is defined in the table below). but these can be defined in terms of negation ~
and the other three connectives (V, A, and =).

Example 1.1.1. Today is Monday if and only if today is the day before Tuesday.
An example of ‘exclusive or’: Either today is Monday or today is not Monday
(but not both).

Ponderable 1.1.1. Express _V and <= in terms of ~, V. A, and =.

Solution: The statement p <= ¢ is the same as (p = ¢) A (¢ = p), and p_Vgq
is the same as ~ (p < ¢). O

LOGIC, n. The art of thinking and reasoning in strict accordance with
the limitations and incapacities of the human misunderstanding. The
basic of logic is the syllogism. consisting of a major and a minor premise
and a conclusion— thus:

Major Premise: Sixty men can do a piece of work sixty times as quickly
as one mau.

Minor Premise: One man can dig a posthole in sixty seconds; therefore-—

Conclusion: Sixty men can dig a posthole in one second.
Ambrose Bierce, The Devil’s Dictionary

Notation: Let p and q be statements.

Statement Notation Terminology

p and q pAQ ‘conjunction’

p or q pVq ‘disjunction’

p implies g P=q ‘conditional’

~q implies ~p ~q = ~p | ‘contrapositive’ of p = ¢
negate p ~p ‘negation’

p if and only if q p < q ‘if and only if’
either p or ¢ (not both) p _Vq ‘exclusive or’

The contrapositive is part of any ‘proof by contradiction’, or ‘reductio ad
absurdum’, argument.

Truth tables: Given the Boolean values of the statements p. g, we can de-
termine the values of the statements pAg. pVq, p=q, p <= q, p_ Aq using
the following truth tables:

p q | pAq p q|lpVqg
T T T T|T T
T|F F T | F T
F|T F FI|T T
F|F F F|F F




1.1. YOU HAVE A LOGICAL MIND IF...

pP|la|p=>4q P|q|p << (q
T | T T T|T T
T|F F T|F F
F|T T F|T F
F|F T F|F T

Example 1.1.2. The connectives “and” and “or” are already part of Python
(which SAGE is built on):

SAGE
sage: True and True
True
sage: True and False
False
sage: False and True
False
sage: False and False
False

You can see how these Boolean values agree with those in the truth table for A
above. As an ezercise, you can replace and by or and check the truth table above
for V.

Here’s a way to implement “implies” as a function in SAGE:

SAGE

sage: def implies(p,q): return not(p and not (q))
sage: implies(True, True)

True

sage: implies(True,False)
False

sage: implies(False, True)
True

sage: implies(False, False)
True

You can see how these Boolean values agree with those in the truth table for
= above. As an ezercise, you can try to implement <= im Python and use
it to check the truth table above for <= .

Note that <= is analogous to the = sign.
For example, let p be the statement ‘I am a millionaire’ and q the statement
‘I will buy my wife a brand new car.” I claim that ‘if p then ¢’ is true. If I were
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