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Preface

For a few hundred years theoretical physics has been developed on the basis of
real and, later, complex numbers. This mathematical model of physical reality
survived even in the process of the transition from classical to quantum physics —
complex numbers became more important than real, but not essentially more
so than in the Fourier analysis which was already being used, e.g., in classi-
cal electrodynamics and acoustics. However, in the last 20 years the field of
p-adic numbers Q, (as well as its algebraic extensions, including the field
of complex p-adic numbers C,) has been intensively used in theoretical and
mathematical physics (see [1]-[3], [10]-[15], [24], [35], [38], [43], [44], [55],
[64], [65], [771-[791, [89], [94], [115]-[122], [123], [124], [133], [157],
[158], [174], [198], [241]-[246] and the references therein). Thus, notwith-
standing the fact that p-adic numbers were only discovered by K. Hensel
around the end of the nineteenth century, the theory of p-adic numbers
has already penetrated intensively into several areas of mathematics and its
applications.

The starting point of applications of p-adic numbers to theoretical physics
was an attempt to solve one of the most exciting problems of modern physics,
namely, to combine consistently quantum mechanics and gravity, thus to create
atheory of quantum gravity. In spite of the considerable success of some models,
there is still no satisfactory general theory. In the physical literature one could
even find discussions that one should not exclude the possibility that either
quantum mechanics or gravitation theory is wrong, and radical new ideas are
needed to solve the problems of quantum gravity. Physical models with p-adic
space appeared as an attempt to provide a less radical approach to such problems
(see [39], [40], [41], [77], [79]). The main idea behind p-adic theoretic physics
(atleast in the first period of its development) was that troubles with consistency
of quantum mechanics and gravity are induced by the use of an infinitely

Xi



xii Preface

divisible real continuum as the basic mathematical model of the underlying
physical space-time. One should then look for new mathematical models of
space-time and of structures defined on it. The fields of p-adic numbers provide
an excellent new possibility. In the literature on applications of p-adic numbers
in physics numerous arguments have been put forward in favor of the use of
p-adic numbers. For example, in cosmology and string theory, speculations
have been formulated according to which space-time at the so-called Planck
scale (of the order of 10~23 cm) should be disordered and the Archimedean
axiom might be violated for measurements which would be performed on such
scales (see [115], [116], [245], [246]). Since the fields of p-adic numbers are
disordered as well as non-Archimedean it seems appropriate to exploit such
fields in this sense. We also mention the following argument [116], [241].
If one starts with the field of rational numbers' Q and wants to obtain a
complete field with K valuation (“absolute value”), then, as a consequence of
the famous Ostrovsky theorem (Theorem 1.3.2 in Chapter 1), there are only
two possibilities for K: either K is the field of real numbers or K is one of the
fields of p-adic numbers Q,,.

p-adic based models can be considered as having given an important new
contribution to string theory, gravity and cosmology. However, the most impor-
tant consequence of this p-adic physical activity was that it induced a kind
of “Carnot cycle”: physics — mathematics — physics... Physical applications
induce developments of new mathematical theories which in their turn induce
new physical applications (which in their turn induce new mathematical the-
ories and so on). p-adic string theory, gravity and cosmology stimulated
development, and new applications of p-adic Fourier analysis, the theory
of p-adic distributions and pseudo-differential equations, the theory of self-
adjoint operators in £?(Q,), as well as, e.g., the theory of stochastic differ-
ential equations over the field of p-adic numbers, Feynman path integration
over p-adics, the theory of p-adic valued probabilities and dynamical sys-
tems (see, e.g., the monographs [36], [115], [130], [157], [162], [241] and
the papers [11], [13], [32]-[34], [129]-[130], [249]-[251]). In their turn these
mathematical theories provide new possibilities for physical applications of
p-adic mathematics — e.g. in the theory of disordered systems (spin glasses)
([43],[44], [162], [164], [199]). Applications were, however, not only restricted
to physics. There were also proposed p-adic models in psychology, cognitive
and social sciences, and, e.g., in biology, image analysis (see, e.g., [116], [117]).

! We recall that in all real physical experiments measurements have only a finite precision.
Therefore the result of any measurement is always a rational number, see [241], [116] for
discussions.
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Those new applications stimulated the development of new branches of p-adic
analysis, in particular, the theory of p-adic wavelets ([21], [131], [132], [142],
[143], [144], [146], [147], [148], [162], [163], [164], [165], [225]). The latter
theory provides new possibilities for the study of p-adic pseudo-differential
equations, surprisingly not only linear but also nonlinear ones ([23], [143],
[162], [166]). The wavelet theory also gives a proper technique to solve the p-
adic Schrodinger equation with point interactions ([31], [169]). And again the
possibility to obtain wavelet-like solutions of the p-adic Schrodinger equation
implied interesting physical consequences [133].

Further applications demonstrated that one should consider more general
non-Archimedean models (e.g., for spin glasses, psychology, neurophysiol-
ogy) and develop a corresponding analysis on general ultrametric spaces
([131], [132], [135]-[138], [162]).

Of course, one should never forget that mathematics has its own self-
stimulating forces in the development of new concepts and formalisms. Con-
cerning p-adic analysis we should mention the development of harmonic anal-
ysis on general locally compact groups as well as its applications inside math-
ematics ([203], [105]). However, many problems are intrinsically of a p-adic
nature and they could not be formulated or even if formulated they could not be
studied in such details without the p-adic framework. We remark that a part of p-
adic analysis was also developed intensively without reference to physics; see,
e.g., Gouvéa [98], Katok [112], Koblitz [152], Robert [204], Schikhof [214],
Taibleson [230]. Nevertheless, many fundamental developments in p-adic anal-
ysis, such as [115]-[118], [157], [241], were indeed stimulated by physics and
other applications.

When one speaks about p-adic analysis and applications, one should always
mention which kind of p-adic model is under consideration. There are two
main frameworks: either concerned with the relevant maps going from Q, into
C, where C is the field of complex numbers, or from Q, into Q,. The first stage
of development of p-adic mathematical physics for the model with C-valued
maps as well as the corresponding analysis was presented in the excellent
book by Vladimirov, Vololvich, and Zelenov [241] which became like a kind
of “Bible” for physicists using p-adic models as well as for mathematicians
looking for new problems connected with p-adics. Let us also mention the
book by Kochubei [157], which is also basically concerned with applications,
especially covering probabilistic aspects. Physical, cognitive and psychological
models using Q,-valued maps as well as the corresponding analysis were
presented in a series of monographs by one of the authors of this book [115]-
[117]. The latter models are more extensively represented (at the book level)
than the models based on maps from Q,, into C.
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We think the time has come to present the new mathematical theories which
were developed in connection with p-adic mathematical physics in a mono-
graph which would, on the one hand, update the book [241] by presenting and
using new recent results and, on the other hand, open new possibilities for the
development of p-adic analysis for maps from Q,, into C. Our book should
serve for such a purpose. In this book a wide-ranging survey of many important
topics in p-adic analysis is presented. Moreover, it also gives a self-contained
presentation of p-adic analysis itself.

The main attention is given to the development of p-adic distribution the-
ory, including nonlinear models, Fourier and wavelet analysis, the theory of
pseudo-differential operators and equations, Tauberian theorems, and asymp-
totic methods.

The book consists of fourteen chapters and four appendixes. Every chapter
begins with a brief summary of its contents and a brief survey of related results.
Chapters 1-5 cover standard material to introduce the reader to the theory of
p-adic numbers, p-adic functions and p-adic distributions. These chapters are
based first of all on the books by Vladimirov, Vololvich, Zelenov [241], Taible-
son [230], and Katok [112], as well as on those by Koblitz [152], Gouvéa [98],
Robert [204], and Schikhof [214]. The next nine chapters are more advanced
and are based on the authors’ original results (see References). These chap-
ters represent new developments in p-adic harmonic analysis, in the p-adic
theory of generalized functions, in the p-adic theory of wavelets, and in p-
adic pseudo-differential operators and equations. In each chapter we compare
p-adic results with the corresponding results in the real case.

In Chapter 6, we develop the theory of p-adic associated homogeneous dis-
tributions and quasi associated homogeneous distributions. The results of this
chapter are closely connected with the theory of real quasi associated homoge-
neous distributions, which is presented in Appendix A and gives the solution of
an important problem. In Chapter 7, we introduce the p-adic Lizorkin spaces
of test functions and distributions and study their properties. These spaces are
invariant under pseudo-differential operators (in particular, fractional opera-
tors), and, consequently, they provide “natural” domains of definition for them
(see Chapters 9, 10). We would like to recall that in the real case this type of
space was introduced by P. I. Lizorkin [180]-[182]. In the real setting such
spaces play a key role in some problems related to fractional operators and
are used in applications [210], [211], [206]. In Chapter 8, we develop a p-
adic wavelet theory, as well as a p-adic multiresolution analysis and construct
wavelet bases. The wavelet theory plays a key role in applications of p-adic
analysis and gives a new powerful technique for solving p-adic problems (see
Chapters 9-11). In Chapter 9 one class of multidimensional pseudo-differential
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operators is studied. This class includes fractional operators. In this chapter
the spectral theory of pseudo-differential operators is developed. We derive
a criterion for multidimensional p-adic pseudo-differential operators to have
multidimensional wavelets (constructed in Chapter 8) and characteristic func-
tions of balls as eigenfunctions. In particular, the multidimensional wavelets
are eigenfunctions of the Taibleson fractional operator. In Chapter 10, linear
and nonlinear p-adic evolutionary pseudo-differential equations are studied.
To solve the Cauchy problems we develop the “variable separation method”
which is an analog of the classical Fourier method. This method is based on the
fact that the wavelets constructed in Chapter 8 are eigenfunctions of pseudo-
differential operators constructed in Chapter 9. In Chapter 11 we continue
the investigation of p-adic Schrodinger-type operators with point interactions
started by A. N. Kochubei [156], and study D* + Vy, where D% (a > 0) is
the operator of fractional differentiation (which was studied in Chapter 9)
and Vy is a singular potential containing the Dirac delta functions. In Chap-
ter 12, we extend the notion of regular variation introduced by J. Karamata
to the p-adic case and prove multidimensional Tauberian type theorems for
distributions. In Chapter 13, we study the asymptotic behavior of p-adic sin-
gular Fourier integrals. All constructed asymptotic formulas have the stabi-
lization property (in contrast to the asymptotic formulas in the real setting).
Theorems which give asymptotic expansions of singular Fourier integrals are
related with the Abelian type theorems which were proved in Chapter 12.
In Chapter 14, we develop the nonlinear theory of distributions (generalized
functions). We construct the algebraic technique which allows us to solve both
linear and nonlinear singular problems of the p-adic analysis related with the
theory of distributions. Notwithstanding the fact that the real case problems
related with the multiplication of distributions were studied in many books and
papers (see [57], [66], [68], [86], [97], [108], [176]-[179], [194]-[197], [218]-
[222]), p-adic analogs of above mentioned problems have not been studied
so far.

In our opinion, our book could serve as a basic course on p-adics and its
applications, as well as for graduate courses such as: “the theory of p-adic
" 13 ?” 6,

distributions”, “p-adic harmonic analysis”, “the theory of p-adic wavelets”,
“the theory of p-adic pseudo-differential operators”.

This research was supported in part by the grant of Vaxjo University: “Math-
ematical Modelling”. The first and the third authors (S. A. and V. S.) were also
supported in part by DFG Project 436 RUS 113/809 and DFG Project 436 RUS
113/951. The third author (V. S.) was also supported in part by Grants 05-01-
04002-NNIOa and 09-01-00162 of Russian Foundation for Basic Research.
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1

p-adic numbers

1.1. Introduction

In this chapter some basic facts on the field of p-adic numbers Q,, are presented.
Here we follow some sections from the books [47], [96], [98], [152], [241],
and especially from the textbook [112]. Section 1.9.3 follows [254] and [241,
1.6.]. Section 1.9.4 is based on [163] and [162, 2.4.].

1.2. Archimedean and non-Archimedean normed fields

Denote by N, Q, Z, R, R, C the sets of positive integers, rational num-
bers, integers, real numbers, nonnegative real numbers and complex numbers,
respectively, and set Ng = O U N.

Definition 1.1. Let X be a nonempty set. A distance or metric on X is a map
d: X x X — R, such that for all x, y, z € X we have

(dx,y) =0 x=y;

(2)d(x,y) =d(y, x);

(3)d(x,y) <d(x,z)+d(z,y) (triangle inequality).

A set together with a metric is called a metric space.

A metric d is called non-Archimedean (or ultra-metric) if it satisfies the
additional condition

(3) d(x,y) < max(d(x,z),d(z,y)) (strong triangle inequality).

The corresponding metric space is called an ultrametric space.

Since max(d(x, z), d(z, y)) does not exceed the sum d(x, z) + d(z, y), con-
dition (3'), the strong triangle inequality, implies condition (3), the triangle
inequality.

The same set X can give rise to many different metric spaces (X, d).
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