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Algorithmic Aspects of Graph Connectivity

Algorithmic Aspects of Graph Connectivity is the first book that thoroughly discusses
graph connectivity, a central notion in graph and network theory, emphasizing its al-
gorithmic aspects. This book contains various definitions of connectivity, including
edge-connectivity, vertex-connectivity, and their ramifications, as well as related top-
ics such as flows and cuts. With wide applications in the fields of communication,
transportation, and production, graph connectivity has made tremendous algorithmic
progress under the influence of theory of complexity and algorithms in modern com-
puter science. New concepts and graph theory algorithms that provide quicker and
more efficient computing, such as MA (maximum adjacency) ordering of vertices, are
comprehensively discussed.

Covering both basic definitions and advanced topics, this book can be used as a
textbook in graduate courses of mathematical sciences (such as discrete mathematics,
combinatorics, and operations research) in addition to being an important reference
book for all specialists working in discrete mathematics and its applications.

Hiroshi Nagamochi is a professor at the Graduate School of Informatics, Kyoto Univer-
sity. He is a member of the Operations Research Society of Japan and the Information
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Toshihide Ibaraki is a professor with Kwansei Gakuin University and professor emer-
itus of Kyoto University. He is a Fellow of the ACM; Operations Research Society of
Japan; the Institute of Electronic, Information and Communication Engineers; and the
Information Processing Society.
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Preface

Because the concept of a graph was introduced to represent how objects are
connected, it is not surprising that connectivity has been a central notion in graph
theory since its birth in the 18th century. Various definitions of connectivities
have been proposed, for example, edge-connectivity, vertex-connectivity, and their
ramifications. Closely related to connectivity are flows and cuts in graphs, where
the cut may be regarded as a dual concept of connectivity and flows.

A recent general trend in the research of graph theory appears as a shift to
its algorithmic aspects, and improving time and space complexities has been a
strong incentive for devising new algorithms. This is also true for topics related to
connectivities, flows, and cuts, and much important progress has been made. Such
topics include computation, enumeration, and representation of all minimum cuts
and small cuts; new algorithms to augment connectivity of a given graph; their
generalization to more abstract mathematical systems; and so forth. In view of
these, it would be a timely attempt to summarize those results and present them in
a unified setting so that they can be systematically understood and can be applied
to other related fields.

In these developments, we observe that a simple tool known as maximum
adjacency (MA) ordering has been a profound influence on the computational
complexity of algorithms for a number of problems. It is defined as follows.

MA ordering: Given a graph G = (V, E), a total ordering o = (v,
vy, ..., Uy) Of vertices is an MA ordering if |E(V;—1, v;)| = |E(Vi—1, v})|
holds for all i, j with 2 <i < j <n, where V; = {v|,v2,...,v;} and
E(V', v) is the set of edges from vertices in V' to v.

To our knowledge, MA ordering was first introduced in a paper by R. E. Tarjan
and M. Yannakakis [300], where it was called the Maximum Cardinality Search
and used to test chordality of graphs, to test acyclicity of hypergraphs, and to
solve other problems. We then rediscovered MA ordering [232], showing that it is
effective for problems such as finding a forest decomposition and computing the

ix



X Preface

minimum cuts of a graph. The extension in this direction has continued, and many
problems are found to have faster algorithms.

The topics covered in this book are forest decomposition, minimum cuts, small
cuts, cactus representation of cuts, connectivity augmentation, and source location
problems. Mathematical tools used to solve these problems, such as maximum
flows, extreme vertex sets, and edge splitting, are also discussed in detail. A
generalization to a more abstract system than a graph is attempted on the basis of
submodular and posimodular set functions.

The primary purpose of this book is to serve as a research monograph that
covers the aforementioned algorithmic results attained in the area of graph con-
nectivity, putting emphasis on results obtained from the introduction of MA or-
dering. However, this book is also appropriate as a textbook in graduate courses
of mathematical sciences and operations research, because it starts with basic
definitions of graph theory and contains most of the important results related to
graph connectivities, flows, and cuts. Because the concept of connectivity is an
important notion in many application areas, such as communication, transporta-
tion, production, scheduling, and power engineering, this book can be used as a
reference for specialists working in such areas.

We would like to express our deep thanks to the many people who helped us
to complete this project. First of all, we appreciate all the collaborations and com-
ments given to us by Peter Eades, Andras Frank, Satoru Fujishige, Takuro Fuku-
naga, Magnus M. Hallddrsson, Seokhee Hong, Toshimasa Ishii, Satoru Iwata,
Tibor Jordan, Yoko Kamidoi, Kazuhisa Makino, Kiyohito Nagano, Mariko
Sakashita, Kei Yamashita, and Liang Zhao, among others. We are particularly
grateful to the late Professor Peter Hammer of Rutgers University for encouraging
us to write this book. Finally we extend our thanks to our wives, Yuko and Mizuko,
respectively, for their generous understanding.

Hiroshi Nagamochi
Toshihide Ibaraki
2007
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Introduction

In Chapter 1, we introduce basic definitions and notions. We also outline some
of the known algorithms devised for solving problems related to flows, cuts, and
connectivities. These algorithms will be used as a basis for the discussion in
subsequent chapters. The standard definitions and other topics in graph theory can
be found in the book by R. Diestel [52] or other textbooks on graph theory (e.g.,
[10, 33]). For basic data structures for graphs, standard graph algorithms, and their
complexity, see the book by R. E. Tarjan [298], for example.

1.1 Preliminaries of Graph Theory

Let M (resp. M, and M_) denote the set of reals (resp. nonnegative reals and
nonpositive reals) and Z (resp. Z; and Z_) denote the set of integers (resp.
nonnegative integers and nonpositive integers). For a real a € N, [a] (resp. a])
denotes the smallest integer not smaller than a (resp. the largest integer not larger
than a). For two reals a, b € R with a < b, we denote by [a, b] and (a, b) the
closed interval and open intervals; i.e., the sets of reals ¢ with a < ¢ < b and
a < ¢ < b, respectively.

A singleton set {x} may be simply written as x, and “C” implies proper inclu-
sion, whereas “C” means “C or =". The union of a set 4 and a singleton set {x}
may be denoted by 4 + x.

Let V be a finite set. The cardinality of (i.e., the number of elements in) V'
is denoted |V|. Let 27 denote the power set of V, i.e., the family of all sub-
sets of ¥ (hence |2V| = 2"1). The set of all pairs of elements in a set V is
denoted (12/) (hence |( g)l = ('Z' )). We say that a subset X C V divides another
subset Y CVif XNY #@ #Y — X. For two subsets 4, B C V, we say that a
subset X C V separates A and Bif ACXCV—-—BorBCXCV-— A. For
two subsets X, Y C V, we say that X and Y intersect each other if X NY # @,
X—Y #0,and Y — X # @ hold, and we say that X and Y cross each other if,
in addition, ¥ — (X U Y) # @ holds. For a weight functiona : V' — %, we denote
Y exa(v) by a(X) for all X C V. A set of subsets of V, {V1, V2, ..., Vi} with

1



2 1 Introduction

Vi S V(i =1,2,...,k), is a partition of V if U_, Vi=V and iNV; =0
holds for all i # j.

An undirected graph (or a graph) G and a directed graph (or a digraph) G
are defined by a pair composed of a vertex set ' and an edge set E C V x V,
depending on whether edges are undirected and directed, respectively, and are
denoted by G = (V, E). The vertex set and edge set of a graph G may be de-
noted by V' (G) and E(G), respectively. We use the notationn = |V|and m = |E|
throughout this book.

An undirected edge e with end vertices u and v is denoted by {u, v}. We say
that e is incident with u and v, u and v are the end vertices of e, and u (resp. v)
is adjacent to v (resp. u). A directed edge e with tail u and head v is denoted by
(u, v), and the head (resp. tail) of e is denoted by %(e) (resp. t(e)). In this case,
we say that e = (u, v) is incident from u to v. An edge with the same end vertex
(u, v) is called a loop.

A (di)graph G is called trivial if |V(G)| = 1. A graph (resp. digraph) G is
called complete if there is an edge {u, v} (i.e., a pair of edges (, v) and (v, u)) for
every two vertices u, v € V' (G). A (di)graph G is called bipartite if V(G) can be
partitioned into two subsets, ¥ and V5, so that every edge has one end vertex in
V1 and the other in V5.

Undirected edges with the same pair of end vertices (or directed edges with the
same tail and head) are called multiple edges. A graph (resp. digraph) is called a
multigraph (a multiple digraph) if it is allowed to have multiple edges; otherwise
it is called simple. We sometimes treat a multigraph G as a simple graph with
integer-weighted edges, where the weight of each edge e = {u, v} represents the
number of multiple edges with the same end vertices # and v. In such an edge-
weighted representation, the number m of edges means the number of pairs of
adjacent vertices in G.

The degree of a vertex v in G is the number of edges incident with v. If G is
a digraph, the indegree (resp. outdegree) denotes the number of edges incident to
(resp. from) v. The minimum degree (resp. maximum degree) of the vertices in G
is denoted by §(G) (resp. A(G)). An undirected graph (resp. digraph) G is called
Eulerian if the degree of each vertex is even (resp. the indegree is equal to the
outdegree at every vertex).

A graph G' = (V', E’) is called a subgraph of G = (V, E) if V' C V and
E’ C E, which we denote by G’ € G. G’ is a spanning subgraph if V' = V.
A subgraph G’ = (V', E’) of G = (V, E) is induced by V' if E' is given by
E’ = {e € E | both end vertices of e belong to V'’}, and G’ may be denoted by
G[V']. Given an edge set F' (not necessarily a subset of E(G)), we denote by
V[F] the set of end vertices of edges in F.

A sequence of vertices and edges in G, P = (vy, e, v2, €2, ..., €1, Vi),
is called a path between v; and v, (or from v; to v if G is a digraph) if
v, V2, ...,k €V, e, e, ...,e—1 € E and ; = {v;, viq1} (or e; = (v;, v;4) if

G isadigraph),i = 1,2, ...,k — 1. Such a path P is also denoted as a sequence
of vertices P = (vy, vy, ..., vx) or a sequence of edges P = (e, 3, ..., ex_1) if
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(2) (b)
Figure 1.1. (a) A simple graph with three connected components; (b) a simple digraph

with six strongly connected components, where each (strongly) connected component is
enclosed by a gray dashed curve.

no confusion arises. For two vertices u, v € V in a graph (resp. digraph) G, a path
between u and v (resp. a directed path from u to v) is called a (u, v)-path.

A graph (resp. digraph) G is called connected (resp. strongly connected ) if G
has a (u, v)-path for every pair of vertices « and v. A connected component (or a
component) of a graph G is an inclusion-wise maximal vertex subset X C V(G)
such that every two vertices in X are connected by a path, where the induced
subgraph G[X] may also be called a (connected) component of G. A strongly
connected component of a digraph G is an inclusion-wise maximal vertex subset
X C V(G) such that G has (u, v)- and (v, u)-paths for every two vertices u,
v € X, where the induced subgraph G[.X] may also be called a strongly connected
component of G. Figure 1.1 illustrates examples of connected components of a
graph and strongly connected components of a digraph.

An Eulerian connected graph has a sequence of edges by which we can visit all
edges successively; we call such a sequence an Eulerian trail. Analogously an Eu-
lerian strongly connected graph also admits an Eulerian trail, in which all directed
edges are traversed along their directions. Figure 1.2(a) and (b) illustrate examples
of Eulerian connected graph and strongly connected digraph, respectively.

1.1.1 Cut Functions of Weighted Graphs

When G is edge-weighted, the weight of an edge e = {u, v} is denoted by cs(e) or
cg(u, v), which are assumed to be nonnegative unless otherwise stated. Figure 1.3
shows a graph with integer edge weights, which can be viewed as a multigraph
with multiplicity equal to the weight of each edge.

For two subsets X, Y C V (not necessarily disjoint), £(X, Y; G) denotes the
set of edges e joining a vertex in X and a vertex in Y (i.e., e = {u, v} satis-
fiesu € X and v € Y), and d(X, Y; G) denotes ZeeE(X’Y;G) cg(e). For a digraph
G = (V, E), we mean by E(X, Y; G) the set of directed edges with a tail in X and



